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INEQUALITIES FOR POWER SERIES

LOREDANA CIURDARIU AND NICUSOR MINCULETE

ABSTRACT. The aim of this paper is to give several inequalities for power
series starting from a generalization of Young’s inequality for sequences of
complex numbers. Then some inequalities deduced from some variants of the
arithmetic-geometric mean inequality will be given.

1. Introduction

We consider an analytic function defined by the power series

f(z)= Z anz"

n=0
with real coefficients and convergent on the disk D(0, R), R > 0. As in [4] the
weighted version of Holder’s inequality can be stated as below:
q

> ana™y"| < <Zlan|$|p"> <Zanllxq”> =f§(|$|p)fj(|qu)
n=0 n=0 n=0

for any x,y € C with xy, |z[?,|y|? € D(0, R) and f4(2) is a power series defined by
>0 o lan|z™. The power series fa(z) have the same radius of convergence as the
original power series f(z).

[ (zy)| =

We consider the following inequality:

Lemma 1. ([8]) For 0 < a,b<1 and X\ € (0,1) we have
r(va— vVb)2 + A(\)ablog? (%) <Aa+(1—ANb—abi™ <

< (1-r)(va—vb)* + B(\ablog? (%)

where r = min{\, 1 — A}, A(\) = Ll{” — % and B(\) = 7)‘(124‘) -

If we take here A = % and replace a* by a and b~ by b then 1 — )\ = é and we
obtain:

p p q
ab+r(a% —b%)? 4+ A(l)apbq log? <a> <Ly r <
p ba poq
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p
(1) <ab+ (1—7)(a3 — b})? + B(2)arb7 log? (b> ,
p

We also need the inequality from below which is given in [5], Lemma 2.

Lemma 2. For ai; >0, pj >0, 1€ {1,2,..n} and j € {1,2,...,m} such that
L + St 2 1 we have

z(z) @)1 (s )T

Next inequality is given in [2], Proposition 5.1 and will be used in Theorem 4.

Proposition 1. (2]) Let ay,...,a, > 0 and p1,...,pn > 0 with Z?:M’j =1 we

have
1 < 1 1
Zplaz —aP P > nA ﬁzlai —aj..ai |,
1=
with equality if and only if a1 = ... = ap, where A = min{py, ..., pn }.

2. Main results
The following three results were obtained using a refinement of Young’s inequal-

ity given in [8] for two positive numbers a and b in (0, 1) for power series with real
coefficients, and the same method as in [4], Theorem 1, 2 and 3.

Theorem 1. Let f(z) = Y 07 pnz", g(2) = > re g qnz" be the power series with
real coefficients and convergent on the open disk D(0,R), 0 < R < 1. If p,q are
real numbers with p > 1, %—f— % =1landa,be C, a,b#0, |a| <1, |b] <1 so that

labl, |alP, |al9, [bP, [b]7, |al%[b]%, |al%[b]%, |aP|b]e, |a|?|bP € D(0,R), then we
have )
| f(ab)g(ab)| + rM; + A(;)TI <
1
< fa(|abl)ga(|ab]) +rM;y + A(;)Tl <
1 P P 1 q q
(2) < 5fA(|a| )ga([bl”) + 5fA(|b| )ga(lal?) <

< FallallbDga(lal b)) + <1—r>M1+B<1>T1,

(3) [ F(albP)glalblo)| + My + A Co) log? 14l 7,, <
< Fa(lallbP~V)ga((albl) + rMy + A (;) log? 197, <
< 2 Faa)ga((l) + £ £a(87)galal),

1 a
< FallalibP=aalall ) + (1 =tz + 3 (1 ) tog?



if in this case |a| < |b|, and |al|bP=2, |a|[b|7Y, |a[P, |al?, [bP, [b|7, |a|%[b|%,
\a|%|b|% € D(0, R), where

= fa(lal”)ga(1bl") + fa([b|))ga(lal?) — 2fa(jal2[b]*)ga(lal?[b]%),

= fa(lal”)ga(bl?) + fa(blP)ga(lal?) — 2fa(jal?[b]*)ga(lal?[b]?),

a
Ty = ga(lal?[b|P) Sy (|al?[b]7) log? ||b|| + falal?[b]?)S2(|al?[b[") log® ||b||p

—2[pq(log? |a| +log? b)) — (p* + ¢°) log |a| log [b[]S5(|a[?|b]*) Sy (|al*[b]"),

Tz = p*ga(lal?)S1(la”) + ¢* fa(|alP)S2(lal?) — 2pqS3(|af?)Sa(lal?),
Si(x) = afa(w)+a?fa(x), So(x) = xga(w)+a?ga(z), S3(x) = xfa(w), Su(z) = g4 ().
Proof. In the first case we replace a by |al’|b|*, and b by |a|*|b}7, j,k € {0,1,...,n}
in (1) and then we have
|a|j|b|k|a\k\b|j +r((laP bF)% = (Jal*[b]7) 2]+
lalP[p[** | j
#ia(3)tog? (12 ) P 7lal o <

S
< + <
p q
< Jap bl*lal* b + (1 = r)[(lal [b]*)% = (lal*[bF)2)*+
1 2 (lal’?[b]* ir|p|kp| g ka|pia
+B(C)ogt ({4200 a7l
for any 7,k € {0,1,2,...,n}. We take into account that |a/b*a*b/| = |a/b’||b*a*| =
lal?[b|*|a|*|b]? and if we multiply the inequality with positive quantities |p;||qx| and
sum over j and k from 0 to n, we obtain

Z [pjlabl’ Z \le\abl’“ﬂ"z ;1 Z lau|llal? b7 -+]al"|b""—2[al’* |a|*% [b]*% b7 %]+

j=0 j=0

Z\pj|2|qkuog (s ) Gab iy Gl
7=0
n I el Jaltappe
(4) < \ ( + <

<3 Ipjllabl S larllab*+(1—r) 3" il S larlllal b7+ |al*|b"1—2]ali % |al*# b]*% b7 %]+

3=0 k=0 J=0 k=0

jzo|pg|2\qk|log (w 5 ) (aPlofy el

ip—kq .
Denoting by P; the quantity ZJ o Ipj] o o k] log? (‘b||]q kp) (|al?|b]9)7 (|a|2|b|?)*
by computation we have,

Pr=>_1pil > lakll(ip — kq)log |al — (g — kp)log [b]]*(|al’|b|?)’ (|al*[b[")* =
3
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n n
=Y Ips Z |4kl [(7p — kq)*log? al + (jq — kp)* log® |b|—
7=0 =0

~2(jp — kq)(jq — kp) log|allog [bl](|a[*[b]7)? (|al?|b[")" =

n

n
= "Ipi| > laxl[i*(plog la] — qlog b])* + k*(qlog |a| — plog [b])*—
j=0 k=0

f2jk(pq(10g2 |l +log? [b]) — (p* + ¢%) log |a log [B])](|a[? b]*)] (|a|? b[")* =

= ZI%IZI%\ j 10g2|z| + ko |b||p 2jk(pq(log? |a| + log [b|)—
7=0
—(p® + ¢°) log|al log [b])](|a[?[6]")’ (|al|b[?)*.
All the series whose partial sums which appear here in inequality (4) are convergent
on the disk D(0, R) therefore we can take the limit when n tends to co in (4) and
obtain the inequality (2) taking into account that because T is the limit when n
tends of co of Pj.

In the second case, if we replace in (1) a by % and b by ‘IZI"‘ then we have
aflal* Ml o ol ¥ja%] 1 (L i
[b]7[b]* [oIP7 " [Blak | F || 7 p |b77|al*a ) [bliP[b[*a
LlaP?  1]|a|?
(5)

T p bl T g pler T
|a}’|al* ja[”?|al* | Ja#* IaI*
S j +( _T) j - ip
[} 16> [blps [blak ) F b %

for any ||, |b|* #0, 7, k € {0,1,2,...,n}.
Simplifying (5) we get

[l [op =0 a4 ] b7 — 2lal o E R

|alP[b[* |al??|a]*
[bl77[al*a ] |bl7P[b|*

—|—B(]19)10g2 (

1 2 (lafP—H ip| kg < Ly iipipiak o Ly gk
©  +aios (WEY labrla < Dbt + Lifokape <

< Jal al oD B0 4 (1= 1)lJalP Bl + ol b7 — 2lalE 4 b8

(1-

1 |a‘jp7kq )
+B(5)log (|bjp_kq> |a)’?|a|*
for any j,k € {0,1,2,...,n}.

Now we multiply (6) by |p;llgx| > 0, j,k € {0,1,2,...,n} and summing over j
and k from 0 to n, we have

n n n n
YD Ipillael(allbP~)7 (Jalol*=") 7> ">~ [pjllanllal™ 6] +|a|®* b7 —2[al 545 b7 542 ]+

§=0 k=0 Jj=0k=0

Ja]
A og 33 llaeltip - kglab?lal's <
7=0 k=0

’B

(7) <= pillal? > gl b7t + p > laellal™ Y Ip bl <
7=0 k=0 k=0 7=0



n n n
S by llaelQallo =) (alsl™=5+ (1 =r) S S [ lawlllal o7 +[a|* 57—
=0 k=0 =0 k=0
P4 2 | &
. . . q
el FRHp ] 4 B rZZ Ipsllaxl G — a)?lal]a]*.
0 —

In this case
n n n n
Po=>_ > IpillaelGp—ka)lallal™ =3 > Ipllaxl(5°p*+k%0*~2pajk) aflal.
§=0 k=0 §=0 k=0
Taking into account that all the series whose partial sums are involved in previous
inequality are convergent on the disk D(0, R), and letting n to oo in the inequality

(7), we notice that the desired inequality (3) takes place, because T5 is the limit
when n tends of co of Ps.

Theorem 2. Let f(z) =Y 07 pnz", g(2) = > ey qnz" be the power series with
real coefficients and convergent on the open disk D(0,R), 0 < R < 1. If p,q are
real numbers with p > 1, %Jr% =1and a,b € C, a,b#0, |a] <1, |b] <1 such

that |al[b], [al?, |a|?, [bP, b2, |al?[b|%, |a|>|b]7 € D(0,R), then we have
2,2 1
[F(@b)glal?[bl%)] + M + A1)y <

2,2 1
< fa(lab))ga(|al#[b]7) + My + AT <

(8) < %fA(|b|p>gA<|a|2> + éfA<|a|q>gA<|b|2> <

< fa(lallb)ga(lal?b]7) + (1—r>M3+B< )T,
where

Mz = fa(lal*)ga(bP) + fa(lal®)ga(b]*) = 2fa(lal*[b]%)ga(lalb]),

T = log? [+ Fa(al" )31 (a P0F) + Tog® 2 aa (ol 7)Saal" )+
o

108 1o Sa (a1l ).

Proof. Now, we replace a by |a|*?|bl?, and b by |a[?[b|* in inequality (1), we
multiply by |p;||gx| > 0 and then summing over j and k from 0 to n we get

n n n n
2 s 2 . .
S ipsllasllal™? [P al (b7 + 1> " Ipjllalllal®* b7 + |al?|b]** —

+4log —

3=0 k=0 j=0k=0
ip A | | | | j j
—2|al®|b)7% a2 |b]F] + AL (= ZZ@]qu\log <| |Jq|b|2k> |a|2¥ |b] 7P| al79|b|2F <
3=0 k=0
1 n n
(9) <D Inslaxllal e + - IS S sl <

7=0 k=0 7=0 k=0
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n

n n n

2
> Ipsllallals b1 al? b5 + (1 =) > [pjllgullal** 6177 + a7 |b]* ~
k=0

Jj=0 7=0 k=0

a2 o7 -
~2al*[b7af’? [p]* Zzijnqkuog (| g ) a2l

7=0 k=0

where Pj is the quantity
n n
Jal**[b}? ip| . |d
D> Ipjllae] log® (| gapppe ) Lol 107 lat 1"
§=0 k=0
By computation, we find,

a1 _y al _
=33 Iyl o (W )l = 323 ol 2k Tog 2 7

7=0 k=0 7=0 k=0

— jqlog |al+jplog [Y)?Ia P B a2 = 375 Iojllael (45 Tog? 1 2102 12 1

22 o afs

la]
0]

Since all the series whose partial sums are involved in the inequality (9) are con-
vergent on the disk D(0, R), letting n tends to oo in (9), we deduce the desired
inequality, because T3 is the limit when n tends to co of Pj.

b
tog 1) a2 af9 b 2%

+4j5klog — ale

Theorem 3. Let f(z) and g(z) be as in Theorem 1. If a|?, |b|?, b7, |a|? |b], |a||b], |al|b|%, |a||b]% €
D(0, R) then one has the following inequality

F(al20)g(al i) + My + A(})m <
< Falal3 16 gaal? b)) + My + A%m <
< ]%fA<|a\2>gA<|b|p> + éfA<|b|Q>gA<|a|2> <

< fa(lal#[b))ga(lal®) + (1 — )My +B( b,

where
My = Faal)ga(7) + Fa (61794 (o) — 2alallbl)gallal 1),
a2
7y = tog* (52 ) 41681 (aP i)+ 1og? (101 ) AaaP)Sa(al ) +

25l a0 g (120 ) 10g (1),
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Proof. Using again the inequality (1) with \a|j% |b|* instead of a and |a|k% b7 instead
of b we obtain for any j,k € {0,1,2,...,n} the following inequality

(Jal#[B))? (1Bl al )" + rllal [b[P* + |a|** [}’ — 2|al? b]*%|al*|b]" %]+

|al>7[b[P*

1 .
Ay (2)log? | o — 21|99 (|a]?*|b|*P) <
+ l(p) 0g (a|2k|b|jq) (la[*[6]*)([al*"[6]") <

1 1 .
(10) < a7 [b"" + =[af** [T <
p q

2

2 2 , ‘ - .,
< (lal7[B])7 (Ibllal®)* + (1 = r)[la* [p|P* + |a|**|bl’* — 2|al’|b|** |a|*[b] %]+

L (Y
B(=)1 2 et ot 2511197 2k kp.
+B( )10 (s ) (aPBI) (o pl)

By the same method as in Theorem 1 we find the desired inequality.

Remark 1. Letri,ry, ..., 7m # 0 be real numbers such that %+%+...+%m =1 and
F(2) =300 o pnz™, 9(2) = D00 o an2™ be the power series with real coefficients and
convergent on the open disk D(0,R), 0 < R. If ai,a2,...,Gm,b1,ba,...; 0, € C,
such that aiag...am, biba..by, |a;|™, b € D(0,R), i € {1,2,...,m} then we
have

|f(a1az...a1)ga(b1ba...bm)| < fa(laillaz|...|am|)ga([bi]|ba]...|bm]) <

1 1 1
< o falanM)gaba™) + = fallaal)ga((bal) + . 4+ = Fallam]™)ga([bm]™)-

Proof. We use the well-known inequality

a1 .02

a1T1 + QeZa... + ATy, > 7Ty T

m
which takes place for any z1,x2,..,2, > 0 and aj, s, ..., a,, real numbers such
1

that a; + as + .. + a,, = 1 and replacing «; by % and xlf by z; we obtain

1 1 1

—aot + —a? o+ —a > T Ty

1 ) m
Taking above 1 = |ai)/|bi]*, 2 = |ao|ba|,... Tm = |am|?|bm|F for j,k €
{0,1,2,...,n} and using the same method like in Theorem 1 we find the desired
inequality.
|

Proposition 2. Let a; be complex numbers and p; >0, j € {1,2,...,m} such that
p% + p% +.. + p%n > 1. If f(z) = Z,Zozop;lz" be the power series with real coeffi-
cients and convergent on the open disk D(0, R), 0 < R and ajaz...am, |a1||az]...|am],
|a1|P*, az|P?, ..., |am|P™ € D(0, R), and |p;| > 1 for all i € N then the following in-
equality holds:

(11) [f(a1a2-am)| < fallar]az]|am]) < £75 (Ja1[P) 72 (|ag?)..f 7 (Jam["™).
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T
Proof. If we consider a;; = |p;|™ |a;|" with ¢ € {1,...,n} and j € {1,...,m} in
Lemma 2, see [5] page 743, the inequality

becomes:

S
N

i=1

or . .
’ i AR R Rl BT TNNT] i
Y Ipillaragean] <Y Ipil T I o gl Jam | <
i=1 i=1
1 1
P2 n , ) Pm
(Z |pz||a1w1> (Z |pz|a2|wz) -(Z pzvllaml“”"> -
i=1
Taking into account that ajas...am, |a1||az|...|am], |a1[P*, |az|??, ..., |am [P € D(0, R),

when n tends to co we get inequality (11).

Using a refinement of the weighted arithmetic-geometric mean inequality for n
real numbers, see [2], we find the following:

Theorem 4. Let aq1,as,...,a, > 0 and p1,p2,...,pn > 0 with Z _1pj =1 and
A =min{p1, ...pn}. If we assume that the multiplicity attaining X is 1 then we have
the following inequality:

> pifalai)ga(bil) — |f(af ab?..abr)g (b7 b2 .68 )| =

> pifallaiga(bil) = fa(lai Pt |az]P>..|ay,

Pr)ga((ba]b2]2...|bn

Pn) Z

> n\ (iZfA(laiDgA(b) Fallaa|® Jan] ) ga(|ba] = bni>>,

where f, g, fA and ga are as in Theorem 1 and |aq|P*...|ay, Pn

= € D(0,R).

Pn
)

by|Pr...|by

|an

Proof. We replace a; by |a;|7|b;|* for j,k € {1,2,...,m}, i € {1,...,n} in inequality
from below and write again this inequality

1 « 11
szal _ a;tln P2 aﬁ" > ni (n z;ai —a ...aﬁ>
i=
from Propositlon 5.1 (Proposition 1), see [2] obtaining:

n
D pilail?bal* = la1 [P |1 [PF...|ap [P by [P >

1 ) ) )
2 A <n(|alljlbll’“ o lanl [ba]*) = " 1% (b )

" ’ L_;'_L_;'_ +L . . . n ’ . ﬁ n / . P2 n / . Pm
Do dpilm T e sl et < [ D Ipgllan | D Ipillaz®2 ) D Ipillam P
=1 i=1 i=1

3 ai|7 |bz|7 |b1 ’1L

1
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which by multiplication by |p;-||qk| and summing over j and k will give the desired
inequality from conclusion when m tend to infinity. i

For finite sequences of real numbers we use the majorization relation from [6].
Let a = (a1, a9, ..,a,) and b = (b1, ba, ..., b,) two finite sequences of real numbers.
We say that the sequence a majorizes the sequence b and we write

a>>bor b<<a,

if after rearranging terms of the sequence a and b satisfy the following three condi-
tions:

air>as > ...>apand by > by > ... >0b,
a1 +as+...+ap >by+by+ .. +bg, foreachk, 1 <k<n-—1;

air+as+..+a, =ay+by+..+b,.

As in [6], Definition 2, let F(z1, 22, ...,2,) be a function in n nonnegative real
variables. Define

!
ZF(wl,x27...7xn)

as the sum of n! summands, obtained from the expression F(x1,xs,...,x,) as all
the possible permutations of the sequence x = (x;)";.

Particularly, if for some sequence of nonnegative exponents a = (a;);, the

function F is of the form F(x1,xa,..,z,) = 2{*x52...x%", then instead of

!
ZF($17$27~~7$n)
we shall write also
Tla1,ag, ..., an) (21, T2, ..oy Tp)

or just T[ay, az, ..., an] if it is clear which is the sequence x used here.
Using the technique given in [3] for Muirhead’s theorem, we find the following
inequality:

Proposition 3. If a << b and y;,2z; € C, y;,2; #0, i € {1,..,n} then
1

> Fallyl™ [y2]* |y

<D Fally el Jyn ) gallz " 22l ozl ),

where f, g, fa and ga are as in Theorem 1, |[yo1)|* Yo (2)|* 1Yo )| ™5 1201y |20(2)
D(0, R) for any o, o being an arbitrary permutation of the numbers {1,2,...,n}.

)gallz]® 2] [2n|") <

o2

...|ZU(n)|b" S

Proof. We consider in Muirhead’s inequality instead of x;, |y;]7|z|*, i € {1,2,...,n}
we multiply by |pj|lgr|, and summing over j,k € {0,...,m} we get the desired
inequality when m tends to infinity. i



10 LOREDANA CIURDARIU AND NICUSOR MINCULETE

Remark 2. (a) As in [4], there exist some inequalities for special functions such
as polylogarithm, hypergeometric, Bessel and modified Bessel functions for the first
kind. It is known that Lin(2), 2Fi(a,b;c;2), Ju(z) and I,(z) are power series
with real coefficients and convergent on the open disk D(0,1). Therefore, like in
[4], we can think to rewrite the inequalities given before under conditions from our
theorems.

(b) In addition, as in [4], because the functions exp(z), z € C, flz, z €

D(0,1), In(:2), z € D(0,1), sinh(z), z € C are power series with real coefficients

11—z
and convergent on the open disk D(0,1) we can think to rewrite the inequalities
given before under conditions from our theorems.
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