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SOME GRUSS’ TYPE INEQUALITIES FOR TRACE OF
OPERATORS IN HILBERT SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities of Griiss’ type for trace of operators in Hilbert
spaces, under suitable assumptions for the involved operators, are given.

1. INTRODUCTION

In 1935, G. Griiss [31] proved the following integral inequality which gives an
approximation of the integral mean of the product in terms of the product of the
integrals means as follows:

bla/:f(x)g(x)dx—bla/abf(a:)dx-bla/ubg(x)dx

1
where f, g : [a,b] — R are integrable on [a, b] and satisfy the condition

(1.2) 6<f(z) <y <g(x)<T

(1.1)

for each = € [a,b], where ¢, ®,~,T" are given real constants.

Moreover, the constant % is sharp in the sense that it cannot be replaced by a
smaller one.

In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardjewski [38, Chapter X] estab-
lished the following discrete version of Griiss’ inequality:

Let a = (a1, ...,an), b= (by,...,b,) be two n—tuples of real numbers such that
r<a; <Rands<b; <Sfori=1,..,n Then one has

08) |p S 03 < [5] (15 [5]) s o
i=1 i=1 i=1

where [z] denotes the integer part of z, € R.

For a simple proof of (1.1) as well as for some other integral inequalities of Griiss
type, see Chapter X of the book [38].

For other related results see the papers [1]-[3], [8]-[10], [11]-[13], [17]-[24], [29],
[40], [50] and the references therein.

In [18], in order to generalize the above result in abstract structures the author
has proved the following Griiss’ type inequality in real or complex inner product
spaces.
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Theorem 1 (Dragomir, 1999, [18]). Let (H,{(.,.)) be an inner product space over
KK =R,C) ande € H,|le|| =1. If ¢,v,P,T are real or complex numbers and x,y
are vectors in H such that the conditions

(1.4) Re(Pe — z,2 — @e) > 0 and Re(Te —y,y —ye) >0

hold, then we have the inequality

(1.5) [(z,y) — (. e) (e, y)] < i|q>*<ﬂ|\F*’Y\-

The constant i 1s best possible in the sense that it can not be replaced by a smaller
constant.

For other results of this type, see the recent monograph [21] and the references
therein.

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)). The
Gelfand map establishes a *-isometrically isomorphism ® between the set C' (Sp (A4))
of all continuous functions defined on the spectrum of A, denoted Sp (A), and the
C*-algebra C* (A) generated by A and the identity operator 1z on H as follows:

For any f,g € C (Sp(A)) and any «, 8 € C we have

() ®(af+8g) = a® (f) + D (g);

(i) @(fg) = (/)@ (g) and @ (f) = D ()"

) 180N = 171 = supyespion 17 (0)]

(iv) @ (fo) =1g and ®(f1) = A, where fo (t) =1 and f1 (t) =¢, fort € Sp(A).

With this notation we define

f(A) = (f) forall feC(Sp(A4))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),
then f(¢t) > 0 for any ¢ € Sp (A) implies that f(A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A4) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp (A) implies that f (A) > g(A)

in the operator order of B (H).
In the recent paper [26], we obtained amongst other the following refinement of
the Griiss inequality:

Theorem 2 (Dragomir, 2009, [26]). Let A be a selfadjoint operator on the Hilbert
space (H; (.,.)) and assume that Sp (A) C [m, M] for some scalars m < M. If f and
g are continuous on [m, M] and v = mingpm, ar f () and T' == max;epm an f (1)
then

(16) T (A g (A)a,2) — (] (A)2,2) (g (4) )]
<t@-D[la@al? gz < lo-m@a-g)

for each x € H with ||z|| = 1, where § := mingepm, a1 g (t) and A 1= max;e[m v 9 (1) -

In order to state some Griiss’ type inequalities for trace operators on complex
Hilbert spaces we need some preparations as follows.
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2. SOME FACTS ON TRACE OF OPERATORS

Let (H, (,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

(2.1) > e < oo

iel
It is well know that, if {e;};.; and {f;},c; are orthonormal bases for H and A €
B (H) then

(2.2) o lAel® =Y 1AL =D 1147 f)
iel jel jeI
showing that the definition (2.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.
Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
(2.3) Al == (ZAeiF)
icl
for {e;},; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in 2 (1), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A| := (A*A)'/?

Because |||A| z|| = ||Az]| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and ||A4|, = [||A]|l,. From (2.2) we have that if A € By (H), then A* €
By (H) and [|All, = | A%],

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 3. We have
(i) (B2 (H),|||l5) is a Hilbert space with inner product

(2.4) (A, B), = Z (Ae;, Be;) = Z (B* Ae;,e;)
icl icl

and the definition does not depend on the choice of the orthonormal basis {e;}

iel’
(i) We have the inequalities
(2.5) [A]l < [| Al
for any A € By (H) and
(2.6) ATy, [T Ally < 1T Al

forany A€ By (H) and T € B(H);
(iti) Bo (H) is an operator ideal in B (H), i.e.
B(H)By (H)B(H) C By (H);
(1v) Byin, (H) , the space of operators of finite rank, is a dense subspace of By (H) ;

(v) Bo (H) C K (H), where K (H) denotes the algebra of compact operators on
H.
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If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if
(2.7) IA[ly == (Al e, e:) < oo.
iel
The definition of ||A||; does not depend on the choice of the orthonormal basis

{ei},cr - We denote by By (H) the set of trace class operators in B (H).
The following proposition holds:

Proposition 1. If A € B(H) ,then the following are equivalent:
(i) A€ B (H);
(ii) |A]'/? € B, (H);:
(i) A (or |A]) is the product of two elements of By (H) .
The following properties are also well known:
Theorem 4. With the above notations:
(i) We have
(2.8) [A[ly = 14", and [|A]l; < [[Ally
for any A€ By (H);
(it) By (H) is an operator ideal in B (H), i.e.
B(H)B, (H)B(H) C By (H);
(i) We have
82 (H)BQ (H) = 81 (H),
(iv) We have
|Ally = sup{(A4, B), | B € Bz (H), |B| <1};
(v) (Bi(H),||l;) is a Banach space.
(iv) We have the following isometric isomorphisms
By (H)= K (H)" and By (H)" = B(H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .
We define the trace of a trace class operator A € By (H) to be

(2.9) tr(A) = (Ae;,e;),
il
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (2.9)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 5. We have
(i) If A€ By (H) then A* € By (H) and

(2.10) tr (A%) = tr (A);
(1) If A€ By (H) and T € B(H), then AT, TA € B, (H) and
(2.11) tr (AT) = tr (T'A) and |tr (AT)| < ||A|l, IT|;

(#3) tr (+) is a bounded linear functional on By (H) with |tr|| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H).
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Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [A|? = tr (A*A) = tr (|A|2)

for any A, B € By (H).
The following Holder’s type inequality has been obtained by Ruskai in [42]

(2.12) ltr (AB)| < tr (JAB]) < [tr (|A\1/a)]“ [tr (|B|1/<1—a>)]1‘a

where a € (0,1) and A, B € B(H) with |A['/*,|B|" =) e B, (H).

In particular, for o = % we get the Schwarz inequality

(2.13) tr (AB)| < tr (JAB|) < [tr (|A|2)}1/2 [tr (\3‘2)}1/2

with A, B e By (H).

For the theory of trace functionals and their applications the reader is referred
to [45].

For some classical trace inequalities see [14], [16], [39] and [49], which are con-
tinuations of the work of Bellman [5]. For related works the reader can refer to [4],
[6], [14], [30], [33], [34], [36], [43] and [46].

3. SOME GRUSS’ TYPE TRACE INEQUALITIES

We denote by B (H) :={P: P € B, (H) and P > 0}.
We have the following result:

Theorem 6. For any A, C € B(H) and P € B (H)\ {0} we have the inequality

(3.1) tr (PAC)  tr (PA) tr (PC)
' tr (P) tr (P) tr(P)
) 1 tr (PC)
< — - - _ o)
< a2 bl e ([ 0= S5 ) 7))
1/2
tr (P|C|? 2
< inf A A1y ( >_ tr (PC) ,
Aec tr (P) tr (P)
where ||-|| is the operator norm.

Proof. We observe that, for any A € C we have

o2 ey [ (e )|
i s[ra(o- 5]
P) o [P< ))1H)}

r(PAC)  tr( PA) tr (PC)
tr (P) tr(P) tr(P) "’
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Taking the modulus

(3.3)

tr ~ tr(P) tr(P)

= ety [P (e )|

= w42 (=S ) 7

< |A = Mg r(lp) r(‘(c_tzr((llc;)lH) PD

for any A € C, where for the last inequality we used the inequality (2.11).
Utilising Schwarz’s inequality (2.13) we also have

S (\( ) 7)
- (\(C Jfﬁ}’l Jrer)

<lu(|(c- "L, Pl/22 1/2131‘P1/2.
—l (‘( ) m e

rr-

in (3.
’t 1 (PAC)  tr(PA)tr (P C)‘
(P)

65 w(|(e- 4y pef)
=r (o~ 5 m) p) (o= i) )
<ue ({0 i) (0 i) )
e (o5 (oS )
—ie( (e 50w ) (o i) o)
e (1o - S - 5o [5150 )
t

r(|C)? P : 2
- ( Er(P) ) _’ttr(fpc;)‘ )tr(P)'

(st = (U ) e

2) and utilizing the properties of the trace, we have
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and by (3.3) we have

tr (PAC) tr(PA) tr (PC)

(3.6) -

tr (P) tr (P) tr(P)
1 tr (PC)
< 1A=\ —
< 1=l e (0 g ) )
1/2

<A-r1g) [ 2 (9FP) |upoyp
<JA=X-1q] tr (P) | tr(P)

for any A € C.

Taking the infimum over A € C in (3.6) we get the desired result (3.1). O

Corollary 1. For any C € B(H) and P € B (H)\ {0} we have the inequality

(3.7) 0< " (P|C|2) |
tr (P) tr (P)
<10 e~ 05) )
1/2
< inf ||C—p-1g| o (tf(f)' ) _ tzr(éjp(/;) ?
In particular, we have
(3.8) 0< " (tf(g?) _ tzr(fPC;) ’ < inf 0~ - Lall?.

Proof. If we take in (3.1) A = C* then we get

tr (PC*C)  tr (PC*) tx (PC) ’

tr (P) tr (P) tr(P)
. . 1 tr (PC)
< pcie =3l gy ([0 S5 ) 7)
1/2
P u (PICF) upo)p
s W™ =2 Ll =~ e ’

which is clearly equivalent to (3.7).
The inequality (3.8) follows from the inequality between the second and fourth
term in (3.7). O
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Corollary 2. For any C € B(H) and P € By (H)\ {0} we have the inequality
tr(PC?) (tr(PC’))2

(3.9)

tr (P) tr (P)
. 1 tr (PC)
<o =2 e (|0 S) 7)
1/2
| w(PICF) | (poy?
< Inf [IC =X 1x]l tr (P) | tr(P)

Following [27], for the complex numbers «, 5 and the bounded linear operator T'
we define the following transform

Cap (T):= (T" —al) (I - T),

where by T* we denote the adjoint of T'.
We list some properties of the transform C, g (-) that are useful in the following:

(i) For any o, 8 € C and T € B(H) we have:
Cap(I)=(1-)(B-1)1, Canu(T)=~(al=T) (al =T),
Cas (VT) = 7|*Ca 5 (T)  for each v € C\ {0},

[Ca,ﬁ (T)]* =Cg,a (T)
and
C545T) = Cap(T)=T"T-TT".
(ii) The operator T' € B(H) is normal if and only if C5 5 (1) = Ca,p (1) for
each a, g € C.
We recall that a bounded linear operator 7" on the complex Hilbert space (H, (-, -))

is called accretive if Re(Ty,y) > 0 for any y € H.
Utilizing the following identity

(3.10) Re(Cop (T)z,z) = Re(Cp,o (T) z, )
o 1 2 [0 + B 2
=1 18—« ‘ <T 5 I> x
that holds for any scalars «, 8 and any vector € H with ||z|| = 1 we can give a

simple characterization result that is useful in the following:

Lemma 1. For o, € C and T € B(H) the following statements are equivalent:
(i) The transform Co. 5 (T') (or, equivalently Cp o (T')) is accretive;
(ii) The transform Cy 5 (1) (or, equivalently Cz 5 (T*)) is accretive;

(i) We have the norm inequality

1
(3.11) 7ot B gl <Lipoyg
2 2
or, equivalently,
a+ 3 1
(3.12) HT*—O‘;ﬁ.IH§2|B—a|.
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Remark 1. In order to give examples of operators T € B(H) and numbers a,, 8 € C
such that the transform Co g (T) is accretive, it suffices to select a bounded linear
operator S and the complex numbers z, w with the property that ||S — zI|| < |w]| and,
by choosing T = S, a = 3 (24 w) and B = 3 (2 — w) we observe that T satisfies
(8.11), i.e., Co,5 (T') is accretive.

Corollary 3. Let o, € C and A € B(H) such that the transform Cyp (A) is
accretive, or, equivalently

a+f
-1
2

1
-2 s

For any C € B(H) and P € B (H) \ {0} we have the inequality

tr (PAC) tr(PA) tr (PC)
tr(P)  tr(P) tr(P) ‘

3=l (|(0= ) 7)
Rm(PICF> "

1
s\ —smy -

(3.13)

2

tr (PC)
tr (P)

IN

In particular, if C € B(H) is such that Co.5 (C) is accretive, then

tr (P|C’|2) tr (PC)

2

BM) 0= —E T T wm)
r (PC
i ot e 250)
1/2
<pi-al [ [sea] < to-or
Also
r (PC? r (PC)\?
SUNE (P) - ()
r (PC)
chis - )
1 tlf(PIC‘Iz) tr(PC’)21/2 1 2
L o <zlf-a

We have the following Griiss type inequality:

Corollary 4. Let o, 3,7,0 € C and A,C € B(H) such that the transforms Cq. g (A)
and C., 5 (C) are accretive. Then for any P € Bf (H) \ {0} we have the inequality
tr (PAC)  tr (PA) tr (PC)

tr (P) tr (P) tr(P)

1
(3.16) ’§4|B—allv—5|-
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Remark 2. In the case when A is a selfadjoint operator and mly < A < Mlgy
for some real numbers m < M, then

M 1
‘A—er IH‘§2(M—m)1H,
which implies that
M 1
HA—m; 1HH§2(M—m)

Then by (3.13) we have

tr (PAC) tr(PA) tr (PC)
tr (P)  tr(P) tr(P)‘

< % (M —m) n(%q or <‘ (C - tiffp? IH) PD
tr (P|C’|2) .
tr (P) a

(3.17)

tr (PC) 2

tr (P)

1
2

IN

(M —m)

)

for any P € B (H)\ {0} and C € B(H).
If C is a selfadjoint operator and kly < C < K1y for some real numbers k < K,
then

tr (PC?) [t (PC)\>
(3.18) TS (tr(P))

< % (K — ) — (1P) tr (’ (C - tzr(fpc)) 1,;,>2PD
< (K—) trtifg;) - (tir(fpc))f / < K-k,

for any P € By (H)\ {0}.
We have the following Griiss type inequality

tr (PAC) tr(PA) tr (PC) 1
w () w(P) «(P) ‘ < g (M=m) (K —Fk)

— 4
provided that mly < A< Mlyg and klg < C < Klg.

(3.19)

Let M,, (C) be the space of all square matrices of order n with complex elements
and A € M,, (C) be a Hermitian matrix such that Sp (4) C [m, M] for some scalars
m, M with m < M. Then for any C € M,, (C) we have

A R e ()
9 , 1/2
S%(M—m) tr(|nC|)_ tl"nc) ,

where I, is the identity matrix in M., (C).
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If C is a Hermitian matrix such that Sp (C) C [k, K] for some scalars k, K with
k < K, then

T
%(K " tr(;a) B (trflc))zll/Q < i(K—k)z.

In the case when the operator A is a function of selfadjoint operators we have
the following result as well.

Theorem 7. Let S be a selfadjoint operator with Sp (S) C [m, M| and f : [m, M] —
C a continuous function of bounded variation on [m, M]. For any C € B(H) and
P e B (H)\ {0} we have the inequality

) x(21 15 )) ) _ e o) e70)
1 tr PC’
<3 V05 (\(C ) 7|
) 1/2
S;\JZ( tr(P|C|>_trPPC)’ ’

where \/ (f) is the total variation of f on the interval.

If the function f : [m,M] — C is Lipschitzian with the constant L > 0 on
[m, M], i.e.
lf () = F () <Lt —s
for any t,s € [m, M], then
tr (Pf(S)C) tr(Pf(9)) tr (PC) ‘

(3:23) tr (P) tr(P)  tr(P)

< s = ] wm e ({0 Sim ) 7))
T ( > tr (PC)|” v
—LHS‘ttrg;S) HH @) | w(P)

for any C € B(H) and P € B (H)\ {0}.
Proof. From the inequality (3.3) we have

tr (Pf(S)C)  tr(Pf(9)) tr (PC)
tr (P) tr (P)  tr(P)

<117 (8) = Ml gy 0 (‘ (C‘ tt(g)“) PD

(3.24)

for any A € C.
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From (3.24) we get

(3.25) tr (]:rf(SD)) c) tr (tl:(f( )) tr (PC)'
< i - gy (0~ Sy ) 7).
Since f is of bounded variation on [m, M| then we have
I O L L MR (TSR (L)
< S IO~ Fm)l+17 (M) — £ 0]
LM

for any t € [m, M].
From (3.26) we get in the order B (H) that

M
Fis) - LETAD ) < v (1)1,
which implies that
M
(3.27) 'f(S)—f(m)—;f(M)lH'S;\/(f)lH

Making use of (3.25) and (3.27) we get the first inequality (3.22). The second part
is obvious.
From (3.24) we have

tr (Pf(S)C)  tr(Pf(S)) tr(PC) ‘
tr (P) tr (P)  tr(P)

161 (5 ) o ey (|0~ Sy ) )

any C € B(H) and P € Bf (H)\ {0}.

Since

(3.28)

S ‘

|f () = F(s)| < Lt — s
for any ¢,s € [m, M], then we have in the order B (H) that
£ (S) = f(s)1u| < L[S — slnl|
for any s € [m, M]. In particular, we have

- () <1,

which implies that
tr (SP)
ri$)- 1 (5050 )

and by (3.28) we get the first inequality in (3.23).
The second part is obvious. O

tr (SP) HH
tr (P)

<ifp-
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Remark 3. If we take f (t) =t in (3.22), then we get the inequality (3.17) while
from (3.23) we obtain

(3.29) trt(f(’f;?) B t;(PS) tr(PP(,;)’
. PS r(PC
< H L H (‘( ttr((P))1H> pD
s, ) o]
ST | T e ()

for any C € B(H) and P € B (H)\ {0}.
The case of selfadjoint operators C is as follows:

Corollary 5. Let S be a selfadjoint operator with Sp (S) C [m, M] and f : [m, M] —
C a continuous function of bounded variation on [m,M]. If C is selfadjoint with
Sp (C) C [n, N] for some real numbers n < N and P € B (H)\ {0}, then we have
the inequality

(3.30)

(Pf(S)C)  tr(Pf(S)) tr(PC) ‘
P

G (P )
S (R )
S;\z( tr(pc) (tzr(fp(?) ”zgi(M_n)QZ(f)

If the function f : [m,M] — C is Lipschitzian with the constant L > 0 on
[m, M], then

(3.31)

tr (Pf(S)C)  tr(Pf(9)) tr (PC) ‘
tr (P) tr (P)  tr(P)

: LH " 535)) | o (1P) o (’(C— tzlf(];c;)lH) P')
2 1/2

SR ()

ool )
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4. SOME EXAMPLES

If we write the inequality (3.22) for the function f : [m, M] C [0,00) — [0, 00),
f(@)=t", r >0, then we get

tr (PS™C)  tr (PS") tr (PC)‘

(4.1)

tr(P)  tr(P) tr(P)
1 1 r (PC)
<300 =m) e (|- S ) 7
o Ju(PIer) wpoyp .
S WM =m = T @) ’
while from (3.23) we have
w [ s
r(PS r (PC
<arfs- S i (0~ i) 7)
1/2
A 7tr PS H tr P|C\ - tzr(EDPC),) 2

for any S a selfadjoint operator with Sp (S) C [m, M], any C € B(H) and P €
T (H)\ {0}, where
rM"Vifr > 1,
A, =
r

m™tifre (0,1).

If C is selfadjoint with Sp (C') C [n, N] for some real numbers n < N then from
(4.1) and (4.2) we get the power inequalities

tr (PS™C)  tr (PS”) tr (PC) 1, . .
(43) w(P) t(P) tr(P) ’§4<M —m) (N =n)
and

tr (PS™C)  tr (PS") tr (PC) 1 tr (PS)
(44) B e B U] e

If we write the inequality (3.22) for the function f : [m,M] C (0,00) — R,
f(t) =Int, then we have

tr (CPInS) tr(PlnS)tr (PC)
tr(P)  tr(P) tr(P) ’

2 ()t ( (- e ) 7)
() [£ ) _iro]”

(4.5)

IN

tr (PC) |?
tr (P)

IN
N =

b

tr(P)




SOME GRUSS’ TYPE INEQUALITIES 15

while from (3.23) we have

(4.6) tr(CPInS) tr(PlnS)tr (PC)‘
' tr (P) tr (P)  tr(P)
ulp-Sm tr?m“(\(c—ti&??lﬂ)f??)
H tr PS H tr P|C| |t (PC) 2 i
-m tr (P) ’

for any S a selfadjoint operator with Sp (S) C [m,M], any C € B(H) and P €
B; (H)\ {0}

If C is selfadjoint with Sp (C') C [n, N] for some real numbers n < N then from
(4.5) and (4.6) we have

tr (CPInS) tr(PlnS)tr (PC) 1 M
(47) tr(P)  t(P) tr(P) ' <z W -n)n ()
and
tr (CPInS) tr(PlnS) tr (PC) N-—n tr (PS)
(48) o) w@) uP ‘ =T I w() H

If we write the inequality (3.22) for the function f : [m,M] C (0,00) — R,
f(t) =t"1, then we have

tr (PS7!C)  tr (PS™Y) tr (PC)

(4.9) w(P) | tw(P) (P
1M-m 1 tr (PC)
=3 2 mM tr (P) o (‘(C_ tr (P) 1H) PD
) 1/2
1M —m tl”(PlCl) tr (PC)|?
=2 mM tr(P) | tr(P) ’
while from (3.23) we have
tr (PSTIC)  tr (PS™Y) tr (PC)
(4.10) w(P) w(P) (P
1 tr(PS)|| 1 tr (PC)
= w2 tum’wuv“QGjnw>“>4)
1/2
1 1 tr PS tr PlC\ tr (PC) |?
- - H | e(P)

for any S a selfadjoint operator with Sp (S) C [m, M], any C € B(H) and P €

B (H)\ {0} .
If C is selfadjoint with Sp (C) C [n, N] for some real numbers n < N then from
(4.9) and (4.10) we have

tr (PSTIC)  tr (PS™Y) tr (PC)
tr(P)  tr(P) tr(P)

1M —-—m
— 4 mM

(4.11) (N —n)
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and

N—n
2

tr (PS™'C)  tr (PS™!) tr (PC)

(4.12) tr (P) tr (P)  tr(P)

_ tr(PS) H .
tr (P)

2m

Now, if we take C = S in (4.1), then we get

tr (PST)  tr(PST) tr (PS)
(4.13) 'S —wmP) " w®) w@

< 5 (07 =) oy (' <S -4 IH) PD
a2 ()]
= E(M"' —m") (M —m),

for any S a selfadjoint operator with Sp(S) C [m,M] C [0,00) and any P €
By (H)\ {0}.
Also, if we take C' = S in (4.5), then we obtain
P
(4.14) OStr(PSlnS)_tr(PlnS)tr( S)
tr (P) tr (P)  tr(P)

< 3 () sty ( (5~ i) )

%m (J‘nf) tr(PS?) (tr(PS))2 1z
1

tr (P) tr (P)
for any S a selfadjoint operator with Sp(S) C [m,M] C (0,00) and any P €
Bi (H)\ {0}
Finally, if we take C' = S in (4.9), then we get
tr (PS™1) tr (PS)

(4.15) 'SP wme) !

P[0~ ) )

IN

INA
I
X
\
<
E
~
3E
~—

1M —m |tr(PS?) tr (PS)\> V2
S35 M | e (P _<tr(P)>
1M —m)
—4 mM

for any S a selfadjoint operator with Sp(S) C [m,M] C (0,00) and any P €
Bi (H)\ {0} .
From the first and last terms in (4.15) we get the Kantorovich type inequality
tr (PS™1) tr(PS) _ L (M +m)*
tr(P) tr(P) —4 mM
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We notice that, the positivity of the first terms in (4.13), (4.14) and (4.15) follows

from the Cebysev’s type trace inequality obtained in [28].
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