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SOME TRACE INEQUALITIES FOR CONVEX FUNCTIONS OF
SELFADJOINT OPERATORS IN HILBERT SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some new trace inequalities for convex functions of selfadjoint op-
erators in Hilbert spaces are provided. The superadditivity and monotonicity
of some associated functionals are investigated. Some trace inequalities for
matrices are also derived. Examples for the operator power and logarithm are
presented as well.

1. INTRODUCTION

Let A be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (A) included in the interval [m, M] for some real numbers m < M and
let {Ex}, be its spectral family. Then for any continuous function f : [m, M] — R,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral (see for instance [29, p. 257]):

(1.1) G Waw) = [ Fd(Ea)).
and

M
(1.2 I @al” = [ Ir P alEel?,

for any z, y € H.

The function gz, (A) := (Exz,y) is of bounded variation on the interval [m, M]
and

9z,y (m —0) =0 while g, , (M) = (z,y)

for any x,y € H. It is also well known that g, (\) := (E\z, z) is monotonic nonde-
creasing and right continuous on [m, M| for any = € H.

The following result that provides an operator version for the Jensen inequality
may be found for instance in Mond & Pecari¢ [40] (see also [28, p. 5]):

Theorem 1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If h is a convex function
on [m, M|, then

(MP) h((Az,z)) < (h(A)z, z)

for each x € H with ||z|| = 1.

As a special case of Theorem 1 we have the following Holder-McCarthy inequal-
ity:
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Theorem 2 (Holder-McCarthy, 1967, [38]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then for all x € H with ||z|| = 1,

(i) (ATz,z) > (Az,z)" for all v > 1;

(ii) (ATz,z) < (Az,z)" for all 0 <1 < 1;

(iii) If A is invertible, then (A"x,x) > (Ax,z)" for all r < 0.

The following reverse for (MP) that generalizes the scalar Lah-Ribari¢ inequality
for convex functions is well known, see for instance [28, p. 57]:

Theorem 3. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If h is a convex function
on [m, M], then

M — (Aa:,m)h n (Az,z) —m

(LR) (h(A)w,z) < —m—=h(m) + ———

h (M)
for each x € H with ||z| = 1.

For some inequalities for convex functions see [8]-[12], [26] and [43]. For inequal-
ities for functions of selfadjoint operators, see [14]-[23], [37], [39], [40], [41], [42] and
the books [24], [25] and [28].

In order to state our new results concerning some trace inequalities for convex
functions of selfadjoint operators on Hilbert space (H,(.,.)) we need some prepa-
rations as follows.

2. TRACE OF OPERATORS

Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

(2.1) > e < oo

iel
It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €
B (H) then

2 2 v p 2
(2.2) D lAedl® =D 1AL =D 1Al
i€l jel jel
showing that the definition (2.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.
Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
(2.3) 14l := <Z A6i|2>

icl
for {e;},; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in [2 (I), one checks that By (H) is a vector space
and that ||-||, is a norm on Bs (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A| := (A*A)'/? .

Because |||A| z|| = ||Az]|| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and || 4|, = [||A]|l, . From (2.2) we have that if A € By (H), then A* €
By (H) and || All, = [[4°].
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The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 4. We have
(1) (B2 (H),|||l5) is a Hilbert space with inner product

(2.4) (A,B)y =Y (Ac;,Be;) = > (B*Aei, e;)
il i€l
and the definition does not depend on the choice of the orthonormal basis {e;}
(1) We have the inequalities

iel’

(2.5) [AIl < [| Al
for any A € By (H) and
(2.6) IAT ||y, [ITAlly < T 1Al

forany A€ By (H) andT € B(H);
(i1t) Bo (H) is an operator ideal in B (H), i.e.
B(H)B: (H)B(H) C By (H);
(1v) Byin, (H) , the space of operators of finite rank, is a dense subspace of By (H);

(v) Bo (H) C K (H), where K (H) denotes the algebra of compact operators on
H.

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if
(2.7) 1Al == (Al e, e:) < oo.
iel
The definition of ||A||; does not depend on the choice of the orthonormal basis

{ei};cr - We denote by By (H) the set of trace class operators in B (H) .
The following proposition holds:

Proposition 1. If A € B(H) ,then the following are equivalent:
(1) A€ By (H);
(ii) |A]"? € By (H) ;
(ii) A (or |A]) is the product of two elements of By (H) .

The following properties are also well known:

Theorem 5. With the above notations:
(i) We have

(2.8) [Ally = 14", and [|A]l; < [[Ally

for any A€ By (H);
(ii) By (H) is an operator ideal in B(H), i.e.

B(H)By (H)B(H) < By (H);
(iti) We have
By (H)By (H) =By (H);
(iv) We have
|All, =sup{(A,B), | Be By (H), ||B| <1};
(v) (By (H),||l;) is a Banach space.
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(iv) We have the following isometric isomorphisms
By (H)~ K (H)" and By (H)" = B(H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .

We define the trace of a trace class operator A € By (H) to be

(2.9) tr(A) == (Aej,ei),
icl
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (2.9)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 6. We have
(i) If A€ By (H) then A* € By (H) and

(2.10) tr (A*) = tr (A);
(1)) If A€ By (H) and T € B(H), then AT, TA € By (H) and
(2.11) tr (AT) = tr (T'A) and |tr (AT)| < ||A|l, IT|;

(111) tr (+) is a bounded linear functional on By (H) with |tr|| = 1,
(i) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H).

Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [|A]? = tr (A*A) = tr (|A|2)

for any A, B € By (H).

For the theory of trace functionals and their applications the reader is referred
to [36].

For some classical trace inequalities see [5], [7], [33] and [47], which are continu-
ations of the work of Bellman [2]. For related works the reader can refer to [1], [3],

[5], [27], [30], [31], [32], [34] and [44].

3. SOME TRACE INEQUALITIES FOR CONVEX FUNCTIONS

Consider the orthonormal basis £ := {e;};.; in the complex Hilbert space
(H,{(-,-)) and for a nonzero operator B € By (H) let introduce the subset of in-
dices from I defined by

Iep:={i€l: Be; #0}.

We observe that I¢ g is non-empty for any nonzero operator B and if ker (B) = 0,
i.e. B is injective, then Iz p = I. We also have for B € By (H) that

2 * * 2 2
tr(\B\ ) =t (B*B) =Y (B*Bei,ei) = > |Beil’ = Y || Beil®.
i€l i€l i€le B

Theorem 7. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M| for some scalars m, M with m < M. If f is a continuous
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convex function on [m,M], £ := {e;},.; is an orthonormal basis in H and B €

Bz (H)\ {0}, then tzr(éf;%) € [m, M] and

tr(|B|2A) ,
3.1) f W tr<|B|)
Jo (5 AB) < (1B 1 (4)
1

< 5 (P [IBF 11 = )]+ 00 B (4 - o] ).
where
(3.2) (AB) =Y f< (B* ABez,ez>> 1B
ilen | Bes |

Proof. Since Sp(A) C [m, M], then m |y||* < (Ay,y) < M ||y||* for any y € H.
Therefore

m||Bei||* < (ABe;, Be;) < M || Bey|?,
for any ¢ € I, which implies that

m > |Bei|* < " (ABe;, Be;) <MY ||Bei?

i€l i€l i€l
r(|B|*A
and we conclude that u(iBP4) € [m, M].

tr(|B|?)

By Jensen’s inequality (MP) we have

f<m%w>§<ﬂm%m

(3.3) 5 3
lyl [yl

for any y € H \ {0} .
Let F be a finite part of I¢ g. Then for any ¢ € F' we have from (3.3) that

(ABe;, Be;) (f (A) Be;, Be;)
f <
( |1 Bes|? ) |1 Bes|?

b

which is equivalent to
B*ABei,ei *
(3.4) f <<||Be||2>> |Be:||* < (B*f (A) Bei,ei) .

Summing over ¢ € F' we get

(B*ABey, e;)
(3.5) Zf(HBH )Hw<§jBf ) Bei, e;) .

ieF ieF
Using Jensen’s discrete inequality for finite sums and for the positive weights w;
f (ZieF wiui) < ZieF w; f (UZ)
— 9
Dier Wi Dier Wi
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we have

S B ABeses)
i€F [ Bei]?

2
ZieF | Bei|

which is equivalent to

A €;,€; €i, 6
9 f(Z’GF<B = )ZB&H Zf(ﬂfn >)njseeinz.

ZZGF ”B i€l i€l

Therefore, for any F' a finite part of Iz g we have from (3.5) that
S . {(B*ABe;,e;) (B* ABe“el> 2
37 f ( = 5 > lIBesl? Zf | Bei|
>ier I Beil er er 1 Be;|?

<> (B*f(A)Bej,ei).

e F

B* ABe;,e; 2
< ZieFf (W) ||B€i||

f = p
2icr |IBeil

)

By the continuity of f we then have from (3.7) that

. B*ABei7ei
(38) f<Zz€I£,B< . >> Z HB€'L”2

Zie[aB | Beil| icls 5

<> f ( BugBeH“e») Bl < 37 (B*F(4) Bei,er

i€ls B i€le B

and since B € By (H) \ {0}, then also

> I1Beil® = 1Beil* = o (1B,

i€leg B iel

3" (B*ABei,ei) = Y (B*ABeie) = tr (|B|2 A)

i€lg B iel
and
> (B (A)Besei) = Y (B'f (A) Beyei) = tr (1B £ (4)) .
i€le B el

From (3.8) we then get the first and the second inequality in (3.1).
From (LR) we also have

(39) (F(A)y9) < 5 (ML — A) ) £ (m) + (A~ m) ) § (M)

for any y € H.
This implies that

<
—M-m

[(M1y — A) Bey, Bei) f (m) + (A — mlg) Bei, Be;) f (M)

for any i € 1.



SOME TRACE INEQUALITIES FOR CONVEX FUNCTIONS 7

By summation we have

> (f(A) Be;, Be;)

iel
1
<l (m) Z (M1y — A) Be;, Be;) + f (M) Z ((A—=mly) Be;, Be;)
i€l i€l
and the last part of (3.1) is proved. O

Remark 1. We observe that the quantities
Js (f; A, B) =sup J. (f; A, B) and J; (f; A, B) = inf J, (f; A, B)
£ £

are finite and satisfy the bounds
tr <|B|2 A)

tr <|B|2)
<J.(f;A,B) < (IBP £ (4).

We have the following version for nonnegative operators P > 0, i.e. P satisfies
the condition (Pz,z) > 0 for any « € H.

(3.11) w (IB[?) < Ji (f; 4, B)

Corollary 1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuous

convex function on [m,M], £ := {e;};,c; is an orthonormal basis in H and P &
By (H)\ {0}, P >0 then tszpf;) € [m, M] and

312) f (ifﬁj?) tr (P)
<K, (f;A,P) <tr(Pf(A))

(f (m)tr [P (M1g — A)] + f (M) tr [P (A —mlg)]),

<

M—-—m
where
<P1/2AP1/26“ e,>

. (f;AP): Zf( Bl )(Pei,el).

i€leg

Moreover, the quantities

K;(f;A,P):=inf K, (f; A, P) and K (f;A,P) :=sup K, (f;A,P)

are finite and satisfy the bounds

313) () ()< K (FAP) S KL (f:A.P) < e (PF(4).

The finite dimensional case is of interest.
Let M,, (C) be the space of all square matrices of order n with complex elements.

Corollary 2. Let A € M,, (C) be a Hermitian matriz and assume that Sp (A) C
[m, M| for some scalars m, M withm < M. If f is a continuous convex function on
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[m, M], & = {ei},c1,ny 15 an orthonormal basis in C", then Ltr(A) € [m, M]
and

1t s (M) <o i) < s )

1
M—-—m

< [f (m) tr (M1y — A) + f (M) tr (A —mlg)],

where

n

T (f14) =" f((Aes,e3)).

i=1

Remark 2. The second inequality in (3.14), namely

S7F (Aei,e)) < tr (£ (A))

i=1

for any {ei}ie{l n} an orthonormal basis in C", is known in literature as Peierls
Inequality. For a different proof and some applications, see, for instance [4].

4. SOME FUNCTIONAL PROPERTIES

If we denote by B; (H) the convex cone of nonnegative operators from By (H)
we can consider the functional o 4 : By (H)\ {0} — [0,00) defined by

(4.1) ofa(P):=tr(Pf(A)—tr(P)f (tz (PA)> >0,
r(P)
where A is a selfadjoint operator on the Hilbert space H with Sp (4) C [m, M] for
some scalars m, M (m < M)) and f is a continuous convex function on [m, M].
One can easily observe that, if f is a continuous strictly convex function on
[m, M], then the inequality is strict in (4.1).

Theorem 8. Let A be a selfadjoint operator on the Hilbert space H with Sp (A) C
[m, M] for some scalars m, M with m < M and f is a continuous convex function
on [m, M].

(i) For any P,Q € B (H) \ {0} we have

(4.2) 0pa(P+Q)>0pa(P)+074(Q)(>0),

i.e. oy 4 (") is a superadditive functional on Bi (H)\ {0};
(ii) For any P,Q € By (H)\ {0} with P > Q we have

(4.3) 054 (P)>054(Q)(=0),

i.e. oy 4 (") is a monotonic nondecreasing functional on By (H)\ {0} ;
(1ii) If there exists the real numbers v, T' > 0 such that T'Q > P > ~vQ with
P,Q € B} (H)\ {0}, then

(4.4) Lofa(Q)>0pa(P)>v054(Q)(>0).
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Proof. (i) Let P, Q € Bf (H)\ {0}. Then we have

(45)  opa(P+Q =t (P+Q)f(4) - tr(P+Q)f (
— e (PF(A)) + tr (PS (4))
[t (P) + 0 (Q)] f <tr (PA) + tr (QA)) .

tr (P) +tr (Q)
By the convexity of f we have

tr (PA) + tr (QA))
tr (P) + tr (Q)

tr((P+Q)A)>
tr (P + Q)

(4.6) f ( f (tr (P) t:ﬁfpf;) +tr(Q) tiﬁ(%?)

tr (P) + tr (Q)

tr (P) f (:((LP‘?) +tr(Q) f (tiﬁ(%‘;))

<

Making use of (4.5) and (4.6) we have
oA (P+Q) = tr(Pf(A)) +tr(Pf(A)
t(P) f () + (@) f (552)

— [tr (P) + tr (Q)]
=tr(Pf(A)) +tr (Pf(A))

—w(P)f (t;(iji)) (@ (tr(QA))

=o0sa(P)+054(Q)
and the inequality (4.2) is proved.
(ii) Let P, Q € B (H)\ {0} with P > Q. Then on applying the superadditivity
property of o 4 for P — @ > 0 and > 0 we have
o A(P)=05A(P-Q+Q)>05A(P—Q)+074(Q)>054(Q)

and the inequality (4.3) is proved.
(iii) If P > 4@, then by the monotonicity property of o 4 we have

opa(P)>0opa(Q)=7074(Q)

and a similar inequality for IT. 0

We have the following particular case of interest:

Corollary 3. Let A € M, (C) be a Hermitian matriz and assume that Sp (A) C
[m, M) for some scalars m, M with m < M. If f is a continuous convex function
on [m, M|, there exists the real numbers v, I' > 0 such that I'I,, > P > ~I,, with P
positive definite, where I, is the identity matriz, then

47) T [tr(f (A)) —nf <tr(nA)>] = tr(Pf(A) —tr(P)f (tir(gg))
> [ ) —ns (T2)] 200

The following result also holds:
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Theorem 9. Let A be a selfadjoint operator on the Hilbert space H with Sp (A) C
[m, M] for some scalars m, M with m < M and f is a continuous convex function
on [m, M]. For p > 1, the functional 1, ; 4 : Bf (H)\ {0} — [0,00) defined by

1—1
Vpp,a (P)i=[tr (P)] 7 opa(P)
is superadditive on By (H)\ {0}.
Proof. First of all we observe that the following elementary inequality holds:
(4.8) (a+B)" = (<)o + B
forany o, >0andp>1 (0<p<1).

Indeed, if we consider the function f, : [0,00) — R, f, (¢t) = (t+ 1)’ — ¥ we
have f] (t) =p {(t +1)P~1 —¢7=1| . Observe that for p > 1 and ¢ > 0 we have that
[y (t) > 0 showing that f, is strictly increasing on the interval [0,00). Now for

. . o p « p .
t=% (8>0,a>0)wehave f, (t) > f, (0) giving that (E + 1) - (5) >1,ie,
the desired inequality (4.8).

For p € (0,1) we have that f, is strictly decreasing on [0, c0) which proves the

second case in (4.8).

Now, since o 4 (+) is superadditive on By (H) \ {0} and p > 1 then by (4.8) we
have

(4.9) ol A(P+Q)>[opa(P)+0o7a(Q) =0% ,(P)+0%,(Q)

for any P, Q € Bf (H)\ {0}.
Utilising (4.9) and the additivity property of tr (-) on Bf (H) \ {0} we have

U?,A (P+ Q) S U?,A (P)+ U?,A (Q)

(4.10) tr(P+Q) —  tr(P)+tr(Q)
tr (P) 2l 4 (Q) TLal?

tr (P) +tr (Q)
o p o P
w(P) (FAH) +0@ (#4G)

tr (P) + tr (Q) o

for any P,Q € B (H) \ {0}.
Since for p > 1 the power function g (¢t) = ¥ is convex, then

o P o p
tr (P) S+t (Q) S

tr (P) +tr(Q)

(4.11) I >

_ (trl‘l/p (P)osa(P)+ '~ (Q)osa <Q>)p
- tr (P+ Q)

for any P, Q € B (H)\ {0}.
By combining (4.10) with (4.11) we get

o4 (P+Q) (trll/p (P)osa(P)+tri=Y1(Q)osa (Q))”
tr(P+Q) — tr (P+Q) ’
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which is equivalent to
o5a(P+Q) tr! VP (P)oga (P)+tr' 19 (Q) os,4 (Q)
/P (P+Q) ~ tr(P+Q) ’
for any P, Q € Bf (H)\ {0}.
Finally, if we multiply (4.12) by tr (P + Q) > 0 we get
Vppa(P+Q) =%, s 4 (P)+1, ;4 (Q)
for any P,Q € B (H) \ {0} and the proof is complete. O

(4.12)

Corollary 4. With the assumptions of Theorem 9, the two parameters p,q > 1
functional ¢ 4B (H)\ {0} — [0,00) defined by
1
Ypga (P) = [ (PO o (P)
is superadditive on By (H)\ {0}.

Proof. Observe that 1, , 4 (P) = [, ;.4 (P)]? for P € Bf (H)\ {0}. Therefore,
by Theorem 9 and the inequality (4.8) for ¢ > 1 we have that

Upasa(P+Q) = [ty pa(P+Q)"

[V .4 (P)+ 0y 5.4 (@)

[V (P + [Up.50 Q]
Vpa.pa(P)+1,45.4(Q)

for any P, Q € Bf (H)\ {0} and the statement is proved. O

1,9, f,

AV,

Remark 3. If we consider the functional
Upop.a (P) = [tr (P o, (P)
then, for p > 1, zbm,A (+) is superadditive on B (H)\ {0}.

Corollary 5. With the assumptions of Theorem 9 and for parameter p > 1, if there
exists the real numbers v, T' > 0 such that 'Q > P > ~Q with P,Q € B (H)\ {0},
then

(4.13) 275 [tr (Q)]' % 07,4 (Q) > [t (P)]' ™7 o (P)
> 225 [ (Q)) 7 05,4 (Q) (2 0).

The case of finite-dimensional spaces is as follows:
Corollary 6. Let A € M, (C) be a Hermitian matriz and assume that Sp (A) C
[m, M] for some scalars m, M with m < M. If f is a continuous convex function

on [m, M|, there exists the real numbers v, T' > 0 such that TI, > P > ~I,, with P
positive definite, then

(1.14 bt (s () - nf ()]
> (P fer(pr ) ) g (00
>t () - of ()] 0

for any p > 1.
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The following result also holds:

Theorem 10. Let A be a selfadjoint operator on the Hilbert space H with Sp (A) C
[m, M] for some scalars m, M with m < M and f is a continuous strictly convex
function on [m, M]. For p € (0,1), the functional X, ¢ 4 B (H)\ {0} — [0,00)
defined by

1
[tr (P)]' ">
P)=—>=——
Xp,f,A ( ) ofA (P)
is subadditive on By (H)\ {0}.
Proof. Let s := —p € (=1,0). For s < 0 we have the following inequality
(4.15) (a+p)" <a®+p°

for any «, 8 > 0.
Indeed, by the convexity of the function f, (£) =t on (0, 00) with s < 0 we have
that

(a+6)8 S 25—1 (as +63)
for any a, 8 > 0 and since, obviously, 2571 (a® + 5%) < a® + 8°, then (4.15) holds
true.
Taking into account that o 4 (-) is superadditive and s € (—1,0) we have
(4.16) 054 (P+Q) <[osa(P)+0s4(Q) <0} 4(P)+074(Q)

for any P, Q € Bf (H)\ {0}.

Since tr (+) is additive on By (H) \ {0}, then by (4.17) we have
03 a(P+Q) 03 4(P)+0%4(Q)
(4.17) tr (P + Q) = tr (P) +tr (Q)
tr(P) (g;fl:(j';)) +ur(Q) (HAZ)
- tr(P)+1tr(Q)
rl/s s r1/s -8
() e ()"
tr (P) + tr (Q) '

for any P, Q € Bf (H)\ {0}.
By the concavity of the function g (¢) = ¢t~* with s € (—1,0) we also have

—S

trl/*(P) trl/*(Q)
(4.18) J < tr(P) af,.aP) +r(Q) a7,4(Q)
- tr (P) +tr (Q)

for any P, Q € Bf (H)\ {0}.
Making use of (4.17) and (4.18) we get

s trt/s (P trl/s Q s
oA (P+Q) tr (P) gf)AEpg +tr(Q) Jf,j@))
tr (P+Q) — tr (P) + tr (Q)

for any P, Q € Bf (H)\ {0}, and by taking the power —1/s > 0 we get

trl+1/5(13) tr1+1/5(Q)
UfA(P+Q) < of,a(P) o5,4(Q)

/e (P+Q) T tr(P)+tr(Q)
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which is equivalent to
tritl/s (P + Q) - tritl/s (P) trltl/s (Q)
ora(P+Q) ~ opa(P) ofa(Q)

for any P, Q € Bf (H) \ {0}.
This completes the proof. O

The following result may be stated as well:

Corollary 7. With the assumptions of Theorem 10, the two parameters 0 < p,
q <1 functional x, , ;.4 : Bf (H)\ {0} — [0,00) defined by

trq(k%) (P)
Xp,q,f,A (P) = qi(P)
is subadditive on By (H)\ {0}.

trP~1(P)
a?,A(P)

Remark 4. If we consider the functional X, ¢ 4 (P) =
Xp.f.a () is also subadditive on BY (H)\ {0}.

for0<p<1, then

5. SOME EXAMPLES

We consider the power function f : (0,00) — (0,00), f (¢t) =t" with ¢t € R\ {0}.
For r € (—o0,0) U [1,00), f is convex while for r € (0,1), f is concave.

Let » > 1 and A be a selfadjoint operator on the Hilbert space H and assume
that Sp(A) C [m, M] for some scalars m, M with 0 < m < M. If £ := {e;};; is
an orthonormal basis in H and P € Bf" (H) \ {0} then
(5.1) [tr (PA)]" [tx (P)]""

<K, (r;A,P) <tr(PA")

<

T (m"tr[P(M1y — A)]+ M"tr[P(A—mlyg)]),

where r
K, (A P) = Y (PYV2APYeie0) (Peje)' ™.
icle B

Moreover, the quantities

K;(r;A,P) :=inf K, (r;A,P) and K, (r; A, P) :==sup K, (r; A, P)
2 3

are finite and satisfy the bounds
(5:2)  [r(PA) [tr (P)) " < Ki(f; A, P) < K, (f; A, P) < tr (PAT).
Now, if we take A = P, P € B (H) \ {0}, then by (5.1) we have
(5.3) [tr (PH)]" [tr (P)]'™" < K, (r; P) < tr (P™7)
where
K, (r; AP) := Z <P2€i,6i>r (Pej e) ™"
i€le B

If we consider the functional o, 4 : B (H) \ {0} — [0, 00) defined by
(5.4) 0ra (P) :=tr (PA") — [tr (PA)]" [tr (P)]'™" >0,
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where A is a selfadjoint operator on the Hilbert space H with Sp(A) C [m, M] C
[0,00), then o, 4 (-) is superadditive, monotonic nondecreasing and if there exists
the real numbers v, I' > 0 such that I'Q > P > yQ with P, Q € B (H)\ {0}, then

(5.5) lora(Q) 2 0ra(P) Z2700,4(Q) (20).

Consider the convex function f : (0,00) — (0,00), f(t) = —Int and let A be a
selfadjoint operator on the Hilbert space H and assume that Sp(A) C [m, M] for
some scalars m, M with 0 <m < M. If £ := {e;},.; is an orthonormal basis in H
and P € B (H)\ {0} then

tr(PA tr(P)
(5.6) ( Zr((P))) > L, (A, P) > exp[tr (PIn A)]
> mtr[P(JVIiIT_In—A)] Mtr[P(}@::‘:lH)] 7
where (Pere
<P1/2AP1/261 6i> o
L, (A P) = ’ .
: iell_s[.B < (Pei e:)

Moreover, the quantities

L;(A,P):=infL, (A,P) and L; (A, P):=supL, (A, P)
£ £

are finite and satisfy the bounds

. tr(P)
(5.7) (ttr(Zj;)) > Ly (A, P) > Ki (A, P) > exp [tr (P1n A)].
Now, if we take A = P, P € B (H) \ {0}, then by (5.6) we get
9 tr(P)
(5.8) (ffg);) > L, (P) > exp[tr (Pln P)]
where

2@- .. (Pej,e;)
Lg (P) = H <<<];ei“6;>>> .

i€le B
Consider the functional 64 : By (H) \ {0} — (0, 00) defined by

(tr(PA))“(P)
tr(P)
0a(P)i=———+——>1
alP) exp (tr (PIn A)) = 7’
where A is a selfadjoint operator on the Hilbert space H and such that Sp(A) C
[m, M] for some scalars m, M with 0 < m < M.

Observe that

r tr(P)
0_m,a(P):=In (256;?) —Infexp (tr (PIn A))] =1n[d4 (P)]

for P € Bf (H)\ {0}.
Utilising the properties of o_1, 4 () we conclude that ¢ 4 () is supermultiplica-
tive, i.e.
d4(P+Q)>da(P)oa(Q)>1
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for any P,Q € B (H)\ {0} . The functional § 4 (+) is also monotonic nondecreasing
on By (H)\ {0}.

Consider the convex function f (t) = tInt and let A be a selfadjoint operator on
the Hilbert space H and assume that Sp (A) C [m, M| for some scalars m, M with
0 <m < M.If € := {e;},c; is an orthonormal basis in H and P € B (H) \ {0}
then

(5.9) (t;(fpf?))“(PA) < I, (A, P)<expltr(PAln A)]
EEICIPES WIS |
where
(PV2AP 2, e\ AT o)
rons I(SEEF)

Moreover, the quantities

I; (A, P) :=infI, (A, P) and I, (f; A, P) :=supl, (A, P)
£ £

are finite and satisfy the bounds

r tr(PA)
(5.10) (ttr(g;)) < I (AP) < I, (f; A, P) < exp [tr (PAIn A)].
Now, if we take A = P, P € B (H) \ {0}, then by (5.9) we get
. 5 tr(PQ)
(5.11) (2;{;;) < I, (P) <exp[tr (P*InP)]

where

2@- o <P2ei,e¢>
I, (P):= H <<<};€:6:>>> .

i€le B

Observe that for f (t) =tInt we have

o(ym(y,a(P) = tr(PAlnA)—tr(PA)ln (t;(gji))
exp [tr (PAIn A)]

(tr(PA) ) tr(PA)
tr(P)

= In

for any P € B (H)\ {0}.
Consider the functional A4 : Bf (H)\ {0} — (0,00) defined by
exp [tr (PAln A)] S
(tr(PA))tr(PA) -

Aa (P) =

tr(P)

Utilising the properties of o (.y5(.),4 (-) we can conclude that A4 (-) is supermulti-
plicative and monotonic nondecreasing on By (H) \ {0} .
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