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OSTROWSKI AND TRAPEZOID TYPE INEQUALITIES WITH
COMPLEX EXPONENTIAL WEIGHT FOR APPROXIMATING
THE LAPLACE AND FOURIER TRANSFORMS

PIETRO CERONE!, SEVER S. DRAGOMIR?3, AND EDER KIKIANTY**

ABSTRACT. We present some inequalities of Ostrowski and trapezoid type, for
complex-valued absolutely continuous functions. These inequalities are related
to Pompeiu’s mean value theorem. The applications of these inequalities to ob-
tain some approximation results for the finite Fourier and Laplace transforms
are also given.

1. INTRODUCTION

In 1938, Ostrowski [17] proved the following estimate of the integral mean:

Theorem 1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
with |f'(t)] < M < oo for allt € (a,b). Then, for any x € [a,b], we have

2
1 _ atb
< 4+<xb 2) M(b—a).

—a

b
(1) ’f(x)—bfa/ £ dt

The constant % 18 best possible in the sense that it cannot be replaced by a smaller
quantity.
Inequality (1) is referred to, in the literature, as the Ostrowski inequality. For its
generalisations and related results we refer the readers to Dragomir and Rassias
[15].

Inequalities providing upper bounds for the quantity

@a)f(a)ﬂbx)f(b)bia/abf(” it

@ . . aeod

are known in the literature as the (generalized) trapezoid inequalities. Cerone and
Dragomir [7] proved the following result:

Theorem 2. Under the assumptions of Theorem 1, we have

<x—a>f(a>+<b—x>f(b)_bia/abf(t) it

b—a
3
Y < |ty 2 M (b~ a)
- -2 —a
~ |4 b—a ’

for any x € [a,b]. The constant % 18 best possible.

For its generalisations and related results, we refer the readers to Cerone and
Dragomir [7].
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It is important to note that the bounds in inequalities (1) and (3) are the same.
Cerone [6, Remark 1] stated that there is a strong relationship between the Os-
trowski and the trapezoidal functionals which is highlighted by the symmetric
transformations amongst their kernels.

In 1946, Pompeiu [19] derived a variant of Lagrange’s mean value theorem, known
as Pompeiu’s mean value theorem (cf. Sahoo and Riedel [21, p. 83]), as given below:

Theorem 3. For every real-valued function f differentiable on an interval [a,b]
not containing 0 and for all pairs 1 # x2 in [a,b], there exists a point & between
x1 and x9 such that

r1f (v2) — z2f (71)

Tl — T2

(4) =f()—-&f (9.
In the next theorem, Pompeiu’s mean value theorem is utilised in order to provide
another approximation of the integral mean.

Theorem 4 (Dragomir, 2005 [9]). Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with [a,b] not containing 0. Then for any x € [a,b], we have
the inequality

a X b
o | LD [ ra

2
b—a |1 x — atb

where {(t) =t, t € [a,b]. The constant § is best possible.

We refer the readers to Popa [20], Pecari¢ and Ungar [18], Acu and Sofonea [1]
and Acu et al. [2] for the generalisations and extensions of Theorem 4.

Inequalities of Ostrowski type which are related to the Pompeiu’s mean value
theorem are given in the papers by Dragomir [10, 11]. Further inequalities of
Ostrowski and trapezoid types which are related to the Pompeiu’s mean value
theorem can be found in Cerone, Dragomir and Kikianty [8].

Some exponential Pompeiu type inequalities for complex-valued absolutely con-
tinuous functions are given in Dragomir [12], with applications to obtain some new
Ostrowksi type inequalities. We recall the results on the Ostrowski type inequali-
ties, in the next two theorems.

Theorem 5. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] and o = B+ iy € C with B > 0. Then, for any x € [a,b] we have

exp(ab) — exp(aa)

b
” - exp(ax)/ f(t)dt

|ﬁ‘Bl(avbvxaa)Hf/_af||007 iff’—afELoo[a,b},

(6) f()

q/9|B|" (b — a)/P

X\Bq(a,b,x,a)|1/q||f’ - O‘f”pa fo/ - Oéf € Lp[ava p> 1
1 1
Lyl
p q

IN

Boo(a7baxaa)”f/ - Otf”l.

where

B,(a,b,z, o) = 2 [exp(xqﬁ) (m - a;—b)

% (exp(bqﬁ) ;exp(aqﬁ) — exp(a?qﬂ)ﬂ

+
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forq>1 and

exp(bf) — exp(z)
B

Theorem 6. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] and a = B+ iy € C with B = 0. Then, for any x € [a,b] we have

. . b
) ‘f(m) P PO i) [t at

Boo(a,b,z, ) := exp(xf)(x — a) +

vy

G (5 e-

a’)2||f/ - ZFYfHOO) sz/ - 27f S Loo[avb]a
g+1 g+1
2\ ¢ z—a Ta _ &ql
< |:(ba) + (bfa) :| (b a)
X#HHJC/_Wf”pa fo/_Z’YfELp[avb]a
p>1, p+o=1,

(b—a)llf" —ivfls-

In this paper, we give refinements of the inequalities in Theorems 5 and 6 in
Section 2. We also present similar results for trapezoid inequalities in Section 3. In
Section 4, we apply these inequalities to obtain some approximation results for the
finite Fourier and Laplace transforms.

2. OSTROWSKI TYPE INEQUALITIES
The following Ostrowski type inequalities with complex weights hold:

Theorem 7. Let f : [a,b] — C an absolutely continuous function on [a,b] and
a=p+iyeC.
If B # 0, then we have

o0 10,

eor eat

e~ —[(x —a)B + 1]e 8
32
+e_b’3 +[(b —ﬂz)ﬁ —1)e~
1 { —aB | ,—bB
< —le +e

32
b

+2 ((a;r _ gg) 8- 1> exﬁ] Hf/ _ O‘f”[a,b],oo,

for any x € [a,b].

If 8 =0, then we have
F@b-a) M5

ety a etty

<

||f/ - afH[a,x],oo

z3 ,
1" = afll w00

. 1 .
(@ = a)?|If" = i llaa).o0 + 50— 2 = i7fllfw 1,00

1
2
1 b\*
- L““”” (-3
for any x € [a,b].
The constants 3 and % in (9) are sharp.

1" =57 fll[a,0),000
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Proof. We use the Montgomery identity for the absolutely continuous function g :
[a,b] = C (cf. Mitrinovié, Pecari¢ and Fink [16, p. 585]):

b

syir= [ ¢ -ag@a+ [ ¢-ngwa

b

(1) g(e)b—a) - /

a

where z € [a,b]. If g(t) = f(t)/e®, then ¢'(t) = (f'(t) — af(t))/e*"; and with this
choice of g, (10) becomes:

16— [1a
e [ st —af(o),,, [a-pfOzoso,,

Taking the modulus in (11) we get

N0

eat

dt

(12) o b

< / (t— a)le || (8) — af (t)| di + / (b— D)l IF(t) — af(1)] dt
Note that o = 8 + i7y, and thus
(13) 70 = e~ = 1P,

Thus, (12) becomes

f(x)(b—a)—/bj;g?dt

6&CE

b

S/ (t—a)e " dt Hf/_af||[a,x],oo+/ (b—t)e?dt || f' — af]

[z,b],00"

We have,
v t—a T
t—a)e Pdt = ————e P + f/ et at
[ IRy
— 1
- 7z 3 @, —aB _ 5 (€72 — e=2f)
e P —[(z—a)B+1le P
= & :
and
b b
/ (b—t)e tFdt = 7%67tﬁ - % e P dt
b 1
B - T _.8 4 > (e—bﬁ _ e—mﬁ)
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Therefore,

f

6QI

b

< / (t=a)e Pt | = aflamioo+ [ 6= 00 dt I = aflwo
a xT

—aB _ 1]e~=8

Il € BZW N~ o
—bB h— —1]e=8

e +[( Bﬂg)ﬁ Je 1" = aflwp),00

b
<zt ((S-0) 6-1) e 17 - afllusnoe

and this proves (8).
If 5 =0, then

ezm /fztv |
/t—adtHf

+

b
facloo +/ (b =) dt lf" =7 f w0

. b—x)? ., .
= o il + CSE N~ e
x—a2—|— b—x)? _
< CZ O i e
1 a+b\’
- [4(1)—(1)24- (x— 5 ) If [a,b],00

This completes the proof. The sharpness of the constants in (9) is given by Corollary
9. O

Remark 8. If & = 0 in Theorem 7, then we have a refinement for the Ostrowski
inequality:

b
‘f(m)(b—a)— [ 0] < 56 0PI laa + 50 0217 oo
(14) < [i(b—@ﬂ(x—“”) 17 Nt

for any x € [a,b]. The constants 2 and % are sharp (cf. Corollary 9).
Let h(t) = e for t € [a,b]. If f(t) = g(t)h(t) = g(t)e** in Theorem 7, then we
have the Ostrowski inequalities:

b —af _ _ —xf
s@o—a) - [gwa < © @ 53)/3 e Al e
—bp _ _ —xfB
(15) Jre b5 4 [(b 6:2)5 1le
< % [e_“ﬁ 4 e b8

(55 2) )]
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for any x € [a,b] and 8 # 0. If § =0, then we have

1 1
< S@=a)?lghllaa) e + 50— 2)g R 0.00
1 b\>
l4(b—a)2—|—<3:—a; )

Corollary 9. Under the assumptions of Theorem 7, we have the special cases as
follows:
If B # 0, then we have

atb) (p
f () a) /fatdt

cy(a+b)

b
9(x)(b— a) - / o(t) dt

(16)

IN

19"Pl[a,b),00

for any x € [a, b].

efaﬁ [b aBJrl]

< 52 Hf = fllfg,ep2) 00
e84 [b=ag _ 1]e— "B
(17) + : 62 ”f/ - af”[“TH,b],oo
1 a _ _atb
< gl e 1 = aflo o

If B =0, then we have
() 0-a) i,

ein;b’y o eit’y
1
(18) < 50— [If = 1S 0 521,00 + 1 = 9 iage 400
1 .
< 70— a1 f" = ivfllfa .00

The constants § and § in (18) is sharp.

Proof. We obtain (17) and (18) by taking z = (a+b)/2 in (8) and (9), respectively.
To prove the sharpness of the constants in (18), we assume that the inequalities
hold for A, B > 0 instead of % and %, respectively:

() b-a) "1,

ia;b,y . eity

e
< Ab— ) [If = vl eg2y.00 + 15 = 7 e 1, oc]
< B -y —wfma,b],oo

Let v = 0 and choose f(z) = |z — %2| on [a,b], thus we have

(b—a)?
4
which yields A > % and B > %. O

<2A(b—a)* < B(b—a)?,

We recall the definition of the Gamma and incomplete Gamma functions:

i) = / ' le ™" du,
0

(o]
/ 5 le7t dt.
T

(s, x)
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Throughout the text, for « = 8414y € C and 1 < g < oo, we use the following
notation:

Wh o (s,t) = e P (gB) T [T(g+1) —T(q+1,q8(t —5))]7

when 8 > 0; and

U (s,t) = e (—gB) "7 [T(g+1) - T(g+ 1, —qB(t — 5))]
when (5 < 0.

Theorem 10. Let f : [a,b] — C an absolutely continuous function on [a,b], a =
B+ivyeCand 1l <p<oo. Let ¢ > 1 be a real number such that%—l—%:l.

If 8 #0, then

Q=

f iU
efi) b-a- | eat) di
(19) < Vol )| = aflliaap + Yoal@Of = afl@ns
< [‘I/Ia(a,x) + \I/;a(x,b)] ||f/ o afH[a,b],p?
for x € [a,b)].
If 3 =10, then
b
@(b —a)— f_(tt) dt'
elxy @ ey
(xfa)% ;. (b*x)% o
20 < —r - a,z],p L —1 z,5),p
(20) ST I/ wfq![l,], Tt 1) 1" = v flla.p)
< (z—a) +(b; v 1" = v fll{a,8],00:
(g+1)7
for z € [a, b)].

The inequalities in (20) are sharp.

Proof. Take the modulus of (11) and make use of the Holder’s inequality to obtain
the following inequalities for 1 < p < oo and its Holder’s conjugate q:

f(z) [P

e (b — CL) W dt

< ( | (= ajeey dt)q T

b 2
+ (/ ((b - t)leath dt) ||f/ - O‘f‘l[z,b},p

1
— (/ (t—a)qe—tqﬁdt> 1" = afllaelp

b q
+ (/ (b—t)le~tP dt) 1" = afllzb)p-

a

-

We evaluate the integral

z qB(z—a)
/ (t—a)le tPdt = e 2P (gp)~7 1 / zle % dz
a 0

— e P(gB) T (g4 1) —T(g+1,q8(x — a))];
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by letting z = (¢t — a)¢f; and thus

(/:(t —a)le~'P dt) '

— e (gB)~ T [N(g+1) —T(q+1,¢B(x — a))]

Q=

_ ot
=V, ,(a,7).

Now, we evaluate the integral

b a(=B)(b—=)
/ (b—t)letP gt ebB(—gp)~1 1 / zle % dz
T 0

= e "9(—¢f) " [I(¢+1) ~T(g+1,—qB(b—=))],
by letting z = —(b — t)¢8; and thus

(/:(b —t)%e 1P dt> %

— e (—gB) T [[(g+1) —T(g+1,—qB(b— )]

Q=

=V, (z,b).

Therefore, for any x € [a, b], we have

/ f® 4
eaflj
< (/ (t —a)le™tP dt) q £ = afllau.p

1

b q
+ (/ (b - t)qeit(m dt) Hfl - af”[w,b],p

v
< [vg,

qa(a )1 = aflliasp + Yoal@ I = fllwb.p
(a,2) + ¥ o (@ 0)] If = fllja.1.ps

If =0, then

f@)
eim’y / zt’y ‘
x E b %
S (/ (t_a)q dt) Hf/ _i’yf”[a,z],p"’_ (/ (b_t)q dt) ||fl _i7f||[m,b],p

a+1 q+1
x KB . b—x)« )
= (())1 1" = ivf lla.arp + (il 1f = v fllwp).p
(z-a)'" +(-2)" vy
r—a) 9 —x) g .
= P 1" = v fll{a,b),000
q q

for any = € [a,b]. This completes the proof. The sharpness of the inequalities in
(20) is given by Corollary 12. O
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Remark 11. If & = 0 in Theorem 10, then we have a refinement for the Ostrowski

inequality:
b
‘f(x)(b— - [ s

at
r—a) « . b—x) « .
I At iy PR N U iy VRPN
<q+ 1)'11 a+1 (q+ 1)‘1
z—a) e +(b—x) )
< ( ) ( +1()1 ) ||f,_Z'YfH[a,b],oo7
q q

for any x € [a,b]. The above inequalities are sharp (cf. Corollary 12).
Let h(t) = e for t € [a,b]. If f(t) = g(t)h(t) = g(t)e** in Theorem 10, then we
have the Ostrowski inequalities: If 8 # 0, then

b
g(fﬂ)(b—a)—/ gy dt] < 7, (a,2)[lg'hllam)p + Vg alz:b)llg hllw,b1p

(22) < [\I};—,a(a?x) + ‘Ijq_,a(vaﬂ ”g/hll[a,b],w
for « € [a,b]. If B =0, then

b (x_a)q;rl , (b—x)ﬂ ,
g@)(b—a)— [ g(t)dt] < W 19" P llaz).p + ( +1); 9" P liz.b),p
a q a q 4
g1 a1
r—a) ¢ +(b—=x T
(23) < | )( H()l L g Al e

for « € [a,b].

Corollary 12. Under the assumptions of Theorem 10, we have the special cases
as follows:

If 8 #0, then
ab
(21) |f(+ o [ 194

a(atb)
e

a+b _ a+b
<xv;;a( )nf ~afll, ]+w( )uf— ofll e s

a+b _ (a+b
S |:\I/Z;a (a, D) > + \Dq7a <2?b):| ||f/ - af”[a,b],p

If B =0, then

e[ 104

(b—a)a ,
(25) Sg(gﬁé[”f 0, ey + 1 = 9 g
G-
S (2q+ )% ||f ZP)/f”[CLb]

The inequalities in (25) are sharp.

Proof. We obtain (24) and (25) by taking @ = (a+b)/2 in (19) and (20), respectively.
To prove the sharpness of the constants in (25), we assume the inequalities hold for
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C, D > 0 instead of l and 1, respectively:

f (a+b f
e’L:E’y ztﬂy
(b—a)"
<C et ot Mf = 9 g ez2y, + 1 = 00 e )
at1
<p=D 7y
= 1 Z’Yf”[uz b].co
(2q +2)7
Let v = 0 and take f(z) = |z — “§b| on [a,b], and we now have
at1 a+1
b-af -0 -t
— 1 — 1 -
4 (29 +2)7 (29 +2)7
Take g — 1, then we have % <2C (b_f)z < D(b_4a)2, which yields C > 1 and
D > 1; and the proof is completed. U

The case for the 1-norm is as follows:

Theorem 13. Let f : [a,b] — C an absolutely continuous function on [a,b], a =
B+ iy eC. Ifﬁ;éO then

ft)
(26) e‘m / at dt
e—(aﬁ-i-l)Hf/ . af”[a -
< +(b—2)e P f = afllpya, B>0
=~ (fE ) 7%3”.](‘,*05]0”[@];
e O P 0, B <0
[%e*(aﬁﬂ) +(b- x)e*zﬁ} I — 04f||[a,b],1, B3>0
<
[(1‘ —a)e —of 4 —5e (bﬁ+l):| £ . 3 <0;

for any x € [a,b]. If B =0, then

v ()
ez:r'y ztw

< (z— a)llf/ - wfll[a,mm + b= 2) I = v w1
< (b= a)llf = ivfllap,

(27)

for any x € [a,b].

Proof. Take the modulus of (11) and make use of the Hélder’s inequality to obtain:

e(”” / f

< sup (t—a)e || f = aflljama + sup (b—t)e P f = oflljzp1-
tela,z) te(z,b]

Now, we evaluate the supremum of the function A(t) = (t — a)e™*® and B(t) =
(b—t)e 8. We have A'(t) = e P*(1 — B(t — a)). If B < 0, then A’(t) > 0 for all
t € [a,x], thus, the supremum is attained at ¢t = x. The stationary point of A is
to = (af +1)/B. Furthermore, when 3 > 0, we have A”(t,) = —fe~ (@t < q;
thus, the supremum is attained at t = t,.
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We have B'(t) = —e P41+ B(b—1t)). If 3 > 0, then B'(t) < 0 for all t €
[,b], thus, the supremum is attained at ¢ = z. The stationary point of B is
ty = (b3 +1)/B. Furthermore, when 3 < 0, we have A”(t,) = Be~(*#*T1) < 0; thus,
the supremum is attained at t = ty.

Therefore,
f(z) 0] ) gt
b—
eor ( (Z) a eoct
le_(a'B+1)Hf/ - O‘f”[a,z],l
) B s e e TR Y
- (.’E - a)eimﬁ”f/ - af”[a,ac],l
+5e” O —afllgya, B <0
If 8 =0, then

" ft)
ezx'y zt'y

< sElp](t—a ||f Y flla,z1 + Sl[lp]( =t = ivfllwp0
tela,x

< (¢~ @)|lf' = 17 jaola + (b= D)F = 7S e
<b=allf =ivflliap.-

This completes the proof. O

Remark 14. If a = 0 in Theorem 13, then we have the Ostrowski inequality:

b
‘f(fv)(b— a) - / f(t)dt
(28) < (b— )l llwsn

for any « € [a, b].
Let h(t) = e* for t € [a,b]. If f(t) = g(t)h(t) = g(t)e*" in Theorem 13, then we
have the Ostrowski inequalities: If 8 # 0, then

IN

(x = )l f'laa)r + @ =) f 2,1

A

b
(20) o(x)(b— a) - / olt) dt

<{ée-<aﬂ+l>ng'hnm+<b e g bl B>0

(z = a)e *Pl|g'hll,01,1 + Z5e” PV g Al f2p,0, B <O

[%e—(““l) + (b — x)e‘w} lg'Plliap,1,  B>0

IN

(2= @)e=2 + Le= @+ |ighllj0 0, B <05

for any x € [a,b]. If 8 =0, then

(30)

b
9(x)(b—a) - / 9(t) dt| < (@ = a)llg'Mllja,er1 + 0= 2)lg"All 2011
< (b= a)llg'llap.1;

for any x € [a, b].
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Corollary 15. Under the assumptions of Theorem 13, we have the special cases
as follows: If B # 0, then

o (L o0~ [
&
S{ g aﬂ:b>|\f'—af||[a 1+b 2™ B\ f' — afljage 4y B>0
bt ﬂ||f'—afua,a+b L+ Zge @) fr - afu%b,b],p B <.
{%e (as+1) 4 b=a _a+b6} Hf/_af”[ab]lu 53>0
<
{ bpae 0 4 Liem @ | — affup, B<0.
If =0, then
a+b b
P 0w [ L0al < 250 (1~ g gors + 17 97 eg
(32) < B-alf = ivflas.-

3. TRAPEZOID TYPE INEQUALITIES
The following trapezoid type inequalities with complex weights holds:
Theorem 16. Let f : [a,b] — C an absolutely continuous function on [a,b] and
a=p+iyeC.
If B # 0, then we have
b b f(t
il )(b —z)+ %&? (x —a) — / —J;gt) dt

eOé{L’

e P 4+ (x —a)B— 1]e"?
32
e —[(b—z)B+1]e?
32
< % (2P + [(z — a)B — 1]e"F

—[b—2)B+1e ]| — aflla,p],00-

<

H.fl - O‘f”[ama]po

B
(33) + 1" = afllfwp),00

for any x € [a,b].
If 8 =0, then we have

f(b / ' f
Bo-a+ 1060~ [a
1
(34) < 2@ = 1 = 1 o + (0= 2P = 12 e
1 +0\?|, .,
sl4<ba>2+(z“2 ) |1 = 1l

for any x € [a,b].
The constants 5 and } in (34) are sharp.

Proof. We have the trapezoid identity for absolutely continuous function g : [a, b] —

C
b b
(35) g(B)(b - z) + gla)(z — a) - / o(t) dt = / (t - 2)g/(t) dt
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where = € [a,b]. If g(t) = f(t)/e*t, then ¢'(t) = (f'(t) — af(t))/e*t; and with this

choice of g, (35) becomes:
bort b B
N YRy T

(36) J; g;) (b—a)+ L9

Taking the modulus in (36) we get

b
(b—x)+f(a)(x—a)—/ Mdt

axr

fb

/\t*x\le’“tllf 0 — af(t)]dt
b
(@ = 0l © — af @l e+ [ (=Dl 170 - afo] i

~

x

-/,
J

b
< [ a0 Pt~ aflmoe + [ (=00 dtf = afuio
We have,
/ (x—t)e Pdt = _rt, 5/ e Pt
T —a
_ e~ 4 A (g—ub _ ,aB
5 ﬁQ ( )
_ et @-a)f e
p? ’
and
b b b
— 1
/ (t—x)e Pdt = —the_tﬂ + E/ e~ at
| b—z _, 1, _ e
= e B_E@ b _ g=oh)
e —[(b—a)B 4 1)e P
= P )
Therefore,
b
J;gi)(b—x)—l— (m)(x—a) —/ %dt

T b
< [ @0 dtl s = afllamoo + [ (¢ =) IS = 0 o
e ™ 4 [(x —a)B —1]e”

52 ||f/ _O‘f‘l[a,w],oo
—z8 _[(p — 1]e—b8
e IR
< 5 (27 4 [lw = @)~ 1™ ~ 6= )8 + U] I = Sl

and this proves (33).
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f(@)
z:v'y / at dt

/ (@ 1~ 28l + [ € )t 1~ 0T

x

If 5 =0, then

b—
= il + ES 1 =
—4)2 _
L@ "0+ (b= 2)" ||f—wf||[ab]
1 +b , .
=[4<b—a>2+(m—“2 ) |17 =l

This completes the proof. The sharpness of the constants in (34) is given by Corol-
lary 19. (]

Remark 17. Note the similarity of the bounds in Theorems 7 and 16. The first
set of upper bounds in (8) and (9) can be obtained by letting a = z, x = b in the
first term, and = a, b = x in the second term in (33) and (34), respectively.

Remark 18. If &« = 0 in Theorem 16, then we have a refinement for the trapezoid
inequality:

b
|f<a><x a) + F(O)(b— ) - / f(t)dt

—
w
3

~—
A

1 1
= 5(‘7: - a)QHf/H[a,m],oo + §(b - x)QHf/H[x,b],oo

1 b\
[4(1)—(1)2—|—<x—a;r >
for any « € [a,b]. The constants 1 and 1 are sharp (cf. Corollary 19).

Let h(t) = et for t € [a,b]. If f( )= ( Jh(t) = g(t)e** in Theorem 16, then we
have the trapezoid inequalities: If 5 # 0, then we have

IN

£/ Nl 00,00

b —zf _ _ —af
9(@)(@ — a) + g(B)(b— ) — / gya < e 6‘;)5 e g Al e
—xfB _ _ —bp
(38) il o 0 g hl oo
< % [2¢7F + [(z —a)B — 1]e"*F

54
—[(b— )8+ 1]e™"?] lg'|a,5),00»

for any x € [a,b]. If 8 =0, then we have

b
9(a)(z — a) + g(b) (b — ) - / gt dt

1 1
(39) < 2@ = 2Dl + 56— 2o Rl
1 a+b\’
sl4<b—a>2+(x— 3" ) | 190l

for any x € [a, b].
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Corollary 19. Under the assumptions of Theorem 16, we have the special cases

as follows:
If B # 0, then we have

b
b e S 10 [0,
2 o e
e~ FB 4 [b*Taﬁ —1]e~*
< 2 1 = o ety o
e~ TP (5528 + 1]e %8
(10) " P 17 = ol et oo
< % [26_ B gmaB _ b8
b—a —a _
5B —e bﬁ)] 1" = ofllfa.b1.00-
If 8 =0, then we have
b
b e L@ 10,
2 o eat
1 . .
(41) < 50— [If = WS g g2p00 + 1 = 0 o2 110
1 :
< z(b —a)?|lf" = i llfa,b),00-

The constant & and % in (41) are sharp.

Proof. We obtain (40) and (41) by taking = (a+b)/2 in (33) and (34), respectively.
To prove the sharpness of the constants in (41), we assume that the inequalities
hold for E, F > 0 instead of % and i, respectively:

R LORS (OJy Ay (U

at
2 o €

(b—a)

<EB®=0)® I = i7f g 12 00 + 1 = 7F g 1) o
< Fb—a)’|lf —ivf]
Let v = 0 and choose f(z) = |z — 2| on [a,b], thus we have

(b= a)*

la,b],00"

<2E(b—a)®> < F(b—a)?,

4
which yields £ > % and F' > %. [l
We recall the notation W and ¥, from Section 2 for the next results:

Theorem 20. Let f : [a,b] — C an absolutely continuous function on [a,b], a =
B+ivyeCandl <p<oo. Let g > 1 be arealnumbersuchthat%—i—%:1.

If 8 #0, then

f(b)(b—a?)—i-fi?(x—a)—/b];(;t)dt

ear e

(42) < qj;a(av z)H.f, - O‘f”[aw],p + \Il;a(x, b)Hf/ - O‘f”[ac,b],p
< [\Il;a(a,x) + \IJIQ(Z, b)] ”f/ - O‘f”[a,b],m

for any x € [a,b].
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IfB=0, then
oo+ L0 [ w
(43) < m I = iwlll[la,x],p + m 1" = vl ).
< o= “)(‘;:1()’;‘ D i e

for any x € [a,b)].
The inequalities in (43) are sharp.

Proof. Take the modulus of (36) and make use of the Holder’s inequality to obtain
the following inequalities for 1 < p < oo and its Holder’s conjugate q:

10, f(a) _ 1w

eor eoT (I o a) eat

—z)+ dt

a

b
< / 1t — alle=®If () — af (b)) dt
b

- / C@— e B (1) — af ()] di + / (t— 2)e | /(1) — af (b)) dt

xT

X 1
< (/ (2= t)te 1 dt) N7 = aflnats

1
b q
+ (/ (t— x)qe_tq5 dt> Nf — afllz,).p-

We evaluate the integral:

z q(—B)(a—x)
x—t)e P gt = e B (—gp)1 ! zle ™ dz
[ =ty (a9 |
= ¢ " (—¢B) " [[(g+1) —T(g+1,—¢B(z — a))]

by letting z = —(x — t)g8 and thus

(/w(:c —t)letaP dt) ’
=" (=gf)"" (g +1) ~T(g+1,~gB(z — a))]
Now, we evaluate the integral:
b qB(b—x)
/ (t—x)le P dt = e B (gp)~97! / zle™*dz
T 0
= ¢ "P(gB) " (g +1) —T(¢+1,48(b — 2))]

by letting z = (¢t — x)gB and thus

(/:(t — x)leth dt) %

— e (gB) " [T(g+1) —T(g+1,¢8(b — x))]7 = U}, (x,b).

Q=

=y

2. (a,x).
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Therefore,
b
ear a e
< (/ (= t)tet” dt) Nf = af o)
b 0

+ (/ (t —z)9eteP dt) 1f = afllws)p

\Ilq o\, T Hf - af||[a z],p + \D;a(x’b)Hfl - Oéf”[:v,b],p

< [Voala,2) + 98 (2,0)] | f = afllabp
If B =0, then

‘Zz(wbj (b o .I‘) + zw'y / f

g(/<w—wQﬁ)qutwmﬂ@ﬂm
b a
+</ (t — )1 dt) 1" = v fllw.b],00

a+
T . b—x) = ;
:(+)f i it + = e

1 q+1
r—a) e +(b—x) .
<@ZA T FOTD T s

(¢+1)s
This completes the proof. The sharpness of inequalities in (43) is given by Corollary
23. O
Remark 21. Note the similarity of the bounds in Theorems 10 and 20. The first

set of upper bounds in (19) and (20) can be obtained by letting a = x, = b in the
first term, and = a, b = x in the second term in (42) and (43), respectively.

Remark 22. If & = 0 in Theorem 20, then we have a refinement for the trapezoid

inequality:

fla)(x —a)+ f(b)(b—x) / flt)dt

(z—a)" L)
(44‘) — 1 f a, I 1 f x
@+Qi”|| - i e
(z-0)T +-n)F
< a (o ob}
< T 17 a1,

for any x € [a,b]. The above inequalities are sharp (cf. Corollary 23).
Let h(t) = e for t € [a,b]. If f(t) = g(t)h(t) = g(t)e*’ in Theorem 20, then we
have the trapezoid inequalities: If 8 # 0, then

b
g@Xm—@+g@@—x%¢/gth

‘I’q (@ 2) g M faw1p + Vg o (@, 0) 190|201,

(45) <
< (a,2) + O (2,0)] lg'Pll{a,p).00

for any x € [a, b].
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If 5 =0, then
b
(@)~ )+ g —2) [ g0 dt‘
a+1 a+1
—a) b—a)a
(46) T s+ T b,
(q+1)s fa<lp +1)s
(q ) (b—a) ’
Tr—a) —x) «
< ( n 1)1 Hg/h”[a,b],oca
q q

for any x € [a, b].

Corollary 23. Under the assumptions of Theorem 20, we have the special cases
as follows:

If 8 #0, then
b
b LI (10,

eat

_ a+b a+b
< (@ BN = 0l gy, + 0 (5 0) I = 0l

_ a+b a+b
<[z (2) o (SH00) |1~ el

(47)

If B =0, then
b
(b— )izt LW SO [T,
2 a eat
(b—a)s
(48) T L TR it
b—a) .,
< - 1 - a ()
S gt ) If" = ivfllap,

The inequalities in (48) are sharp.

Proof. We obtain (47) and (48) by taking « = (a+b)/2 in (42) and (43), respectively.
To prove the sharpness of the inequalities in (48), we assume that the inequalities
hold for G, H > 0 instead of % and 1, respectively:

apo, fla) + f(0) [P f()

(b—a)e "2 5 dt

eat

a

et (17 = g 1 = 28l

7+ 1" = v fll[ap],00
Let v = 0 and choose f(z) = |z — %2| on [a, b], thus we have
b_ a)? b o)t b o)
b0 gl 00
(2¢+2)a (2¢+2)a
Let ¢ — 1, and now we have (b_4a)2 <2G (6_4“)2 < H(b_f)z which yields G > 1 and
H > 1; and the proof is completed. O

IN

The case for the 1-norm is as follows:
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Theorem 24. Let f : [a,b] — C an absolutely continuous function on [a,b], o =

B +iyeC.
If B # 0, then
b b f(t
(49) J;(m) b—z)+ %(x —a)— /a J;it) dt
(:E - a)eiaﬁnf/ - Oéf| la,z],1
< +5e” I —afllapa,  B>0
) e VIS — aflljgan
+(0—2)e P |f' — aflp, B <O
(= a)e=? + 5@ D]~ afllups,  B>0
<
{%56_(”;5“) +(b— ff)e_bﬂ} If" = afllap,1, B<O0,
for x € [a,b)].
If =0, then
/() f(a) i)
50) ‘eixw(b_m)+eim(x_a)_/a Wdt
< (=)l =iV fllja.ar1 + b= D) = v fllwp0
< (b= a)llf" = v fllap),1,
for x € [a,b)].

Proof. Take the modulus of (36) and make use of the Hélder’s inequality to obtain:

f(b)(b—x)—l—J;?(x—a)—/bi(oi)dt

eaz

b
< / it — alle=oU |1 (1) — af(t)] dt

< sup (2= )e | f = afljaa11 + sup (¢ —2)e P = af -
t€la,x] te(z,b]

Now, we evaluate the supremum of the function C(t) = (z — t)e " and D(t) =
(t —x)e P,

We have C'(t) = —e P41 + B(z —t)). If 3 > 0, then C’(t) < 0 for all t €
[a,z], thus, the supremum is attained at ¢ = a. The stationary point of C is
t. = (zf 4+ 1)/B. Furthermore, when 3 < 0, we have C’(t.) = e~ (*#+1D) < 0; thus
the supremum is attained at ¢t = t..

We have D'(t) = e P*(14+8(t—x)). If B < 0, then D’(t) > 0 for all t € [z, b], thus,
the supremum is attained at ¢ = b. The stationary point of D is t4 = (28 + 1)/8.
Furthermore, when 8 > 0, we have D"(ty) = —Be~@#*+1) < 0; thus the supremum
is attained at t = t4.

Therefore,

/()

6&1}

a0

eat

dt

(b—x)+ 6;1 (x—a)

a

($ - a)e_aﬁHfl - O4f||[a,ac],1
+5e” @V —afllppa, B>0
%ﬁei(iﬁJrl) ”f, - O‘f”[a,x],l
+(b—2)e || f' = afllzp,, B <O

IN
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If 5 =0, then
f(b f br(t
Ei($3(b—m)+(;2(x—a)—/a %dt

< sup (@ — O f = ivflljaz1 + sup (E— )| f = ivfl w1
tela,x] te(z,b]

< @=alf" = yfllaaa + 0= = v fllwaa
< (0 =a)lf —ivfllap.1-

AN

This completes the proof. O

Remark 25. Note the similarity of the bounds in Theorems 13 and 24. The first
set of upper bounds in (26) and (27) can be obtained by letting a = x, x = b in the
first term, and = = a, b = = in the second term in (49) and (55), respectively.

Remark 26. If & = 0 in Theorem 24, then we have the trapezoid inequality:

b
f(a)(z — a) + FB)(b— ) — / f(tydt

(= a)||l f'lja,21,0 + O = )1 f 20,1
(b —a)ll f'lla,p),15

(51)

<
<

for any x € [a, b].
Let h(t) = e for t € [a,b]. If f(t) = g(t)h(t) = g(t)e®* in Theorem 24, then we
have the trapezoid inequalities: If 8 # 0, then

b

9(a)(z — a) + g(b) (b — ) - / oft) dt

a

(52)

(z = a)e || ¢'hllja,a11 + 5PN @)1, B> 0
25 @ g b (011 + (0= 2)e ™| g'Blfw )15 B <O

(2= @)% 4+ L @IV Ylghlliy 1, B> 0
(25D 4 (0= 2)e=] gDy, B <0,

for « € [a,b]. If B =0, then

b

g(a)(x —a) +g(b)(b—x) — [ g(t)dt
(53) < (LE - a)”g/hH[a,x],l + (b - x)Hg/hH[x,b],l
< (b—a)llg'hlla,n,15
for z € [a,b].

Corollary 27. Under the assumptions of Theorem 24, we have the special cases
as follows:
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If 8 #0, then
et fla) + f() [0,
(54) (b—a)e . e
b2 — afllfy ase) 4
a+b
+ye (3 f’“)nf’—afn wib s B>0
= —(=FB+1)|| 41
“5e 1 = afl g2y
+55 *bﬂnf/—afu%b,b]’l, B <0.
[B52ee? 4 L CHBD] 1 — gz B3>0
<
[ e840 4 e8] |77 aflpyr, B<0,
If =0, then
e f@) £ SO) [P IO
(b—a)e 2 Tt
2 a 6at
(55) |
<=5 [l —i = flaga.11)
<@-a)lf - wfua,b,

4. APPLICATIONS TO APPROXIMATIONS OF FOURIER AND LAPLACE INTEGRAL
TRANSFORM

The Fourier transform has been a principal analytical tool in many fields of re-
search, such as probability theory, quantum physics and boundary-value problems
[3]. The approximations of the finite Fourier transform of different classes of func-
tions have been considered by employing integral inequalities of Ostrowski type.
We refer to Barnett and Dragomir [4] for the approximations of the Fourier trans-
form of absolutely continuous functions; to Barnett, Dragomir and Hanna [5] for
functions of bounded variation; and to Dragomir, Cho and Kim [13] for Lebesgue
integrable mappings. Using a pre-Griiss type inequality, Dragomir, Hanna and
Roumeliotis [14] obtained some approximations of the finite Fourier transform for
complex-valued functions.

In this section, we provide the applications of the inequalities obtained in Sections
2 and 3 to give approximations of the finite Fourier transform. We also apply these
inequalities to obtain approximations of the finite Laplace transform.

Let f : [a,0] = K (K = C,R) be a Lebesgue integrable mapping defined on
the finite interval [a,b]. Let L£(f) and F(f) be their finite Laplace and Fourier
transforms, respectively, defined by

o)

=

B
[

b
/ f(s)e=**ds, a€C,

w
—
~
=
o)
Il

b
/ f(s)e ™5 ds, teR.
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4.1. Laplace transform. If 5 # 0, then by Corollary 9, we have the approxima-

tion of L(f)(a) by f(%£2)(b— a)e*u(a;b) , with the following error bounds:

F(32) (b —a)
‘Qauwb) = L(f)(@)
e 2
e —[PE 41T
< 3 I/ —afH[a,aT“’],oo
e84 [bzap — 1]e—E8
(56) + : 62 ||f/ _afH[“Ter,b]po
1r_, _ _atb
< g [+ =2 ] — e

If 8 # 0, then by Corollary 12, we have the approximation of L(f)(«) by
F(EE2)(b—a)e” g , with the error bounds:

‘f(“g“’)(ba)

(57) % - ‘C(f) (a)

e

a+b _ f(a+b
< \Il;_,oz (Cl, 9 ) ||f/ - af”[g,"T‘*'b],p + \Ilq,oz (2’1)) Hf/ - af”[“T‘*'b,b],p

a+b _ (a+tb
< o (0250 v (S500) 17 = aflles

If B # 0, then by Corollary 15, then we have the approximation of £(f)(a) by
ad _ alatb)

f(&) (b —a)e” =2 , with the error bounds:

2
atby(p —
|f()<) —£(F)(@)
%e““ﬁ“)llf’ - 04f||[a,a+b],1

2
_ _ b
+bTae 2 B”f/_af”[aT“,b]’p 8>0

(58)

2
€

a

IN

—a_etb
b2 T 1 = af | ag) 4
+Le O —affap 1, B<O.
{%e—ﬁzﬁﬂ) + b*Tae_aT%B] I/ = afllapr1,  £>0
<

{b_Tae_ 4 %BG_WH)} If" = afllap,1, B<O0.

If 5 # 0, then by Corollary 19, then we have the approximation of £(f)(«) by
(b—a)e” el w, with the following error bounds:

- a5 LOLI0 7))

—atbp b—apg _ —ap
ez P4 B —1le
52 ||f/ f||[a7aT+b]700

—428 _ [b=ap —bp
e 2 +1]e
(59) + 52 Hf/ - Oéf”[%rb,b],oo

<
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If 5 # 0, then by Corollary 23, then we have the approximation of L(f)(«) by

(b—a)e” el M, with the following error bounds:

00) |- e LOEIO gy a)

_ a+b a+b
<, ( )nf— s, ﬂqa( )uf—am

_ a+b a+b
<[oza (%5 )+w+(:2w)nf—aﬂmmp

If 5 # 0, then by Corollary 27, then we have the approximation of L(f)(«) by
(b— a)e_w f(a);rf(b)

, with the following error bounds:

(61) - e L0 )

b%“ff“”llf’ — afllg o2

+ e (a+b5+1 ”f/ *OéfH a+b A1 6 >0
< 1 (n+bﬁ+1 ,
e N = afll, s
+[)_Tae_b6||f/ - af”[aT“,pr 8 <0.
(B8 4 LemCE D] | — af a0, >0
<

[y (s32050) 4 et | —afllu 0, B <0,

4.2. Fourier transform. Let v = 2zt in Corollary 9. If 8 = 0, then we have
the approximation of F(f)(t) by f(22)(b— a)e~"™(@+Y* with the following error
bounds:

atby(h —q
I 0~ 7w

(62) < 20— a)? [ = 2wt fll w0 + 1 2t oy
sgmwﬂW—%wm%m

Let v = 27t in Corollary 12. If 8 = 0, then we have the approximation of F(f)(t)
by f(%E2)(b — a)e "(aFb)t with the following error bounds:

atby(p g
IE0 ~ 7w

g+1
b—a) ¢ . .
o s 5(2322 (15" = 2t g ege1, 1 = 2wt e
q q
qf1
b—a) ¢ .
<O it

T (2420
Let v = 27t in Corollary 15. If 8 = 0, then we have the approximation of F(f)(t)
by f(%E2)(b— a)e~ "™+t with the following error bounds:
1452 —a)
(@il F(H()
(64) b—a

- 27ritf||[a’aT+b]71Hf/ = 2mit f|jage 4 o
(b —a)llf" —2mitffa,p),1-

INIA
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Let v = 2t in Corollary 19. If 8 = 0, then we have the approximation of F(f)(t)
by (b — a)e*”(‘”b)tw, with the following error bounds:

‘(b _ a)e—iﬂ(a+b)t f(a) "2" f(b) _ ]:(f)(t)
(65) < 50— a)? [ = 2mit g gy oo + 1 2t g
1

IN

26— @)l = 2mit {01} e

Let v = 27t in Corollary 23. If 8 = 0, then we have the approximation of F(f)(t)
by (b — a)e’”(““’)tw7 with the following error bounds:

0 e LI

a+1
(b—a) = ‘ .
(66) ECIEH (17 = 2mit fllg o0y, + 1S = 2mit ] ege 4y,
b—a)'" :
< OO it o
(2¢+2)«

Let v = 2t in Corollary 27. If 8 = 0, then we have the approximation of F(f)(t)
by (b — a)e*”(‘”b)tw, with the following error bounds:

’(b _ a)e—iﬂ(a+b)t f(a) + f(b) _ .F(f)(t)‘

2
67 b—a . )
o7 < 252 (187 = 2t g gy + 1 = 2mit g

2

< (0= a)llf" = 2mitf|(ap),1-
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