
JENSEN�S TYPE TRACE INEQUALITIES FOR CONVEX
FUNCTIONS OF SELFADJOINT OPERATORS IN HILBERT

SPACES

S. S. DRAGOMIR1;2

Abstract. Some Jensen�s type trace inequalities for convex functions of self-
adjoint operators in Hilbert spaces are provided. Applications for some convex
functions of interest are also given.

1. Introduction

Let (H; h�; �i) be a complex Hilbert space and feigi2I an orthonormal basis of H:
We say that A 2 B (H) is a Hilbert-Schmidt operator if

(1.1)
X
i2I

kAeik2 <1:

It is well know that, if feigi2I and ffjgj2J are orthonormal bases for H and A 2
B (H) then

(1.2)
X
i2I

kAeik2 =
X
j2I

kAfjk2 =
X
j2I

kA�fjk2

showing that the de�nition (1.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator i¤ A� is a Hilbert-Schmidt operator.
Let B2 (H) the set of Hilbert-Schmidt operators in B (H) : For A 2 B2 (H) we

de�ne

(1.3) kAk2 :=
 X
i2I

kAeik2
!1=2

for feigi2I an orthonormal basis of H: This de�nition does not depend on the choice
of the orthonormal basis.
Using the triangle inequality in l2 (I) ; one checks that B2 (H) is a vector space

and that k�k2 is a norm on B2 (H) ; which is usually called in the literature as the
Hilbert-Schmidt norm.
Denote the modulus of an operator A 2 B (H) by jAj := (A�A)1=2 :
Because kjAjxk = kAxk for all x 2 H; A is Hilbert-Schmidt i¤ jAj is Hilbert-

Schmidt and kAk2 = kjAjk2 : From (1.2) we have that if A 2 B2 (H) ; then A� 2
B2 (H) and kAk2 = kA�k2 :
The following theorem collects some of the most important properties of Hilbert-

Schmidt operators:
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Theorem 1. We have
(i) (B2 (H) ; k�k2) is a Hilbert space with inner product

(1.4) hA;Bi2 :=
X
i2I

hAei; Beii =
X
i2I

hB�Aei; eii

and the de�nition does not depend on the choice of the orthonormal basis feigi2I ;
(ii) We have the inequalities

(1.5) kAk � kAk2
for any A 2 B2 (H) and
(1.6) kATk2 ; kTAk2 � kTk kAk2
for any A 2 B2 (H) and T 2 B (H) ;
(iii) B2 (H) is an operator ideal in B (H) ; i.e.

B (H)B2 (H)B (H) � B2 (H) ;
(iv) Bfin (H) ; the space of operators of �nite rank, is a dense subspace of B2 (H) ;
(v) B2 (H) � K (H) ; where K (H) denotes the algebra of compact operators on

H:

If feigi2I an orthonormal basis of H; we say that A 2 B (H) is trace class if

(1.7) kAk1 :=
X
i2I

hjAj ei; eii <1:

The de�nition of kAk1 does not depend on the choice of the orthonormal basis
feigi2I : We denote by B1 (H) the set of trace class operators in B (H) :
The following proposition holds:

Proposition 1. If A 2 B (H) ;then the following are equivalent:
(i) A 2 B1 (H) ;
(ii) jAj1=2 2 B2 (H) ;
(ii) A (or jAj) is the product of two elements of B2 (H) :

The following properties are also well known:

Theorem 2. With the above notations:
(i) We have

(1.8) kAk1 = kA
�k1 and kAk2 � kAk1

for any A 2 B1 (H) ;
(ii) B1 (H) is an operator ideal in B (H) ; i.e.

B (H)B1 (H)B (H) � B1 (H) ;
(iii) We have

B2 (H)B2 (H) = B1 (H) ;
(iv) We have

kAk1 = sup fhA;Bi2 j B 2 B2 (H) ; kBk � 1g ;
(v) (B1 (H) ; k�k1) is a Banach space.
(iv) We have the following isometric isomorphisms

B1 (H) �= K (H)� and B1 (H)� �= B (H) ;
where K (H)� is the dual space of K (H) and B1 (H)� is the dual space of B1 (H) :
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We de�ne the trace of a trace class operator A 2 B1 (H) to be

(1.9) tr (A) :=
X
i2I

hAei; eii ;

where feigi2I an orthonormal basis of H: Note that this coincides with the usual
de�nition of the trace if H is �nite-dimensional. We observe that the series (1.9)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 3. We have
(i) If A 2 B1 (H) then A� 2 B1 (H) and

(1.10) tr (A�) = tr (A);

(ii) If A 2 B1 (H) and T 2 B (H) ; then AT; TA 2 B1 (H) and

(1.11) tr (AT ) = tr (TA) and jtr (AT )j � kAk1 kTk ;

(iii) tr (�) is a bounded linear functional on B1 (H) with ktrk = 1;
(iv) If A; B 2 B2 (H) then AB; BA 2 B1 (H) and tr (AB) = tr (BA) ;
(v) Bfin (H) is a dense subspace of B1 (H) :

Utilising the trace notation we obviously have that

hA;Bi2 = tr (B
�A) = tr (AB�) and kAk22 = tr (A

�A) = tr
�
jAj2

�
for any A; B 2 B2 (H) :
For the theory of trace functionals and their applications the reader is referred

to [37].
For some classical trace inequalities see [5], [7], [34] and [48], which are continu-

ations of the work of Bellman [2]. For related works the reader can refer to [1], [3],
[5], [28], [31], [32], [33], [35] and [45].
Consider the orthonormal basis E := feigi2I in the complex Hilbert space

(H; h�; �i) and for a nonzero operator B 2 B2 (H) let introduce the subset of in-
dices from I de�ned by

IE ,B := fi 2 I : Bei 6= 0g :

We observe that IE ,B is non-empty for any nonzero operator B and if ker (B) = 0;
i.e. B is injective, then IE ,B = I: We also have for B 2 B2 (H) that

tr
�
jBj2

�
= tr (B�B) =

X
i2I

hB�Bei; eii =
X
i2I

kBeik2 =
X
i2IE,B

kBeik2 :

In the recent paper [26] we obtained among others the following result for convex
functions:

Theorem 4. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m; M with m < M: If f is a continuous
convex function on [m;M ] ; E := feigi2I is an orthonormal basis in H and B 2
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B2 (H) n f0g ; then
tr(jBj2A)
tr(jBj2)

2 [m;M ] and

f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A tr�jBj2�(1.12)

� JE (f ;A;B) � tr
�
jBj2 f (A)

�
� 1

M �m

�
f (m) tr

h
jBj2 (M1H �A)

i
+ f (M) tr

h
jBj2 (A�m1H)

i�
;

where

(1.13) JE (f ;A;B) :=
X
i2IE,B

f

 
hB�ABei; eii
kBeik2

!
kBeik2 :

For related functionals and their superadditivity and monotonicity properties see
[26].
For some inequalities for convex functions see [8]-[12], [27] and [44]. For inequal-

ities for functions of selfadjoint operators, see [14]-[23], [38], [40], [41], [42], [43] and
the books [24], [25] and [29].
Motivated by the above results we establish in this paper other trace inequalities

for convex functions of selfadjoint operators. Some examples for convex functions
of interest are also given.

2. New Inequalities for Convex Functions

We recall the gradient inequality for the convex function f : [m;M ]! R, namely

(2.1) f (&)� f (�) � �f (�) (& � �)

for any &; � 2 [m;M ] where �f (�) 2
�
f 0� (�) ; f

0
+ (�)

�
; (for � = m we take �f (�) =

f 0+ (m) and for � =M we take �f (�) = f 0� (M)). Here f
0
+ (m) and f

0
� (M) are the

lateral derivatives of the convex function f:
The following result holds:

Theorem 5. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m; M with m < M: If f is a continuous

convex function on [m;M ] and B 2 B2 (H) n f0g ; then we have
tr(jBj2A)
tr(jBj2)

2 [m;M ],

�f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A tr

�
jB�j2A

�
� tr

�
jBj2A

�
tr
�
jBj2

�(2.2)

�
tr
�
jB�j2 f (A)

�
tr
�
jBj2

� � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A ;

where

�f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A 2

24f 0�
0@ tr

�
jBj2A

�
tr
�
jBj2

�
1A ; f 0+

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A35
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and the Jensen�s inequality

(2.3) f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A �

tr
�
jBj2 f (A)

�
tr
�
jBj2

� :

Proof. Let E := feigi2I be an orthonormal basis in H.
Utilising the gradient inequality (2.1) we get

(2.4) f (&)� f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A � �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@& � tr

�
jBj2A

�
tr
�
jBj2

�
1A

for any & 2 [m;M ] ; since obviously, by Sp (A) � [m;M ] we have m kBeik2 �
hABei; Beii �M kBeik2 ; for i 2 I; which, by summation shows that

tr
�
jBj2A

�
tr
�
jBj2

� 2 [m;M ] :

The inequality (2.4) implies in the operator order of B (H) that

(2.5) f (A)� f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A 1h � �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@A� tr

�
jBj2A

�
tr
�
jBj2

� 1H

1A ;
which can be written as

hf (A) y; yi � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A hy; yi(2.6)

� �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@hAy; yi � tr

�
jBj2A

�
tr
�
jBj2

� hy; yi

1A ;
for any y 2 H: This inequality is also of interest in itself.
Taking in (2.6) y = Bei we get

hf (A)Bei; Beii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A hBei; Beii

� �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@hABei; Beii � tr

�
jBj2A

�
tr
�
jBj2

� hBei; Beii

1A ;
which is equivalent to

hB�f (A)Bei; eii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1ADjBj2 ei; eiE(2.7)

� �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@hB�ABei; eii � tr

�
jBj2A

�
tr
�
jBj2

� D
jBj2 ei; ei

E1A ;
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for any i 2 I:
Summing in (2.7) we get

X
i2I

hB�f (A)Bei; eii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1AX

i2I

D
jBj2 ei; ei

E
(2.8)

� �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@X

i2I
hB�ABei; eii �

tr
�
jBj2A

�
tr
�
jBj2

� X
i2I

D
jBj2 ei; ei

E1A :
HoweverX

i2I
hB�f (A)Bei; eii =

X
i2I

hBB�f (A) ei; eii

=
X
i2I

D
jB�j2 f (A) ei; ei

E
= tr

�
jB�j2 f (A)

�
and X

i2I
hB�ABei; eii =

X
i2I

hBB�Aei; eii = tr
�
jB�j2A

�
:

By (2.8) we get

tr
�
jB�j2 f (A)

�
� f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A tr�jBj2�(2.9)

� �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A�tr�jB�j2A�� tr�jBj2A�� ;

and the inequality (2.2) is thus proved.
Taking in (2.6) y = B�ei we also get

hf (A)B�ei; B�eii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A hB�ei; B�eii

� �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@hAB�ei; B�eii � tr

�
jBj2A

�
tr
�
jBj2

� hB�ei; B�eii

1A ;
which is equivalent to

hBf (A)B�ei; eii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A hBB�ei; eii(2.10)

� �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@hBAB�ei; eii � tr

�
jBj2A

�
tr
�
jBj2

� hBB�ei; eii

1A ;
for any i 2 I:
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Summing in (2.10) we get

X
i2I

hBf (A)B�ei; eii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1AX

i2I
hBB�ei; eii(2.11)

� �f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A0@X

i2I
hBAB�ei; eii �

tr
�
jBj2A

�
tr
�
jBj2

� X
i2I

hBB�ei; eii

1A :
SinceX

i2I
hBf (A)B�ei; eii = tr (Bf (A)B�) = tr (B�Bf (A)) = tr

�
jBj2 f (A)

�
;

X
i2I

hBB�ei; eii = tr (BB�) = tr (B�B) = tr
�
jBj2

�
and X

i2I
hBAB�ei; eii = tr (BAB�) = tr (B�BA) = tr

�
jBj2A

�
;

then by (2.11) we get

tr
�
jBj2 f (A)

�
� f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A tr�jBj2� � 0

and the inequality (2.3) is obtained. �

Remark 1. The inequality (2.3) is obviously not as good as the �rst part of (1.12).
However it is the natural alternative of Jensen�s inequality for trace and provides
simple and nice examples for various convex functions of interest. The proof here
is also simpler than the one from [26] and has some natural reverses as follows.

Corollary 1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m; M with m < M: If f is a continuous
convex function on [m;M ] and P 2 B1 (H) n f0g ; P � 0 then tr(PA)

tr(P ) 2 [m;M ] and

(2.12) f

�
tr (PA)

tr (P )

�
� tr (Pf (A))

tr (P )
:

The proof follows by either (2.2) or (2.3) on choosing B = P 1=2; P 2 B1 (H)nf0g ;
P � 0:
The following lemma is of interest in itself:
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Lemma 1. Let S be a selfadjoint operator such that 
1H � S � �1H for some real
constants � � 
: Then for any B 2 B2 (H) n f0g we have

0 �
tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2

(2.13)

� 1

2
(�� 
) 1

tr
�
jBj2

� tr
0@jBj2

������S �
tr
�
jBj2 S

�
tr
�
jBj2

� 1H

������
1A

� 1

2
(�� 
)

264 tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2
375
1=2

� 1

4
(�� 
)2 :

Proof. The �rst inequality follows by Jensen�s inequality (2.3) for the convex func-
tion f (t) = t2:
Now, observe that

1

tr
�
jBj2

� tr
0@jBj2�S � � + 


2
1H

�0@S � tr
�
jBj2 S

�
tr
�
jBj2

� 1H

1A1A(2.14)

=
1

tr
�
jBj2

� tr
0@jBj2 S

0@S � tr
�
jBj2 S

�
tr
�
jBj2

� 1H

1A1A
� � + 


2

1

tr
�
jBj2

� tr
0@jBj2

0@S � tr
�
jBj2 S

�
tr
�
jBj2

� 1H

1A1A

=
tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2

since, obviously

tr

0@jBj2
0@S � tr

�
jBj2 S

�
tr
�
jBj2

� 1H

1A1A = 0:

Now, since 
1H � S � �1H then

����S � � + 
2 1H

���� � 1

2
(�� 
) :
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Taking the modulus in (2.14) and using the properties of trace, we have

tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2

(2.15)

=
1

tr
�
jBj2

�
������tr
0@jBj2�S � � + 


2
1H

�0@S � tr
�
jBj2 S

�
tr
�
jBj2

� 1H

1A1A������
� 1

tr
�
jBj2

� tr
0@jBj2

������
�
S � � + 


2
1H

�0@S � tr
�
jBj2 S

�
tr
�
jBj2

� 1H

1A������
1A

� 1

2
(�� 
) 1

tr
�
jBj2

� tr
0@jBj2

������S �
tr
�
jBj2 S

�
tr
�
jBj2

� 1H

������
1A ;

which proves the �rst part of (2.13).
By Schwarz inequality for trace we also have

1

tr
�
jBj2

� tr
0@jBj2

������S �
tr
�
jBj2 S

�
tr
�
jBj2

� 1H

������
1A(2.16)

�

264 1

tr
�
jBj2

� tr
0B@jBj2

0@S � tr
�
jBj2 S

�
tr
�
jBj2

� 1H

1A2
1CA
375
1=2

=

264 tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2
375
1=2

:

From (2.15) and (2.16) we get

tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2

� 1

2
(�� 
)

264 tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2
375
1=2

;

which implies that

264 tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2
375
1=2

� 1

2
(�� 
) :
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By (2.16) we then obtain

1

tr
�
jBj2

� tr
0@jBj2

������S �
tr
�
jBj2 S

�
tr
�
jBj2

� 1H

������
1A

�

264 tr
�
jBj2 S2

�
tr
�
jBj2

� �

0@ tr
�
jBj2 S

�
tr
�
jBj2

�
1A2
375
1=2

� 1

2
(�� 
)

that proves the last part of (2.13). �

Remark 2. Let S be a selfadjoint operator such that 
1H � S � �1H for some
real constants � � 
: Then for any P 2 B1 (H) n f0g ; P � 0 we have

0 �
tr
�
PS2

�
tr (P )

�
�
tr (PS)

tr (P )

�2
(2.17)

� 1

2
(�� 
) 1

tr (P )
tr

�
P

����S � tr (PS)tr (P )
1H

�����

� 1

2
(�� 
)

"
tr
�
PS2

�
tr (P )

�
�
tr (PS)

tr (P )

�2#1=2
� 1

4
(�� 
)2 :

The following result provides reverses for the inequalities (2.2) and (2.3) above:

Theorem 6. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m; M with m < M: If f is a continuously
di¤erentiable convex function on [m;M ] and B 2 B2 (H) n f0g ; then we have

tr
�
jB�j2 f (A)

�
tr
�
jBj2

� � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A(2.18)

�
tr
�
jB�j2 f 0 (A)A

�
tr
�
jBj2

� �
tr
�
jBj2A

�
tr
�
jBj2

� �
tr
�
jB�j2 f 0 (A)

�
tr
�
jBj2

�
and

0 �
tr
�
jBj2 f (A)

�
tr
�
jBj2

� � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A(2.19)

�
tr
�
jBj2 f 0 (A)A

�
tr
�
jBj2

� �
tr
�
jBj2A

�
tr
�
jBj2

� �
tr
�
jBj2 f 0 (A)

�
tr
�
jBj2

� =: K (f 0; B;A) :
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Moreover, we have

K (f 0; B;A)(2.20)

�

8>>>>>><>>>>>>:
1
2 [f

0 (M)� f 0 (m)]
tr

 
jBj2

�����A� tr(jBj2A)
tr(jBj2)

1H

�����
!

tr(jBj2)

1
2 (M �m)

tr

 
jBj2

�����f 0(A)� tr(jBj2f0(A))
tr(jBj2)

1H

�����
!

tr(jBj2)

�

8>>>>>>><>>>>>>>:

1
2 [f

0 (M)� f 0 (m)]
"
tr(jBj2A2)
tr(jBj2)

�
�
tr(jBj2A)
tr(jBj2)

�2#1=2

1
2 (M �m)

"
tr
�
jBj2[f 0(A)]

2
�

tr(jBj2)
�
�
tr(jBj2f 0(A))
tr(jBj2)

�2#1=2
� 1

4
[f 0 (M)� f 0 (m)] (M �m) :

Proof. By the gradient inequality we have

(2.21) f (�)� f (&) � f 0 (�) (� � &)

for any � ; & 2 [m;M ] :
This inequality implies in the operator order

f (A)� f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A 1H � f 0 (A)

0@A� tr
�
jBj2A

�
tr
�
jBj2

� 1H

1A
that is equivalent to

hf (A) y; yi � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A hy; yi(2.22)

� hf 0 (A)Ay; yi �
tr
�
jBj2A

�
tr
�
jBj2

� hf 0 (A) y; yi

for any y 2 H; which is of interest in itself as well.
Let E := feigi2I be an orthonormal basis in H.
If we take in (2.22) y = Bei and sum, then we get

X
i2I

hf (A)Bei; Beii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1AX

i2I
hBei; Beii

�
X
i2I

hf 0 (A)ABei; Beii �
tr
�
jBj2A

�
tr
�
jBj2

� X
i2I

hf 0 (A)Bei; Beii ;
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which is equivalent to

X
i2I

hB�f (A)Bei; eii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1AX

i2I
hB�Bei; eii

�
X
i2I

hB�f 0 (A)ABei; eii �
tr
�
jBj2A

�
tr
�
jBj2

� X
i2I

hB�f 0 (A)Bei; eii

and the inequality (2.18) is obtained.
If we take in (2.22) y = B�ei and sum, then we get

X
i2I

hf (A)B�ei; B�eii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1AX

i2I
hB�ei; B�eii

�
X
i2I

hf 0 (A)AB�ei; B�eii �
tr
�
jBj2A

�
tr
�
jBj2

� X
i2I

hf 0 (A)B�ei; B�eii

that is equivalent to

X
i2I

hBf (A)B�ei; eii � f

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1AX

i2I
hBB�ei; eii(2.23)

�
X
i2I

hBf 0 (A)AB�ei; eii �
tr
�
jBj2A

�
tr
�
jBj2

� X
i2I

hBf 0 (A)B�ei; eii

and the inequality (2.19) is obtained.
Now, since f is continuously convex on [m;M ] ; then f 0 is monotonic nondecreas-

ing on [m;M ] and f 0 (m) � f 0 (t) � f 0 (M) for any t 2 [m;M ] : We also observe
that

1

tr
�
jBj2

� tr
0@jBj2 �f 0 (A)� f 0 (m) + f 0 (M)

2
1H

�24A� tr
�
jBj2A

�
tr
�
jBj2

� 1H

351A(2.24)

=
1

tr
�
jBj2

� tr
0@jBj2 f 0 (A)

24A� tr
�
jBj2A

�
tr
�
jBj2

� 1H

351A
� f

0 (m) + f 0 (M)

2

1

tr
�
jBj2

� tr
0@jBj2

24A� tr
�
jBj2A

�
tr
�
jBj2

� 1H

351A
= K (f 0; B;A) :

Since ����f 0 (A)� f 0 (m) + f 0 (M)2
1H

���� � 1

2
[f 0 (M)� f 0 (m)] 1H ;
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then by taking the modulus in (2.24) and utilizing the properties of trace we have

0 � K (f 0; B;A)(2.25)

� 1

tr
�
jBj2

�
� tr

0@jBj2
������
�
f 0 (A)� f

0 (m) + f 0 (M)

2
1H

�24A� tr
�
jBj2A

�
tr
�
jBj2

� 1H

35������
1A

� 1

2
[f 0 (M)� f 0 (m)] 1

tr
�
jBj2

� tr
0@jBj2

������A�
tr
�
jBj2A

�
tr
�
jBj2

� 1H

������
1A ;

and the �rst inequality in the �rst branch of (2.20) is proved.
We have m1H � A �M1H and by applying Lemma 1 we can state that

1

tr
�
jBj2

� tr
0@jBj2

������A�
tr
�
jBj2A

�
tr
�
jBj2

� 1H

������
1A(2.26)

�

264 tr
�
jBj2A2

�
tr
�
jBj2

� �

0@ tr
�
jBj2A

�
tr
�
jBj2

�
1A2
375
1=2

� 1

2
(M �m) :

Making use of (2.25) and (2.26) we deduce the second and the third inequalities in
the �rst branch of (2.20).
We observe that K (f 0; B;A) can be also represented as

K (f 0; B;A)

=
1

tr
�
jBj2

� tr
0@jBj2

24f 0 (A)� tr
�
jBj2 f 0 (A)

�
tr
�
jBj2

� 1H

35�A� m+M
2

1H

�1A :

Applying a similar argument as above for this representation, we get the second
branch of the inequality (2.20).
The proof is complete. �

Corollary 2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m; M with m < M: If f is a continuously
di¤erentiable convex function on [m;M ] and P 2 B1 (H) n f0g ; P � 0; then we
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have

0 � tr (Pf (A))

tr (P )
� f

�
tr (PA)

tr (P )

�
(2.27)

� tr (Pf 0 (A)A)

tr (P )
� tr (PA)
tr (P )

� tr (Pf
0 (A))

tr (P )

�

8>>><>>>:
1
2 [f

0 (M)� f 0 (m)] tr(P jA�
tr(PA)
tr(P )

1H j)
tr(P )

1
2 (M �m)

tr

�
P

����f 0(A)� tr(Pf0(A))
tr(P )

1H

�����
tr(P )

�

8>>>>>><>>>>>>:

1
2 [f

0 (M)� f 0 (m)]
�
tr(PA2)
tr(P ) �

�
tr(PA)
tr(P )

�2�1=2

1
2 (M �m)

"
tr
�
P [f 0(A)]

2
�

tr(P ) �
�
tr(Pf 0(A))

tr(P )

�2#1=2
� 1

4
[f 0 (M)� f 0 (m)] (M �m) :

Remark 3. LetMn (C) be the space of all square matrices of order n with complex
elements and A 2 Mn (C) be a Hermitian matrix such that Sp (A) � [m;M ] for
some scalarsm; M withm < M: If f is a continuously di¤erentiable convex function
on [m;M ] ; then by taking P = In in (2.27) we get

0 � tr (f (A))

n
� f

�
tr (A)

n

�
(2.28)

� tr (f 0 (A)A)

n
� tr (A)

n
� tr (f

0 (A))

n

�

8>><>>:
1
2 [f

0 (M)� f 0 (m)] tr(jA�
tr(A)
n 1H j)
n

1
2 (M �m)

tr

�����f 0(A)� tr(f0(A))
n 1H

�����
n

�

8>>>>>><>>>>>>:

1
2 [f

0 (M)� f 0 (m)]
�
tr(A2)
n �

�
tr(A)
n

�2�1=2

1
2 (M �m)

"
tr
�
[f 0(A)]

2
�

n �
�
tr(f 0(A))

n

�2#1=2
� 1

4
[f 0 (M)� f 0 (m)] (M �m) :

3. Some Examples

We consider the power function f : (0;1)! (0;1) ; f (t) = tr with t 2 Rn f0g :
For r 2 (�1; 0) [ [1;1), f is convex while for r 2 (0; 1), f is concave. Denote
B+1 (H) := fP with P 2 B1 (H) and P � 0g :
Let r � 1 and A be a selfadjoint operator on the Hilbert space H and assume

that Sp (A) � [m;M ] for some scalars m; M with 0 � m < M: If P 2 B+1 (H)nf0g ;
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then

0 � tr (PAr)

tr (P )
�
�
tr (PA)

tr (P )

�r
(3.1)

� r
"
tr (PAr)

tr (P )
� tr (PA)
tr (P )

�
tr
�
PAr�1

�
tr (P )

#

�

8>>>><>>>>:
1
2r
�
Mr�1 �mr�1� tr(P jA� tr(PA)

tr(P )
1H j)

tr(P )

1
2r (M �m)

tr

 
P

�����Ar�1�
tr(PAr�1)

tr(P )
1H

�����
!

tr(P )

�

8>>>>>><>>>>>>:

1
2r
�
Mr�1 �mr�1� � tr(PA2)

tr(P ) �
�
tr(PA)
tr(P )

�2�1=2

1
2r (M �m)

"
tr(PA2(r�1))

tr(P ) �
�
tr(PAr�1)
tr(P )

�2#1=2
� 1

4
r
�
Mr�1 �mr�1� (M �m) :

Consider the convex function f : (0;1) ! (0;1) ; f (t) = � ln t and let A be a
selfadjoint operator on the Hilbert space H and assume that Sp (A) � [m;M ] for
some scalars m; M with 0 < m < M: If P 2 B+1 (H) n f0g ; then

0 � ln
�
tr (PA)

tr (P )

�
� tr (P lnA)

tr (P )
(3.2)

� tr (PA)

tr (P )
�
tr
�
PA�1

�
tr (P )

� 1

�

8>>>><>>>>:
M�m
2mM

tr(P jA� tr(PA)
tr(P )

1H j)
tr(P )

1
2 (M �m)

tr

 
P

�����A�1�
tr(PA�1)

tr(P )
1H

�����
!

tr(P )

�

8>>>>>><>>>>>>:

M�m
2mM

�
tr(PA2)
tr(P ) �

�
tr(PA)
tr(P )

�2�1=2

1
2 (M �m)

"
tr(PA�2)
tr(P ) �

�
tr(PA�1)
tr(P )

�2#1=2

� (M �m)2

4mM
:

Consider the convex function f (t) = t ln t and let A be a selfadjoint operator on
the Hilbert space H and assume that Sp (A) � [m;M ] for some scalars m; M with
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0 < m < M: If P 2 B+1 (H) n f0g ; then

0 � tr (PA lnA)

tr (P )
� tr (PA)
tr (P )

ln

�
tr (PA)

tr (P )

�
(3.3)

� tr (PA ln (eA))

tr (P )
� tr (PA)
tr (P )

� tr (P ln (eA))
tr (P )

�

8>><>>:
1
2 ln

�
M
m

� tr(P jA� tr(PA)
tr(P )

1H j)
tr(P )

1
2 (M �m) tr(P jln(eA)�

tr(P ln(eA))
tr(P )

1H j)
tr(P )

�

8>>>>><>>>>>:
1
2 ln

�
M
m

� � tr(PA2)
tr(P ) �

�
tr(PA)
tr(P )

�2�1=2

1
2 (M �m)

�
tr(P [ln(eA)]2)

tr(P ) �
�
tr(P ln(eA))

tr(P )

�2�1=2
� 1

4
(M �m) ln

�
M

m

�
:
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