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INEQUALITIES FOR POWER SERIES WITH POSITIVE
COEFFICIENTS

LOREDANA CIURDARIU AND NICUSOR MINCULETE

ABSTRACT. In this paper we use a technique given by Ibrahim, Dragomir and
Mortici, in order to prove and enunciate several inequalities starting from some
classical inequalities.

We present an improvement of Nesbitt’s inequality and also a reverse of
Nesbitt’s inequality. Other important results which appear in the paper are
some generalizations of well-known inequalities obtained by convergent power
series with positive coefficients.

1. Introduction

In [8], Ibrahim and Dragomir found some inequalities for power series via Buzano’s
result and some applications for several fundamental complex functions.

Ibrahim, Dragomir and Darus established in [9] some inequalities for power se-
ries with real coefficients by utilizing Young’s inequality for sequences of complex
numbers.

In [15], Mortici used the technique, by power series, for proving the well-known
Nesbitt’s inequality

a b c
b+c + a+c + a+b
which is equivalent to inequality,

3
257 a, b,C>0,

where a +b+c = 1.
In demonstration, he used Jensen’s inequality for the convex function g(x) = x

and geometric series,
1 (oo}
— = g ", |z < 1.
1—-=z
n=0

n

It is easy to see that

o0
x
T2 :Zm”, |z] < 1.
n=1

In Theorem 1 are presented two inequalities which are used in Corollary 2 for
an improvement of Nesbitt’s inequality. Also another reverse of Nesbit’s inequality
is given in Corollary 3.
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Other important results which appear in this paper are some generalizations
for convergent power series with positive coefficients of complements of Cauchy’s
inequality given by (7) and (8) starting from technique introduced in [15]. These
results were obtained in Theorems 5 and 6 and then in Theorem 7 a generalization
of inequalities (9) and (10) from Theorem 6, see [13] was given. By a similary
technique we can also find a variant of reverse inequality of Young for functions
which are sums of power series with positive coefficients in Proposition 3, using a
result from [6].

In addition, in Theorem 11 is given a variant of a generalization of the Cauchy-
Schwarz inequality from [2] in the case of the convergent power series with positive
coefficients. As applications, in Remark 2 and Remark 4 we can see what would be-
come several refinements of Radon’s inequality from [16] and the classical Cauchy’s
and Holder’s inequalities for such functions.

2. Main results

Theorem 1. For anya >b>c>0 and a+ b+ c =1, there is the inequality

1 1
m(a2+b2+62—§)< a + b + < -

N W

<
“1l1—a 1-b 1-c¢ -

1

(1) |

< 2124 2
< (1_a)3(a +b°+c
Proof. According to [7], if ¢ : I — R is a twice differentiable function such that
there exist real constants v and I' so that 0 < v < g () < T for any € I we find
the inequality

3 2 3 3 3 2
%ij (wj - ZW@) <> piglai)—g (me) < gij (:vj - Zpixz') :
3 =1 =1 =1

i=1 j

where p; > 0 for all ¢ € {1,2,3} and Z?lei =1.
Since a > b > ¢ > 0 and the function g(z) = 2™, n > 2, is convex and p; = py
p3 = %, implies

1"

0<~y= g”(c) =nn—1)""?%< g” (x) <T =g (a) =n(n—1)a""2

Therefore we have the following inequality

n(n —1)c"—2 Z aia—{—b—i—c 2<a”+b"—|—cni a+b+c\"”
6 3 - 3 3

cyclic

n(n —1)a" 2 a+tb+c\’
ST — X <3) '

cyclic

Because a, b, ¢ > 0 and a + b+ ¢ = 1, we deduce the inequality

n(n —1)c"—2 1\’ nom . m 1\" _ n(n-1)a"2 1\°
22((1—3) Sa+b+c—3§ sz a-z) -

cyclic cyclic



By passing to power series we obtain

2 o0 [e'e] o0 o0 e’} n
3 . <a—3> Zn(n—l)c"QST;CL"—F;ZJ”—I—;C”—Z’»;(;) <

n=1

< % 3 (a - ;)2gn(n _ a2,

and

2 S n
n=1

Therefore, the above inequality becomes

1 1\? a b c 3 1
- _2) < I G
(1—c)32(a 3) S i ey S 2*(1—a)3Z

cyclic cyclic

-8

which is equivalent to the inequality

1 9 9 9 1 a b c 3
P E— b ——- < — =<
A= op (a + 0" +c 3) + + 5=

1 1
< (aZap? 2_ 2.
(l_a)3<a+ +c 3

The below inequality represents an improvement of Nesbitt’s inequality.

Corollary 1. For any a > b > ¢ > 0, there is the inequality

a+b+c
3(a+b)3

a b c
< + =+
b+c c+a a+bd

[(a—b)>+ (b~ ) + (c —a)?] -2 <
at+b+ec

@ < 3prop

[(a=b)*+(b—c)?+(c—a)?].

Proof. In Theorem 1 we assume, without loss of generality, that a + b+ ¢ = 1. By
replacement in inequality (2), we deduce inequality (1). Therefore, the requirement
is true. §

Another reverse inequality of Nesbitt’s inequality is the following;:
Corollary 2. For any a > b > ¢ > 0, there is the inequality

a b c 3 a c a+c
3 0< -=-<3 -2 .
®) _b+c+a+c+a+b 2~ (b+c+a+b a+2b+c)
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Proof. We assume, without loss of generality, that a + b + ¢ = 1. By replacement
in inequality (3), we deduce inequality

O<a+b+c_3gg<a+0_2a+c).

“1l-a 1-b 1—c 2 l—a 1-c¢ 2—a—c
Simié showed in [17], that if (x;)?_; € [a,b]™, then

0< Zpig(wi) -9 (Zp:v> < g(a)+g(b) —2g (a ;r b) ,

where p; > 0 for all i € {1,...,n} to see that Y., p; = 1.
Since a > b > ¢ > 0 and the function g(z) = 2™ is convex, and p; = ps = p3 = %,
it follows the inequality

O<a,_~_b +c _<a+b+c> San_"_cn_Z(a—‘rC) ,

- 3 3 2

so, by passing to power series, we deduce

0< ia"—kib"—kicn—i’)i (a—i—:l)))—i—c)" <3 [ia"+icn—2i <a—2&—c>"
n=1 n=1 n=1 n=1 n=1 n=1 n

= =1

)

which is equivalent to

0<a+b c_z<3<a+c_2a+c>’

“1l—-a 1—b+1—c l—a 1-c¢ 2—a—c
where a, b, c>0and a+b+c=1.
|

Theorem 2. Let R be the convergence radius of the power series ZZOZO anx™ with
positive coefficients, which has the sum f(x) on (=R, R).
(a) If a, b, ¢ € (—VR,VR) then there is the inequality
(4) F(a®) + (%) + £(c*) = f(ab) + f(be) + f(ca).
(b) If x1, x3, ...,z € (—VR,V/R) then there is the inequality
(5) f(@2) + f(x2) + ...+ f(22) > f(zima) + f(@azs) + ... + f(@p_12n) + f(Tnzy).

Proof. (a) If a,b,c € (—V/R, VR), then taking into account the well-known in-
equality, a® + b2 + ¢ > ab + bc + ca, which is true for all a, b, ¢ for every n € N we
have,

a2n + b2n +02n > (ab)n + (bc)n + (Ca>n
and then

> an(a® + 6" + ) > an((ab)" + (be)" + (ca)).

Therefore we obtain,

f(@®) + f(b°) + f(c®) > f(ab) + f(bc) + f(ca),

if a,b,c € (—\/R \/ﬁ), where R is the convergence radius of the power series
Yoo | apx™ with positive coefficients, a,, > 0 , which has the sum f(z) on (—R, R).

(b) We use the well-known inequality, % + 2% + ... + 22 > z129 + 2223 + ... +
Tpn_1Zn + xpx1 and we will apply previous method.



Remark 1. (a) We can notice that

o0 o0

’
Znanx" = xZnanx" V—zf ()
n=1 n=1

Multiplying this time by na,, > 0 the inequality
a®™ + 02" 4+ ™ > (ab)™ + (be)"™ + (ca)™,
we have,
Nana®" + na,b>" + na, 2" > nay (ab)™ 4+ na, (be)™ + nay, (ca)”

for all n € N* and by addition we obtain,

oo

Z(nana% + na,b*" + na,c®) > Z(nan (ab)™ + nay, (be)"™ + nay,(ca)™)
=1 n=1
which means

af'(a®) + b2 f (%) + £ () > abf (ab) + bef (be) + caf (ca)
foralla,b,c € (—VR,VR), where R = lim,, ., o and f@) =307 ana™, an >
0, (V) n € N*, f being a differentiable mapping on (—R, R).

(b) By applying the inequality a® + b* + ¢ > ab + be + ca, twice we obtain,
a®™ + b1 £ A > (ab)? 4 (be)®™ 4 (ca)®™ > (a®be)™ + (ab®c)™ + (abc?)™.
Using the summation method with respect to n again, we get
an(a™™ 4+ 0" + ') > a, ((a®be)™ + (ab*c)™ + (abc®)™)
and therefore
Fla®) + f(0") + f(ch) = f(a®be) + f(ab’e) + f(abc?),
where a,b,c € (—V/R,VR), R is the convergence radius of the power series Yoo ana™

with positive coefficients and the sum f(x), with a b, ¢ € (—R%,Ri).
As in [15], if we multiply the inequality,

a™ £ b1 4 M > (a®be)™ + (abc)™ 4 (abc®)™
by na, > 0 before summing, we will find
alf (@) + b1 (08 + Af (Y > aPbef (aPbe) + abPef (abc) + abc? f (abc?),
for all a b, ¢ € (—R3,R%) where R = limy_,q0 aZL and f(z) = Y02, a,x™ on
(=R, R), f being a differentiable mapping on (—R, R).

Now, like in [15], we use this method in order to use results related to convexity.

Proposition 1. Let f : [0,00) = R is any increasing and concave function, 0 <
z <y <z andn is a positive integer. If g(x) = > > | ana™ with the convergence
radius R = lim,,_ o0 a?il and a, > 0, (V) n € N*, then the following inequalities

hold:

(a) 9(2) f(y) + 9() f(x) + g(x) f(2) = g(x) f(y) + 9(2) f(x) + g(y) f(2);
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(1) 26 (2D (5) + 9 (1) () + 26 (@)F(2) = 24’ (@)F (1) + 26 ()} (@) +v5 W) F(2),
if in addition, g is a differentiable mapping on (—R, R).
Proof. In [10], the author showed that

(2" — 2™ [(y) > (=" — g (@) + (5" — ) (2),

where f :[0,00) — R is any increasing and concave function, 0 < z < y < z, and
n is a positive integer.

Multiplying by a,, > 0 last inequality for n = 1,2,... with 0 < z < y < z < R,
we get

(9(2) — g(2)) f(y) > (9(2) = g(¥) f(x) + (g(y) — 9(x)) f(2),

or

9(2)f(y) +9(y) f(x) + g(x) f(2) = g(x) f(y) + g(2) f(x) + g(v) f(2),

an

where g(z) = "% | a,a™ with the convergence radius R = lim,,_, —
0, (¥) n € N*.

and a,, >

Now if we multiply the inequality given in [10] by na, > 0 for n = 1,2, ... and
then summing with respect to n, we have
(29'(2) — g () f(y) > (29 (2) = yg W) f (@) + (g (y) — xg (2)) f(2)

or

29 (2)f(y) +yg (v) f(@) + 2g () f(2) > 29 () f(y) + 29 (2) f () + yg (y) f(2),

where g(z) = 23;1 an,x™ with the convergence radius R = lim,,_ a:L and a, >

0, (V) n € N*, g being a differentiable mapping on (—R, R).
|

It is known the Schur’s inequality, see [11].
If x,y, z are non-negative real numbers and ¢ is a positive number then

de—y)z—2)+y(y—2)y—z)+2'(z—x2)(z—y) >0,

with inequality if and only if x = y = z or two of them are equal and the other is
zero. When ¢ is an even positive integer, the inequality holds for all real numbers
x,y and z.

According to [18], a generalization of Schur’s inequality is the following: Suppose
a,b, ¢ are positive real numbers. If the triples (a,b,¢) and (x,y, z) are similarly
sorted, then the following inequality holds:

a(x —y)(x—2) +bly —2)(y —x) +c(z —2)(z —y) 2 0.

Moreover, according to [18], in 2007 Vornicu showed that a yet further generalized
form of Schur’s inequality holds:

Consider a,b,c,x,y,z € R, where a > b > c and either z >y > zor z > y > z.
Let k € Z* and let f : R — R be either convex or monotonic. Then,

f@)a=0)a—)*+ fy)b—a) b -0 + f(z)(c - a)(c—1)* > 0.
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Proposition 2. Under previous conditions, if g is the sum of the power series
2211 arx® with the convergence radius R = limy_, o0 k- qp >0, (V) k€ N* and

a— ¢ < VR then we have: o
(@)  f(@)g((a—b)(a—c))+ f(y)g((b—a)(b—c))+ f(2)g9((c — a)(c—b)) =0,

and

’

(a=b)(a—c)f(2)g ((a—=b)(a—0)+(b—a)b—0c)f(y)g (b—a)b—c)+
(b) +(c—a)(c—b)f(2)g ((c = a)(c— b)) >0,
when g is a differentiable mapping on (—R, R).

Proof. We multiply the previous inequality by ar > 0 for £ = 1,2,... and then
summing with respect to k we get,

f(@)g((a—="b)(a—c))+ f(y)g((b—a)(b—c)) + f(2)g((c — a)(c — b)) =0,
where g(z) = 2211 arz® with the convergence radius R = limy_ oo ﬁ, ar >
0, (V) k€ N* and a — ¢ < VR.
In addition, if we multiply the inequality by kap > 0 for £ = 1,2, ... and then
summing with respect to k we get,

(a—b)(a—c)f(2)g ((a—b)(a—0)+(b—a)b—c)f(y)g (b—a)b—c)+
+e—a)(c—b)f(2)g ((c = a)(c— b)) >0,
where g(z) = 2211 arz® with the convergence radius R = limy_co ﬁ, ar >
0, (V) k€ N* and a — ¢ < VR, g being a differentiable mapping on (—R, R).
|

Also, in [6], in Corollary 2.2, (ii) the authors presented as an alternative reverse
inequality for Young’s inequality the following inequality, the difference-type reverse
inequality:

Corollary 3. ([6]) For a,b> 0 and X\ € [0,1], the following inequalities hold:
(i) Ratio-type revese inequality

Al — A)(a — b)?
a7 < (1= Na+ b < a7 exp{%}7
1

where d; = min{a, b}.
(#i) Difference-type reverse inequality

@' < (L= N+ b < '+ AL = Wiog® () da.

where dy = max{a, b}.

Using previous result, see [6], we can find the following inequality for functions
which are sums of power series with positive coefficients.

Proposition 3. Let R be the convergence radius of the power series Y .-, apx™,
with a, > 0 for all n € N* which is convergent and has the sum f(x), when
xz € (=R, R), where R = lim,,_, aiil and R #0,.

For a,b € (0,R) and X € [0, 1], the following inequality holds:
F(@ ) < (1= M) f(a) + Af(b) <
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< @20 4 20 3) [log ()] 7' (@) + @5 ),
where d = max{a, b}.

Proof. We can suppose without loss of generality that d = max{a,b} = a. Then
for every n € N* we see that d" = max{a™, b"}. By replacing a with a™, b with "
and d with d" in a'=*b* < (1= X)a+ b < a' =20 + A(1 = ) [log (%)}2 d and then
multiplying by a,, > 0 for every n € N* we get

N 12
ana™NpnA < an(1=X)a" +a, A" < ana™ =M pnA +a A1=X) [log <Z”)] d",

for every n € N*. Then by adding previous inequalities when n € {1,2,...m} and
m € N* we obtain,

m

an[at NP Z )a”’+zm:an)\b"§
n=1

1 n=1

an[aT VPN + A(1 — [log ( )} Z ann

When m tends to infinity we have

NE

n

Ms

<

n=1

2
a" 0 < (1= Na+ M < a0 + A1 - ) [zog (%)} S(d),

because 0 <a < R, 0 <b< R, 0<a'"** < Rand 0 < d < R.

In this case S(z) is the sum of the convergent series Y -, a,n’z" for z €
(=R, R) and is xf (x) + 22f" (z). This series has the same convergence radius as
series which has the sum f(z) and the calculus result from the following: M =
S a,n®z""! and by integration we have, [5G 3@ gy = 52 a,na™ and we de-
note by D(z), [ —m)da: Again by integation from % S annx
I #dm =Y a,z™ = f(z) and then by derivation we obtain the result.

|

=1 we get

3. Generalizations of several well-known inequalities

We need to recall the following three results which are enunciated in [13]:
Let a and b be two positive n-tuples, with

(6) 0<m1SaiSMland0<m2§bi§M2(i:l,...,n)

for some constants my,mo, My, and Ms.
The following complement of Cauchy’s inequality is valid:

M n
(7) Zb2 + 1 -2 aﬁ < ( + > Zakbk
k:l
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Theorem 3. ([13]) Let u,v be real numbers such that 0 < v <u <1, u+v =1,
and w, a,b be positive n-tuples such that

m< < ME=1,..n).
by
Then

(8) uZwkkarvaZwkak (vm + uM) Zwkakbk.
k=1

In the following we will give a generalization of a complement of Cauchy’s in-
equality given in [5] and [13] by J. B. Diaz and F. T. Metcalf for power series with
positive coefficients.

Theorem 4. Let the power series Y -, anz™, with a, > 0 for all n € N* which is
convergent and has the sum f(z), when x € (=R, R), where R = lim,,_, o and
R #0,.

(i) If d,b are positive n-tuples which satisfy conditions 0 < my < d; < My and
0 <mg <b; <M,y (i =1,n) for some constants my, ma, My and My then we
have,

n

M n n
z_:f (b7) +Zf ;\TZ mjd2 Skz:: 7dkbk kz_:lf(j\rzdkbk)

when M3 ml < R.
(i) Under previous conditions, if in addition f is a differentiable mapping on
(—R, R) we obtain,

- mo M /mQMQ
B+ Yy —=—= —d3) <
S O+ Y R (R <

n

Z dkbkf —dkbk Zﬁdkbkf —dkbm
k= k=1

Proof. (i) Taking into account inequality,

Zb2+ mg M Zd2 (+>debk,

see [13], inequality (7), where dj, is replaced by df, by is replaced by b}, m; is
replaced by mY, My by M¥, my by mh and My by MY, p € N* and multiplying by
ap the inequality before summing we obtain

Za,, (Z T Zdzp) < Zap [( iy S by

k=1 k=1

Using hypothesis 0 < m; < d; < My and 0 < mg < b; < My (i = 1,n), when
M32 < R we notice that b, $222d7, Medu by and %22dyby are in (0, R) and
then the power series being convergent, we obtain the inequality from conclusion.

(ii) The proof will be as in (i), the difference being that the inequality will be
obtained by multiplication by pa, instead of a,.
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An improvement of last theorem, using Theorem 2 from [13], will be also pre-
sented below:

Theorem 5. Let the power series Y-, anz™, with a, > 0 for all n € N* which is
convergent and has the sum f(z), when z € (=R, R), where R = lim,,_, » aZil and
R#0,.

Let u,v be real numbers such that 0 < v <u <1, u+v =1 and w,d, b be positive
n-tuples such that

0<m< Z—’“ <M, and &iM? < R (k=1,...,n).
k
Then
uZwkf(bi) + vakf(Mmd%) < vakf(mdkbk) —|—uZwkf(Mdkbk).
k=1 k=1 k=1 k=1

Proof. Using the inequality,

uZwkbz +ovMm Z wkdz < (vm +uM) Z wrdbr,
k=1 k=1 k=1
see [13], inequality (8), where dy, is replaced by df, by, is replaced by b}, m is replaced
by m?, M by MP?, p € N* and multiplying by a, the inequality obtained before
summing we obtain

Z ap (u Z wkbip + v MPmP Z wkdip> < Z ap [(vmp + uMP) Z wi (dib)?
p=1 k=1 k=1 p=1 k=1

By hypothesis, m < ‘;—: < M, and diM? < R, (k = 1,n) we notice that b7 <
R, Mmd} < R, mdgb, < R and Mdiyb, < R (k = 1,n) and thus previous

inequality becomes

uZwkf(bi) +Uzwkf(Mmd%) < Uzwkf(mdkbk) + uzwkf(Mdkbk)-
=1 =1

k=1 k=1

Theorem 6. ([13]) Let a and b be two positive n-tuple, p~t +q¢ 1 =1, 0 <m <
M7 m < % < M(Z = 1a "'?n)v Di = O(Z = 1a an) Then

b?

(i) if p>1 (orp <0), we have

(9) (M —m) Zpkai + (mM?P — Mm?) Zpkbz < (MP —mP) Zpkakbk
k=1 k=1 k=1
and if 0 < p < 1, then reverse inequality in (9) holds.
(ii) if p > 1, we have

1 1

(10) (ZPW&Z) (ZP}J%) < AZPkakbk,
k=1 k=1 k=1

where

(1) A= [MP = | [p(M — m)|~# g(MmP —mM?)| "5,
and if p < 1(#£ 0) the reverse inequality in (11) holds.
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Theorem 7. Let d and b be two positive n-tuples, p™* +q¢ 1 =1, 0 < m < M,

0<m< % <M, (i=1,...n), p; >0, (i=1,...n). If p>1 then we have,
bP

> pelf(MdY) — f(mdf)] + > pelf(mMPb]) — f(MmPb])] <
k=1 k=1

< Zpk-[f(Mpdkbk) — f(mPdiby)],
k=1

where f(x) is the sum of the power series Y . ana™, with a, > 0 for all n € N*
which is convergent when v € (—R,R), where R = lim, o a“’il, R # 0 and
MPHB! < R, (i=1,...,n).

If 0 < p < 1, the reverse inequality holds.

Proof. This time we will use the inequality (9) from Theorem 5, see [13] where dj,
will be replaced by dJ,, bx by b, m by m” and M by M", r € {1,2,...}. Then we
will multiply by a, > 0 the corresponding inequalities and sum, and will obtain,

D arl(M7 —m) Y prdf! + (m MY = Mm") 3 pib] <
= k=1 k=1

<D al[(MPT—mPT) Y prdib]
r=1 k=1

Using conditions from hypothesis, p~ ' +¢ ' =1, 0<m < M, 0<m < 4% <
b'i

M, (i=1,..,n) and MP™p! < R, (i =1,...,n) we notice that 0 < MdyR, 0 <

md} < R, 0 < mMPb} < R, 0 < MmPb] < R, 0 < MPdpb, < R and 0 <

mPdib; < R and that means the corresponding power series are convergent and

thus we obtain the inequality from the conclusion.

b}

Starting from Theorem 2.3, Theorem 2.7 and Theorem 2.9 by the power series
method we will obtain the following inequalities. These inequalities can be also
obtained from Theorem 2.2, Theorem 2.6 and Theorem 2.8, see [16], if we take

_ ai — b; N
xi_a7 pl_ﬁa Z_lan'

Remark 2. Let the power series Y . a,x™, with a,, > 0 for all n € N* which is

convergent and has the sum f(z), when x € (—R, R), where R = lim,,_, o and

R #0, f being a differentiable mapping on (—R, R) in the case of first inequality.
If n > 2, {dy,da,....,dn}, a; € Ry and {b1,ba,....,b,}, b; > 0 for all i €

{1,2,...,n} are n real, positive numbers with 0 < m < % <M<R,ie{l,..,n}

then we have: '

(12)

Bt S ()£ () (9] B E
Yo b ;zf b; 72 o bi o bi +;Zf 2i1bi)’

=1

(13) 0< iz:bif (;f) - gb f (%:Z) < M ) )Y

(3
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o () B (E):

> e [ (51) +00r (37) - 0ovmr (557
(15)

S (£) S (Bt < v (442)] (£5)

i=1

W () S ()

i=1

< (o) (SR (452) (S0) w0 ()

It is necessary also to enunciate below a result from [1] which will be used then
in the proof of the following theorem.

Theorem 8. ([1]) Ifn € N*—{1},a € Ry, b, c,d,z € R, X,, = > 1w, X, >
dmax<p<n Tr and m € [1,00),p € R% , then:

n

Z (aXy + bxk)™ _ (an+b)™

>

pferlefp.
(cX,, — dxy)P (ecn —d)P " "

=1

Theorem 9. Let the power series Y-, apxz™ with a, > 0, (V) n € N* which is
convergent and has the sum f(z), when z € (—R, R), where R = lim,,_, o aiﬁ and
R #0.

If n € N* = {1}, a,b,c,d,z, € R, k € {1,...,n}, X, = >}, ) such that
cX,, > dmaxi<g<n Th, p € R, an+b<1and x; < R, k€ {1,...,n} then:

flaX, + bxy) nP+l an+b
(17) Z (cX,, — dxy)P Z( —d)P pr< n Xn>'

Proof. Demonstration will result by the same reason like before. i

Remark 3. For example, under the conditions of previous theorems, these inequal-
ities can be stated for the functions like, e®, sinh(z), cosh(z), 11In 1+’” |zl <1 or

Lo 4 122 n(1 - x), z € (=1,0)U (0,1).

4z 2962
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4. Applications

From classical Cauchy-Schwarz’s inequality and Holder’s inequality by using the
power series method in some particular conditions we can state next inequalities
for functions which are sums of power series with positive coefficients:

1. Let the power series Y~ | a,z™ with a,, > 0, (V) n € N* which is convergent
and has the sum f(x), when z € (=R, R), where R = lim,,_, 2o and R #0.

(i) If d, b are real numbers with |d| < VR and |b] < V'R then,
F2(db) < £(d?)f(b?).
(ii) If d, b are positive numbers with d? < R, b9 < Rand p > 1, ¢ > 1, %—i—% =1
then ) )
f(db) < fv(d?)f(b7).
(iii) If a,b,c € Ry with a,b,¢c < g then
fla+b)+ f(b+c)+ f(c+a) < f(2a) + f(2b) + f(2¢);

(iv) If 1,29, ...,2, € Ry and z; < R#l7 i € {1,...,n} where n € N* then we
have:
f(x%xgxn) —I—f(xlxgxn) —l—...—l—f(xle...:ci) < f(x{”'l) +f(arg+1)—|—...—|—f(xz+1);
(v) If a,b,c € Ry with (2)> < R, (1) <R, (£)® <R, |2| <R, |2] <
R, |%| < R, then we have
a? b? c? a b c
- — Zy> f(= Z ).
1+ 1)+ 1) = 1 1+ 1)
Proof. (1) We take dj, = \/chdk and by, = \/arb®, k € {1,...,n} in Cauchy’s inequal-
ity,

n n

O dibe)* < Q) (O b)),
k=1 k=1 k=1
we get

O awdv*)? <Y " apd®™ Y agd?.
k=1 k=1 k=1
When n — oo we obtain,
F2(db) < f(d®)f(b%)
taking into account that |db| < R, |d?| < R and |b?| < R.
1 1
(ii) We take di, = af d* and by, = a}b*, k € {1,...,n} in Holder’s inequality,

Db < (32T (3_b),
k=1 k=1 k=1
when n — oo we obtain,
1 1
f(db) < fr(dP)f(b%)

taking into account that db < R,d? < R and 0? < R.
For (iii) we use the elementary inequality,

when a,b,c € Ry, m &€ N*.
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(iv) We use the inequality,

n n
E z; | x1...2, < E x?“,
i=1 i=1

forz; >0,i€{l,...,n}, n€ N*.
(v) The inequality result from the elementary inequality,

a2+b2+c2>a+b+c
b2 2 a2 "¢ a b
when a,b,c € R*.
|

2. We know the following power series:

1 =1
1 =N g
Og(lx) nglnx’

for any |z| < 1.

Therefore, if we take the function f(x) = log (ﬁ) , then using inequality (4),

we obtain the following inequality:
(18) (1 —ab)(1 —be)(1 —ca) > (1 —a?®)(1 —b*)(1 — ),
for every a,b,c € (—1,1).
This inequality is equivalent to the inequality
(19) a® 4+ % 4 ¢* 4+ abc(a 4+ b+ ¢) > ab + be + ca + a®b* + b*c? + c?a?,
for every a,b,c € (—1, 1), which implies the following inequality:
1
(20) a® +b* +c* > ab+be + ca + g[az(b — )2 + 0% (c—a)* + A(a — D),
for every a,b,c € (—1,1).
Inequality (20) proved the inequality
a?(b—c)? +b*(c—a)? +c*(a—0b)?
2(a+b+c)? ’
for every a, b, c > 0, which implies the following inequality
a?(b—c)? +b*(c—a)? +c*(a—b)?
(a+b+c)? ’

(21)  d*+ b P+ >ab4be+ca+

21) 3@+ +F)>(a+b+c)+
for any a, b,c > 0.

Remark 4. As in [9], there exist some inequalities for special functions such as
polylogarithm, hypergeometric, Bessel and modified Bessel functions for the first
kind. It is known that Lin(2), 2F1(a,b;c;2), Ju(z) and I,(z) are power series
with real coefficients and convergent on the open disk D(0,1). Therefore, like in
[9], we can think to rewrite the inequalities given before under conditions from our
theorems.
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Corollary 4. If Li,(2) is the polylogarithm function, then we have
Lin(a*=*0) < (1 — A)Liy, (a) + ALi, (b) <

2 ’ "
< Lin (@ b") + A1 — \) [1og %} [dLin(d) +d*Lil ()],
where d = max{a, b}, a,b € D(0,1), A € [0,1].
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