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JENSEN’S TYPE TRACE INEQUALITIES FOR CONVEX
FUNCTIONS OF SELFADJOINT OPERATORS IN HILBERT
SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some Jensen’s type trace inequalities for convex functions of self-
adjoint operators in Hilbert spaces are provided. Applications for some convex
functions of interest are also given.

1. INTRODUCTION

Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.

We say that A € B(H) is a Hilbert-Schmidt operator if
(1.1) D Ae|* < oo

i€l

It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €

B (H) then

(1.2) Do lAel® =D AL =D 1A% f)?

iel jel jel

showing that the definition (1.1) is independent of the orthonormal basis and A is

a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.

Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we

define

1/2
(1.3) 1A]ly := <Z Aei|2>

icl

for {e;},c; an orthonormal basis of H. This definition does not depend on the choice

of the orthonormal basis.

Using the triangle inequality in [ (I), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the

Hilbert-Schmidt norm.
Denote the modulus of an operator A € B(H) by |A| := (A*A)*/? .

Because |||A| z|| = ||Az| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and ||A||, = [||A]||5. From (1.2) we have that if A € By (H), then A* €

By (H) and [[A][, = [|A], -

The following theorem collects some of the most important properties of Hilbert-

Schmidt operators:
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Theorem 1. We have
(i) (B2 (H), ||-l5) s a Hilbert space with inner product

(1.4) (A,B), = (Ae;,Be;) =Y (B*Aeie;)
iel i€l
and the definition does not depend on the choice of the orthonormal basis {e;}
(i) We have the inequalities

iel’

(1.5) [AIl < [| Al
for any A € By (H) and
(1.6) [AT ||y, ([T Ally < T 1Al

forany A€ By (H) and T € B(H);
(iti) Bo (H) is an operator ideal in B (H), i.e.

(tv) Byin (H) , the space of operators of finite rank, is a dense subspace of By (H);
(v) Bo (H) C K (H), where K (H) denotes the algebra of compact operators on

H
If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if
(1.7) IA[l; == (Al e, e:) < oo.
iel

The definition of [|Al|; does not depend on the choice of the orthonormal basis
{ei};cr - We denote by By (H) the set of trace class operators in B (H) .
The following proposition holds:

Proposition 1. If A € B(H) ,then the following are equivalent:
(i) A€ Bi(H);
(ii) | A]'"* € By (H);
(1) A (or |A]) is the product of two elements of By (H) .
The following properties are also well known:

Theorem 2. With the above notations:
(i) We have

(1.8) 1Al = 1A%, and (Al < [[All,

forany A€ By (H);
(i) By (H) is an operator ideal in B(H), i.e.

B(H)B, (H)B(H) C By (H);
(11i) We have
By (H) By (H) = By (H);
(iv) We have
[A[ly = sup{({A,B), | Be By (H), |B| <1};

(v) (Bi (H),||l;) is a Banach space.
(iv) We have the following isometric isomorphisms

B (H)=K(H)" and By (H)" 2 B(H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .
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We define the trace of a trace class operator A € By (H) to be

(1.9) tr(A) = (Aej,e;),

i€l

where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (1.9)
converges absolutely and it is independent from the choice of basis.

The following result collects some properties of the trace:

Theorem 3. We have
(i) If A€ By (H) then A* € By (H) and

(1.10) tr (A%) = tr (A);
(1)) If A€ By (H) and T € B(H), then AT, TA € By (H) and
(1.11) tr (AT) = tr (T'A) and |tr (AT)| < ||A|l, ||T]|;

(#3) tr (+) is a bounded linear functional on By (H) with |tr|| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) =tr (BA);
(v) Byin (H) is a dense subspace of By (H) .

Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [|A]? = tr (A*A) = tr (|A|2)

for any A, B € By (H).

For the theory of trace functionals and their applications the reader is referred
to [37].

For some classical trace inequalities see [5], [7], [34] and [48], which are continu-
ations of the work of Bellman [2]. For related works the reader can refer to [1], [3],
[5], [28], [31], [32], [33], [35] and [45].

Consider the orthonormal basis £ := {e;};; in the complex Hilbert space
(H,{-,-)) and for a nonzero operator B € By (H) let introduce the subset of in-
dices from I defined by

Iep:={i€l: Be; #0}.

We observe that I¢ p is non-empty for any nonzero operator B and if ker (B) = 0,
i.e. B is injective, then Iz p = I. We also have for B € By (H) that

tr (\3\2) —tw(B*B) = (B*Bei,ei) = > |Beil’ = Y || Be]*.
el el i€le B

In the recent paper [26] we obtained among others the following result for convex
functions:

Theorem 4. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuous
convex function on [m,M], £ := {e;},c; is an orthonormal basis in H and B €
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B (H) \ {0}, then% € [m. M) and
tr |B| A
(1.12) f
tr |B|
- (554,B) < (1B £ (4))
< Mim (7 )t [|BP M1y = A)] + £ (M)t [|BP (4= m1n)]),

where

S\ Bl

For related functionals and their superadditivity and monotonicity properties see
[26].

For some inequalities for convex functions see [8]-[12], [27] and [44]. For inequal-
ities for functions of selfadjoint operators, see [14]-[23], [38], [40], [41], [42], [43] and
the books [24], [25] and [29].

Motivated by the above results we establish in this paper other trace inequalities
for convex functions of selfadjoint operators. Some examples for convex functions
of interest are also given.

2. NEwW INEQUALITIES FOR CONVEX FUNCTIONS

We recall the gradient inequality for the convex function f : [m, M] — R, namely

(2.1) fQ)=f(r)=6p(r)(c—7)
for any ¢, € [m, M] where 67 (1) € [f_ (1), fi. (7)], (for T = m we take 07 (1) =
fi (m) and for 7 = M we take 6 (1) = f. (M)). Here f) (m) and f_ (M) are the
lateral derivatives of the convex function f.

The following result holds:

Theorem 5. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuous

convez function on [m, M] and B € By (H) \ {0}, then we have tzr(éﬁgl%) € [m, M],
s (v (\BFA) tr (|B*|2A) —tr (|B|2A)
tr (\B\Q) tr (|B|2)
_ (|B*|2f(A)> tr (|B|2A>
T u(|BP) RRA e (181)
where
tr (\B\QA) [ (|B|2A) [ (|B|2A)

@) ) e ) e
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and the Jensen’s inequality
tr (|B|2 A) tr (|B|2 f (A))
2 ! ( w (157 ) S ()

Proof. Let £ := {e;};.; be an orthonormal basis in H.
Utilising the gradient inequality (2.1) we get

o5 () ()

for any ¢ € [m, M], since obviously, by Sp(A) C [m, M] we have m | Be,|* <
(ABe;, Be;) < M ||Be;||”, for i € I, which, by summation shows that

il (L .
tr (|B|2)

The inequality (2.4) implies in the operator order of B (H) that

which can be written as

tr(|B|2A)
(2.6) Ay —f| —— | v

o (o ) (0 )

for any y € H. This inequality is also of interest in itself.
Taking in (2.6) y = Be; we get

tr (|B|2A)

tr |B| )

|B| A (|B| A)
> (5]0 ABezyBez - T N (Bei7Bei> )
tr |B| tr(|B|)

which is equivalent to

(2.7) (B*f (A) Bej, e;) f( |B| ) <|B| €i7€i>

B|? A tr (|B|2A)
>0 ( - |B\ ) (B ABe;,e;) — tr(|B|2)<B|26i,ei>> )

(f (A) Bej, Be;) — f ( ) (Be;, Be;)
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for any i € I.
Summing in (2.7) we get

2
(28) Y (B*f(A)Bej,e;) — f (ttr((BB;;)) > <|B|2 €i7€i>

i€l

- (tr (\BP A)) (Z B A - tr (|B|2 A) 5 <‘B‘2€i,6i

tr (\B|2)
However

> (B*f(A)Bei,ei) =Y (BB*f(A)eie;)
el el

= Z <\B*|2f(A) ei,ei> =tr (\B*|2f(A)>

i€l

and
Z (B*ABey, e;) = Z (BB™Aej, e;) = tr (‘B*|2 A) .
icl el
By (2.8) we get
tr (|B|2 A)

(2.9) tr (1B £ (4)) - ( = (157) ) tr (1BP)
o () ey o),

and the inequality (2.2) is thus proved.
Taking in (2.6) y = B*e; we also get

>y o (|B|2 A) (AB*e;, B*e;) — " (|B|2 A) (B*e;, B*e;)
~ e (BP) B B

which is equivalent to

for any i € 1.
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Summing in (2.10) we get

(2.11) 3" (BS (A) Breivei) — f (127 4) (BB*e;,e:)
il tr (|B|2) il
L tr (1BI 4) I tr (1BI° 4) —
Z0f W ;( 617€Z>U‘(|B|2)iezj< ezaez>

Since

S (B (4) Breise) = tr(Bf (A) BY) = tr (B*Bf (4)) = tr (B[’ £ (4)),

el
Y (BB*ci,e;) = tr (BB*) = tr (B*B) = tr (|B|2)
el
and

3 (BAB*c;,e;) = tr (BAB®) = tr (B*BA) =t (|B|2A> :
el

then by (2.11) we get
r (\B\2A>
tr (\B|2)

and the inequality (2.3) is obtained. O

tr (1B £ (4)) - f tr (1B[*) > 0

Remark 1. The inequality (2.8) is obviously not as good as the first part of (1.12).
However it is the natural alternative of Jensen’s inequality for trace and provides
simple and nice examples for various convex functions of interest. The proof here
is also simpler than the one from [26] and has some natural reverses as follows.

Corollary 1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuous

convex function on [m, M| and P € By (H)\ {0}, P >0 then tgfp’g) € [m, M] and

tr(PA)\ _ tr(Pf(A))
(212) f ( tr(P) > S TwP)

The proof follows by either (2.2) or (2.3) on choosing B = P'/2, P € By (H)\{0},
P>0.
The following lemma is of interest in itself:
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Lemma 1. Let S be a selfadjoint operator such that y1g < S < T'lgy for some real
constants I' > ~. Then for any B € By (H) \ {0} we have

(213) o< trtf EBBj)) : (tzf((BBz;))z
w(18Ps) )

1 1 2
§2(F7)tr<|B|2)tr(|B| Str(|B|2)H

2 1/2

. tr(|B|252) tr(\B\Qs)
=) w(iBf) ( w (1BP) ) -

Proof. The first inequality follows by Jensen’s inequality (2.3) for the convex func-
tion f (t) = t2.
Now, observe that

v )
o)

g (7 ()

)

SR

Now, since y1yg < S <T'ly then

(T —7)%.

IN

>~ =

since, obviously

1
2

r
‘S;ﬁylH'S T=7).
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Taking the modulus in (2.14) and using the properties of trace, we have

tr(|B|252) tr(\B\QS) ’
e T2 ( o )

<o C—7)——tr | IBE s
tr(\B|)

which proves the first part of (2.13).
By Schwarz inequality for trace we also have

tr (\B|28)

tro%?)“('B'Q o (15P) )
tr (|

el
L ().

From (2.15) and (2.16) we get

) (b

P CE)]

1/2

S ()]

(2.16) S —

1y
2
|

<

N | =

which implies that
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By (2.16) we then obtain
. tr (\B|2S)
T (|B\2) tr (|B|2 - (|7B|2) 1y )
1/2
tr (|B\252) tr (|B|2S> ’ )
w () ( w (157 ) =207

that proves the last part of (2.13). O

S —

Remark 2. Let S be a selfadjoint operator such that v1g < S < T'ly for some
real constants T' > ~. Then for any P € By (H) \ {0}, P > 0 we have

tr (PS?)  [tr(PS)\?
B 0= ‘(u(P))

1 1 tr (PS)
<2(F—7)tr(P)tr(P’S— o (P) 1H>
1/2
1 tr (PS?) tr (PS) 2 1 2

The following result provides reverses for the inequalities (2.2) and (2.3) above:

Theorem 6. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuously
differentiable convex function on [m, M| and B € By (H) \ {0}, then we have

019 tr (|B*|2f(A)) tr (|B|2A)
' o (181 RRA (181)
tr <|B*|2f’ (A) A) tr (|B|2A) tr (|B*|2f’ (A))

w(B?)  w(B?)  w(iBP)

and

e 0= (<)

_ tr (|B|2f’ (A) A) K (|B|2A) o (|B|2f’ (A))

or (1B1°) w(BF)  w(1BP)

— K (f, B, A).
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Moreover, we have

INEQUALITIES

(2.20) K(f',B,A)
) tr(\B\zA)
Lo ) tr<|B| Aiitr(wq?) 1H)
L) - ) AL
<
2| o (18125 (4))
) tr<|B| f (A)—gtr(‘B‘z) H)
§(M_m) tr(|B\2)
2 52 tr 2 2- 1/2
by o) - m) [ 2050 - (L)
- ]
11/2
. w(1BRFA])  (w(BRra))
§(M_m) [ tr(|BI?) - ( tr(|BI?) ) ]
< J1F () = £/ (m)] (M — m).
Proof. By the gradient inequality we have
(2.21) fFO)=f@<f () =q)

for any 7,¢ € [m, M].

This inequality implies in the operator order

f(A) = f M g < f
tr(|B|2) N

that is equivalent to

(4) (A -

«(57)

tr (|B|2 A)

tr (|B

< (1 (A) Ay,y) —

tr (|B|2A)

")

(f'(A)y,y)

for any y € H, which is of interest in itself as well.

Let £ := {ei};cr

be an orthonormal basis in H.

If we take in (2.22) y = Be; and sum, then we get

tr (18]

tr (|B
<> (f'(A) ABe;, Be;) —

tr (\B\Q
S"(f(A) Bes, Bei) — f (

:)1)) > " (Be;, Be;)

el
*4)

———%> > (f'(A)Be;,Bey),
~ tr (|B|2> ;

11
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which is equivalent to

tr (|B]> A
Z(B*f(A) Bej,e;) — f <()> Z<B*B€i,6i>

«(7)

i€l
tr (|B|2 A)
<Y (B (A) ABei,ei) — ———= > (B*f'(A) Bej, i)
iel tr (|B| ) iel

and the inequality (2.18) is obtained.
If we take in (2.22) y = B*e; and sum, then we get

Y (il (G0 A P
> (f(A)B*e;, Be;) — f (tr(|B|2)> > (B*e;, Be;)

i€l i€l
tr (|B|2A)
<D ((A)ABe;, B'e;) — — 57—y (f'(A) B e;, Brey)
il tr (|B| ) il

that is equivalent to

(2.23) Z(Bf (A) B¥e;,e;) — f (HOBFA)) Z(BB*e- ei)
i€l o tr (|B|2) i€l v

< <Bf%A>ABn%e»—-H(Uﬂ2A) (Bf'(4) B'ei,e:)
> tr (1B°) 2

and the inequality (2.19) is obtained.
Now, since f is continuously convex on [m, M|, then f’ is monotonic nondecreas-
ing on [m, M] and f'(m) < f'(¢t) < f' (M) for any t € [m, M]. We also observe

that
y )

(2.24)

)

2 [ gy £ (m) + (M) ur (1I* 4)
g (|B| - Leran, [ o
g - tr (|B|2A>
= 7»“ (|B|2) tr (B| 1 (4) [A— 7“ (|B|2> 1y )
0D 1 5 N (|B|2 [A tr (1BI° 4) 1H]>

2 tr (\B| tr (|B|2)
— K(f,B,A).

Since

ey - P < S - o,



JENSEN'S TYPE TRACE INEQUALITIES 13

then by taking the modulus in (2.24) and utilizing the properties of trace we have

(2.25)  0<K(f,B,A)

1
<

"(m / tr |B|2A
o G e e ] (<>)
" / . o u (1B a)
S§[f (M) — (m)]‘w(B|2)tr |B| A_'EI'(|B|2)1H ;

and the first inequality in the first branch of (2.20) is proved.
We have mly < A < M1py and by applying Lemma 1 we can state that

2.26 L BQA—tr(lBlgA)l
e )
1/2

wlow) QoA T

oo \u(er)

Making use of (2.25) and (2.26) we deduce the second and the third inequalities in
the first branch of (2.20).
We observe that K (f/, B, A) can be also represented as

K(f',B,A)

=12>tr |B|? f/(A)_tr(|B|2f’(A))1H (A_m—;—MlH)

w (1] o (1B7)

Applying a similar argument as above for this representation, we get the second
branch of the inequality (2.20).
The proof is complete. O

Corollary 2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuously
differentiable convex function on [m,M] and P € By (H) \ {0}, P > 0, then we
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have
tr (Pf (A)) tr (PA)
(2.27) 0< o (P) —f ( ) )
< tr (Pf' (A) A) _ tr (PA) ' tr (Pf (4))
tr (P) tr (P) tr (P)
07 (ar) — g ) gD
: ( )
tr 4 _wr(Pria)) "
e )
2 1/2
b n - gl [ - (553)
- 1/2
o [0 (5|
< U OD) — () (M —m).

Remark 3. Let M,, (C) be the space of all square matrices of order n with complex
elements and A € M,, (C) be a Hermitian matriz such that Sp (A) C [m, M] for
some scalars m, M withm < M. If f is a continuously differentiable convex function
on [m, M], then by taking P = I, in (2.27) we get

(2.28) 0< tr (f (A)) ; (tr (A))
< tr(f’(A)A) B tr(A) - tr(f/(A))
%[f/(M) _f/(m)]w
) (1)
TR ()
? 271/2
1) - o) [ (1)
< ([f’(A)]2) ( % )2 1/2
%(M—m) [tr - _ tr fn ]
< i[f’(M)_f’(m)] (M —m).

3. SOME EXAMPLES

We consider the power function f : (0,00) — (0,00), f (¢t) =t" with ¢t € R\ {0}.
For r € (—00,0) U [1,00), f is convex while for r € (0,1), f is concave. Denote
B (H) :={P with P € By (H) and P > 0}.

Let > 1 and A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with 0 <m < M. If P € B (H)\{0},
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then

tr (PA") tr (PA)\"
(3:1) o<~ ()
tr (PA")  tr(PA) tr(PA™1)
tr(P)  tr(P)  tr(P)

tr(P|A- 2D 14])

%7‘ (Mr—l _ mr—l) tr(ter()P)
< -
) tr(P A"*l—in(i?},) i )
37 (M —m) tr(P)
1/2
r— r— tr(PAz) tr(PA) 2
37 (M —mt) [ w(P) ( tr(P) )
<
) (paren) (e
tr( PA“'" T tr(PA" ™
%7” (M —m) [ (D) - ( tr(P) ) ]
1
<

i (M“l — m’“il) (M —m).

Consider the convex function f : (0,00) — (0,00), f(t) = —Int and let A be a
selfadjoint operator on the Hilbert space H and assume that Sp (A) C [m, M] for
some scalars m, M with 0 < m < M. If P € B (H)\ {0}, then

(3.2) 0<n <tr(PA)> _ tr(PlnA)

tr (P) tr (P)
o tr (PA) tr(PA™Y)
tr (P)  tr(P)

-1

M—m r(PIA- 5 10 |)
2mM tr(P)
< _
tr| P Ail—tr(t}:%)llhr )
3 (M —m) t(P)
M—m [tr(PA2) (tr(PA)>2 Yz
2mM tr(P) ~ \ tr(P)
<
) () (uea)]"
tr(PA™ tr -
%(M—m) [ tr(P) ( tr(P) ) ]
o (M —m)’
- 4mM

Consider the convex function f (¢t) = tInt and let A be a selfadjoint operator on
the Hilbert space H and assume that Sp (A) C [m, M| for some scalars m, M with
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0<m< M. If PcBf(H)\ {0}, then

(3.

1
[

tr (PAInA) tr(PA) tr (PA)

3) 'S—om®  we < )

(PAln( A))  tr(PA) tr(Pln(eA
tr (P) tr (P) tr (P)

tr(PlA- 55 1)

3In (%) tr(P)

IN

tr(P|ln(eA)—7“'“;1(‘}_(,;"4)) iIN% |)

tr(P)

tr(PA2 r 2
3 In (%) [ t(r(P)) - (ttgfpf;)) }

3 (M —m)
1/2

IN
N

tr(P) tr(P)

r n(eA))? 21/
(M _ m) |:t (P[l (eA)] ) _ (tr(Pln(eA))) :|

AN
] =
=
|
&)
=
7 N
=
N————
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