
SOME SLATER�S TYPE TRACE INEQUALITIES FOR CONVEX
FUNCTIONS OF SELFADJOINT OPERATORS IN HILBERT

SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Some trace inequalities of Slater type for convex functions of self-
adjoint operators in Hilbert spaces under suitable assumptions for the involved
operators are given. Applications for particular cases of interest are also pro-
vided.

1. Introduction

Suppose that I is an interval of real numbers with interior �I and f : I ! R is
a convex function on I. Then f is continuous on �I and has �nite left and right
derivatives at each point of �I. Moreover, if x; y 2 �I and x < y; then f 0� (x) �
f 0+ (x) � f 0� (y) � f 0+ (y) which shows that both f

0
� and f 0+ are nondecreasing

function on �I. It is also known that a convex function must be di¤erentiable except
for at most countably many points.
For a convex function f : I ! R, the subdi¤erential of f denoted by @f is the

set of all functions ' : I ! [�1;1] such that '
�
�I
�
� R and

f (x) � f (a) + (x� a)' (a) for any x; a 2 I:

It is also well known that if f is convex on I; then @f is nonempty, f 0�, f
0
+ 2 @f

and if ' 2 @f , then

f 0� (x) � ' (x) � f 0+ (x) for any x 2 �I.

In particular, ' is a nondecreasing function.
If f is di¤erentiable and convex on �I, then @f = ff 0g :
The following result is well known in the literature as Slater inequality:

Theorem 1 (Slater, 1981, [34]). If f : I ! R is a nonincreasing (nondecreasing)
convex function, xi 2 I; pi � 0 with Pn :=

Pn
i=1 pi > 0 and

Pn
i=1 pi' (xi) 6= 0;

where ' 2 @f; then

(1.1)
1

Pn

nX
i=1

pif (xi) � f
�Pn

i=1 pixi' (xi)Pn
i=1 pi' (xi)

�
:
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2 S. S. DRAGOMIR

As pointed out in [8, p. 208], the monotonicity assumption for the derivative '
can be replaced with the condition

(1.2)

Pn
i=1 pixi' (xi)Pn
i=1 pi' (xi)

2 I;

which is more general and can hold for suitable points in I and for not necessarily
monotonic functions.
Let A be a selfadjoint linear operator on a complex Hilbert space (H; h:; :i) : The

Gelfand map establishes a �-isometric isomorphism � between the set C (Sp (A))
of all continuous functions de�ned on the spectrum of A; denoted Sp (A) ; and the
C�-algebra C� (A) generated by A and the identity operator 1H on H as follows
(see for instance [17, p. 3]):
For any f; g 2 C (Sp (A)) and any �; � 2 C we have
(i) � (�f + �g) = �� (f) + �� (g) ;
(ii) � (fg) = � (f) � (g) and �

�
�f
�
= �(f)

�
;

(iii) k� (f)k = kfk := supt2Sp(A) jf (t)j ;
(iv) � (f0) = 1H and � (f1) = A; where f0 (t) = 1 and f1 (t) = t; for t 2 Sp (A) :
With this notation we de�ne

f (A) := � (f) for all f 2 C (Sp (A))

and we call it the continuous functional calculus for a selfadjoint operator A:
If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),

then f (t) � 0 for any t 2 Sp (A) implies that f (A) � 0; i.e. f (A) is a positive
operator on H: Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f (t) � g (t) for any t 2 Sp (A) implies that f (A) � g (A)

in the operator order of B (H) :
For a recent monograph devoted to various inequalities for functions of selfadjoint

operators, see [17] and the references therein. For other results, see [28], [22] and
[24].
The following result that provides an operator version for the Jensen inequality

and can be found in Mond & Peµcaríc [26] (see also [17, p. 5]):

Theorem 2 (Jensen�s inequality). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) � [m;M ] for some scalars m; M with m < M: If
f is a convex function on [m;M ] ; then

(MP) f (hAx; xi) � hf (A)x; xi ;

for each x 2 H with kxk = 1:

As a special case of Theorem 2 we have the following Hölder-McCarthy inequal-
ity:

Theorem 3 (Hölder-McCarthy, 1967, [23]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then
(i) hArx; xi � hAx; xir for all r > 1 and x 2 H with kxk = 1;
(ii) hArx; xi � hAx; xir for all 0 < r < 1 and x 2 H with kxk = 1;
(iii) If A is invertible, then hArx; xi � hAx; xir for all r < 0 and x 2 H with

kxk = 1:
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The following result that provides a reverse of the Jensen inequality has been
obtained in [11]:

Theorem 4 (Dragomir, 2008, [11]). Let I be an interval and f : I ! R be a convex
and di¤erentiable function on �I (the interior of I) whose derivative f 0 is continuous
on �I : If A is a selfadjoint operators on the Hilbert space H with Sp (A) � [m;M ] �
�I; then

(1.3) (0 �) hf (A)x; xi � f (hAx; xi) � hf 0 (A)Ax; xi � hAx; xi hf 0 (A)x; xi ;
for any x 2 H with kxk = 1:
Perhaps more convenient reverses of (MP) are the following inequalities that

have been obtained in the same paper [11]:

Theorem 5 (Dragomir, 2008, [11]). Let I be an interval and f : I ! R be a convex
and di¤erentiable function on �I (the interior of I) whose derivative f 0 is continuous
on �I : If A is a selfadjoint operators on the Hilbert space H with Sp (A) � [m;M ] �
�I; then

(0 �) hf (A)x; xi � f (hAx; xi)(1.4)

�

8>>><>>>:
1
2 (M �m)

h
kf 0 (A)xk2 � hf 0 (A)x; xi2

i1=2
1
2 (f

0 (M)� f 0 (m))
h
kAxk2 � hAx; xi2

i1=2
� 1

4
(M �m) (f 0 (M)� f 0 (m)) ;

for any x 2 H with kxk = 1:
We also have the inequality

(0 �) hf (A)x; xi � f (hAx; xi)(1.5)

� 1

4
(M �m) (f 0 (M)� f 0 (m))

�

8><>:
[hMx�Ax;Ax�mxi hf 0 (M)x� f 0 (A)x; f 0 (A)x� f 0 (m)xi]

1
2 ;��hAx; xi � M+m

2

�� ���hf 0 (A)x; xi � f 0(M)+f 0(m)
2

���
� 1

4
(M �m) (f 0 (M)� f 0 (m)) ;

for any x 2 H with kxk = 1:
Moreover, if m > 0 and f 0 (m) > 0; then we also have

(0 �) hf (A)x; xi � f (hAx; xi)(1.6)

�

8>><>>:
1
4

(M�m)(f 0(M)�f 0(m))p
Mmf 0(M)f 0(m)

hAx; xi hf 0 (A)x; xi ;

�p
M �

p
m
��p

f 0 (M)�
p
f 0 (m)

�
[hAx; xi hf 0 (A)x; xi]

1
2 ;

for any x 2 H with kxk = 1:
In [13] we obtained the following operator version for Slater�s inequality as well

as a reverse of it:
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Theorem 6 (Dragomir, 2008, [13]). Let I be an interval and f : I ! R be a convex
and di¤erentiable function on �I (the interior of I) whose derivative f 0 is continuous
on �I: If A is a selfadjoint operator on the Hilbert space H with Sp (A) � [m;M ] � �I
and f 0 (A) is a positive invertible operator on H then

0 � f
�
hAf 0 (A)x; xi
hf 0 (A)x; xi

�
� hf (A)x; xi(1.7)

� f 0
�
hAf 0 (A)x; xi
hf 0 (A)x; xi

��
hAf 0 (A)x; xi � hAx; xi hf 0 (A)x; xi

hf 0 (A)x; xi

�
;

for any x 2 H with kxk = 1:

For other similar results, see [13].
In order to state other new results on Slater type trace inequalities we need some

preliminary facts as follows.

2. Some Facts on Trace of Operators

Let (H; h�; �i) be a complex Hilbert space and feigi2I an orthonormal basis of H:
We say that A 2 B (H) is a Hilbert-Schmidt operator if

(2.1)
X
i2I

kAeik2 <1:

It is well know that, if feigi2I and ffjgj2J are orthonormal bases for H and A 2
B (H) then

(2.2)
X
i2I

kAeik2 =
X
j2I

kAfjk2 =
X
j2I

kA�fjk2

showing that the de�nition (2.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator i¤ A� is a Hilbert-Schmidt operator.
Let B2 (H) the set of Hilbert-Schmidt operators in B (H) : For A 2 B2 (H) we

de�ne

(2.3) kAk2 :=
 X
i2I

kAeik2
!1=2

for feigi2I an orthonormal basis of H: This de�nition does not depend on the choice
of the orthonormal basis.
Using the triangle inequality in l2 (I) ; one checks that B2 (H) is a vector space

and that k�k2 is a norm on B2 (H) ; which is usually called in the literature as the
Hilbert-Schmidt norm.
Denote the modulus of an operator A 2 B (H) by jAj := (A�A)1=2 :
Because kjAjxk = kAxk for all x 2 H; A is Hilbert-Schmidt i¤ jAj is Hilbert-

Schmidt and kAk2 = kjAjk2 : From (2.2) we have that if A 2 B2 (H) ; then A� 2
B2 (H) and kAk2 = kA�k2 :
The following theorem collects some of the most important properties of Hilbert-

Schmidt operators:

Theorem 7. We have:
(i) (B2 (H) ; k�k2) is a Hilbert space with inner product

(2.4) hA;Bi2 :=
X
i2I

hAei; Beii =
X
i2I

hB�Aei; eii
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and the de�nition does not depend on the choice of the orthonormal basis feigi2I ;
(ii) We have the inequalities

(2.5) kAk � kAk2
for any A 2 B2 (H) and

(2.6) kATk2 ; kTAk2 � kTk kAk2
for any A 2 B2 (H) and T 2 B (H) ;
(iii) B2 (H) is an operator ideal in B (H) ; i.e.

B (H)B2 (H)B (H) � B2 (H) ;

(iv) Bfin (H) ; the space of operators of �nite rank, is a dense subspace of B2 (H) ;
(v) B2 (H) � K (H) ; where K (H) denotes the algebra of compact operators on

H:

If feigi2I is an orthonormal basis of H; we say that A 2 B (H) is trace class if

(2.7) kAk1 :=
X
i2I

hjAj ei; eii <1:

The de�nition of kAk1 does not depend on the choice of the orthonormal basis
feigi2I : We denote by B1 (H) the set of trace class operators in B (H) :
The following proposition holds:

Proposition 1. If A 2 B (H) ; then the following are equivalent:
(i) A 2 B1 (H) ;
(ii) jAj1=2 2 B2 (H) ;
(ii) A (or jAj) is the product of two elements of B2 (H) :

The following properties are also well known:

Theorem 8. With the above notations:
(i) We have

(2.8) kAk1 = kA
�k1 and kAk2 � kAk1

for any A 2 B1 (H) ;
(ii) B1 (H) is an operator ideal in B (H) ; i.e.

B (H)B1 (H)B (H) � B1 (H) ;

(iii) We have

B2 (H)B2 (H) = B1 (H) ;
(iv) We have

kAk1 = sup fjhA;Bi2j j B 2 B2 (H) ; kBk � 1g ;

(v) (B1 (H) ; k�k1) is a Banach space.
(iv) We have the following isometric isomorphisms

B1 (H) �= K (H)� and B1 (H)� �= B (H) ;

where K (H)� is the dual space of K (H) and B1 (H)� is the dual space of B1 (H) :
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We de�ne the trace of a trace class operator A 2 B1 (H) to be

(2.9) tr (A) :=
X
i2I

hAei; eii ;

where feigi2I is an orthonormal basis of H: Note that this coincides with the usual
de�nition of the trace if H is �nite-dimensional. We observe that the series (2.9)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 9. We have:
(i) If A 2 B1 (H) then A� 2 B1 (H) and

(2.10) tr (A�) = tr (A);

(ii) If A 2 B1 (H) and T 2 B (H) ; then AT; TA 2 B1 (H) and
(2.11) tr (AT ) = tr (TA) and jtr (AT )j � kAk1 kTk ;
(iii) tr (�) is a bounded linear functional on B1 (H) with ktrk = 1;
(iv) If A; B 2 B2 (H) then AB; BA 2 B1 (H) and tr (AB) = tr (BA) ;
(v) Bfin (H) is a dense subspace of B1 (H) :

Utilising the trace notation we obviously have that

hA;Bi2 = tr (B
�A) = tr (AB�) and kAk22 = tr (A

�A) = tr
�
jAj2

�
for any A; B 2 B2 (H) :
The following Hölder�s type inequality has been obtained by Ruskai in [30]

(2.12) jtr (AB)j � tr (jABj) �
h
tr
�
jAj1=�

�i� h
tr
�
jBj1=(1��)

�i1��
where � 2 (0; 1) and A; B 2 B (H) with jAj1=� ; jBj1=(1��) 2 B1 (H) :
In particular, for � = 1

2 we get the Schwarz inequality

(2.13) jtr (AB)j � tr (jABj) �
h
tr
�
jAj2

�i1=2 h
tr
�
jBj2

�i1=2
with A; B 2 B2 (H) :
If A and B are selfadjoint operators with A � B and P 2 B1 (H) with P � 0;

then P 1=2AP 1=2 � P 1=2BP 1=2: Since tr is a positive linear functional and since
tr(XY ) = tr(Y X), it follows that tr (PA) = tr

�
P 1=2AP 1=2

�
� tr

�
P 1=2BP 1=2

�
=

tr (PB) : Therefore, ifA andB are selfadjoint operators withA � B and P 2 B1 (H)
with P � 0; then
(2.14) tr (PA) � tr (PB) :
If A � 0 and P 2 B1 (H) with P � 0; then

(2.15) 0 � tr (PA) � kAk tr (P ) :
Indeed, since A � kAk 1H for A � 0, then (2.15) follows by (2.14).
Moreover, for any selfadjoint A, � jAj � A � jAj. So it follows by (2.14) that

� tr(P jAj) � tr(PA) � tr(P jAj)
i.e.,

(2.16) jtr (PA)j � tr (P jAj)
for any A a selfadjoint operator and P 2 B1 (H) with P � 0:
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For the theory of trace functionals and their applications the reader is referred
to [33].
For some classical trace inequalities see [5], [7], [29] and [38], which are continu-

ations of the work of Bellman [2]. For related works the reader can refer to [1], [3],
[5], [18], [19], [20], [21], [31] and [35].

3. Slater Type Trace Inequalities

We denote by B+1 (H) := fP : P 2 B1 (H) and P � 0g :
The following result holds:

Theorem 10. Let I be an interval and f : I ! R be a convex and di¤erentiable
function on �I (the interior of I) whose derivative f 0 is continuous on �I: If A is a
selfadjoint operator on the Hilbert space H with Sp (A) � [m;M ] � �I and f 0 (A) is
a positive invertible operator on H; then

0 � f
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
� tr [Pf (A)]

tr (P )
(3.1)

� f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

��
tr [PAf 0 (A)]

tr [Pf 0 (A)]
� tr (PA)
tr (P )

�
;

for any P 2 B+1 (H) n f0g :

Proof. Since f is convex and di¤erentiable on �I, then we have

(3.2) f 0 (s) (t� s) � f (t)� f (s) � f 0 (t) (t� s)

for any t; s 2 [m;M ] :
Now, if we �x t 2 [m;M ] and apply the property (P) for the operator A; then

we have

(3.3) tf 0 (A)�Af 0 (A) � f (t) � 1H � f (A) � f 0 (t) t � 1H � f 0 (t)A

for any t 2 [m;M ].
If we apply the property (2.14) to the inequality (3.3) then we have

t tr [Pf 0 (A)]� tr [PAf 0 (A)] � f (t) tr (P )� tr [Pf (A)](3.4)

� f 0 (t) t tr (P )� f 0 (t) tr (PA)

for any P 2 B+1 (H) n f0g :
Now, since A is selfadjoint with m1H � A �M1H and f 0 (A) is positive, then

mf 0 (A) � Af 0 (A) �Mf 0 (A) :

If we apply again the property (2.14), then we get

m tr [Pf 0 (A)] � tr [PAf 0 (A)] �M tr [Pf 0 (A)] ;

which shows that

t0 :=
tr [PAf 0 (A)]

tr [Pf 0 (A)]
2 [m;M ] :

Observe that since f 0 (A) is a positive invertible operator onH; then tr [Pf 0 (A)] > 0
for any P 2 B+1 (H) n f0g :
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Finally, if we put t = t0 in the equation (3.4), then we get

tr [PAf 0 (A)]

tr [Pf 0 (A)]
tr [Pf 0 (A)]� tr [PAf 0 (A)](3.5)

� f
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
tr (P )� tr [Pf (A)]

� f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
tr [PAf 0 (A)]

tr [Pf 0 (A)]
tr (P )

� f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
tr (PA) ;

which is equivalent to the desired result (3.1). �

Remark 1. It is important to observe that, the condition that f 0 (A) is a positive
invertible operator on H can be replaced with the more general assumption that

(3.6)
tr [PAf 0 (A)]

tr [Pf 0 (A)]
2 �I and tr [Pf 0 (A)] 6= 0

for any P 2 B+1 (H) n f0g ; which may be easily veri�ed for particular convex func-
tions f in various examples as follows.
Also, as pointed out by the referee, if hf 0 (A)x; xi > 0 for any x 2 H; x 6= 0;

then tr [Pf 0 (A)] > 0 for any P 2 B+1 (H) n f0g and the inequality (3.1) is valid as
well.

Remark 2. Now, if the function is concave on �I and the condition (3.6) holds,
then we have the inequalities

0 � tr [Pf (A)]

tr (P )
� f

�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
(3.7)

� f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

��
tr (PA)

tr (P )
� tr [PAf

0 (A)]

tr [Pf 0 (A)]

�
;

for any P 2 B+1 (H) n f0g :

Utilising the inequality (3.7) for the concave function f : (0;1)! R, f (t) = ln t;
then we can state that

(3.8) 0 � tr (P lnA)

tr (P )
� ln

�
tr (P )

tr (PA�1)

�
�
tr
�
PA�1

�
tr (P )

tr (PA)

tr (P )
� 1

for any positive invertible operator A and P with P 2 B+1 (H) n f0g :
Utilising the inequality (3.1) for the convex function f : (0;1)! R, f (t) = t�1;

then we can state that

(3.9) 0 �
tr
�
PA�2

�
tr (PA�1)

�
tr
�
PA�1

�
tr (P )

� tr (PA)

tr (P )

tr
�
PA�2

�
tr (PA�1)

�
tr
�
PA�1

�
tr (PA�2)

;

for any positive invertible operator Aand P with P 2 B+1 (H) n f0g :
If we take B = A�1 in (3.9), then we get the equivalent inequality

(3.10) 0 �
tr
�
PB2

�
tr (PB)

� tr (PB)
tr (P )

�
tr
�
PB2

�
tr (PB)

tr
�
PB�1

�
tr (P )

� tr (PB)

tr (PB2)
;

for any positive invertible operator B and P with P 2 B1 (H) n f0g :
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If we write the inequality (3.1) for the convex function f (t) = exp (�t) with
� 2 R n f0g ; then we get

0 � exp
�
�
tr [PA exp (�A)]

tr [P exp (�A)]

�
� tr [P exp (�A)]

tr (P )
(3.11)

� � exp
�
�
tr [PA exp (�A)]

tr [P exp (�A)]

��
tr [PA exp (�A)]

tr [P exp (�A)]
� tr (PA)
tr (P )

�
;

for any selfadjoint operator A and P 2 B+1 (H) n f0g :

4. Further Reverses

We use the following Grüss�type inequalities [14]:

Lemma 1. Let S be a selfadjoint operator with m1H � S �M1H and f : [m;M ]!
C a continuous function of bounded variation on [m;M ]. For any C 2 B (H) and
P 2 B+1 (H) n f0g we have the inequality���� tr (Pf (S)C)tr (P )

� tr (Pf (S))
tr (P )

tr (PC)

tr (P )

����(4.1)

� 1

2

M_
m

(f)
1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

�����

� 1

2

M_
m

(f)

24 tr
�
P jCj2

�
tr (P )

�
���� tr (PC)tr (P )

����2
351=2 ;

where
M_
m

(f) is the total variation of f on the interval.

If the function f : [m;M ] ! C is Lipschitzian with the constant L > 0 on
[m;M ] ; i.e.

jf (t)� f (s)j � L jt� sj

for any t; s 2 [m;M ] ; then���� tr (Pf (S)C)tr (P )
� tr (Pf (S))

tr (P )

tr (PC)

tr (P )

����(4.2)

� L




S � tr (PS)tr (P )

1H





 1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

�����

� L




S � tr (PS)tr (P )

1H






24 tr

�
P jCj2

�
tr (P )

�
���� tr (PC)tr (P )

����2
351=2

for any C 2 B (H) and P 2 B+1 (H) n f0g.

Proof. For the sake of completeness we give here a simple proof.
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We observe that, for any � 2 C we have
1

tr (P )
tr

�
P (A� �1H)

�
C � tr (PC)

tr (P )
1H

��
(4.3)

=
1

tr (P )
tr

�
PA

�
C � tr (PC)

tr (P )
1H

��
� �

tr (P )
tr

�
P

�
C � tr (PC)

tr (P )
1H

��
=
tr (PAC)

tr (P )
� tr (PA)
tr (P )

tr (PC)

tr (P )
:

Taking the modulus in (4.3) and utilising the properties of the trace, we have���� tr (PAC)tr (P )
� tr (PA)
tr (P )

tr (PC)

tr (P )

����(4.4)

=
1

tr (P )

����tr �P (A� �1H)�C � tr (PC)tr (P )
1H

������
=

1

tr (P )

����tr �(A� �1H)�C � tr (PC)tr (P )
1H

�
P

�����
� kA� �1Hk

1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

�����
for any � 2 C, where for the last inequality we used the inequality (2.11).
From the inequality (4.4) we have���� tr (Pf (S)C)tr (P )

� tr (Pf (S))
tr (P )

tr (PC)

tr (P )

����(4.5)

� kf (S)� �1Hk
1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

�����
for any � 2 C.
From (4.5) we get���� tr (Pf (S)C)tr (P )

� tr (Pf (S))
tr (P )

tr (PC)

tr (P )

����(4.6)

�




f (S)� f (m) + f (M)2

1H





 1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

����� :
Since f is of bounded variation on [m;M ] ; then we have����f (t)� f (m) + f (M)2

���� = ����f (t)� f (m) + f (t)� f (M)2

����(4.7)

� 1

2
[jf (t)� f (m)j+ jf (M)� f (t)j] � 1

2

M_
m

(f)

for any t 2 [m;M ] :
From (4.7) we get in the order B (H) that����f (S)� f (m) + f (M)2

1H

���� � 1

2

M_
m

(f) 1H ;
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which implies that

(4.8)





f (S)� f (m) + f (M)2
1H





 � 1

2

M_
m

(f) :

Making use of (4.7) and (4.8) we get the �rst inequality in (4.1).
The second part is obvious by the Schwarz inequality for traces

tr
�����C � tr(PC)

tr(P ) 1H

�
P
����

tr (P )
�

0BB@ tr
�����C � tr(PC)

tr(P ) 1H

�
P 1=2

���2�
tr (P )

1CCA
1=2

;

and by noticing that

(4.9)
tr

�����C � tr(PC)
tr(P ) 1H

�
P 1=2

���2�
tr (P )

=
tr
�
P jCj2

�
tr (P )

�
���� tr (PC)tr (P )

����2
for any C 2 B (H) and P 2 B+1 (H) n f0g :
From (4.5) we also have���� tr (Pf (S)C)tr (P )

� tr (Pf (S))
tr (P )

tr (PC)

tr (P )

����(4.10)

�




f (S)� f � tr (SP )tr (P )

�
1H





 1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

�����
any C 2 B (H) and P 2 B+1 (H) n f0g :
Since

jf (t)� f (s)j � L jt� sj

for any t; s 2 [m;M ] ; then we have in the order B (H) that

jf (S)� f (s) 1H j � L jS � s1H j

for any s 2 [m;M ] : In particular, we have����f (S)� f � tr (SP )tr (P )

�
1H

���� � L ����S � tr (SP )tr (P )
1H

���� ;
which implies that



f (S)� f � tr (SP )tr (P )

�
1H





 � L



S � tr (SP )tr (P )
1H






and by (4.10) we get the �rst inequality in (4.2).
The second part is obvious. �

We also have the following reverse of Schwarz inequality [14]:



12 S. S. DRAGOMIR

Lemma 2. If C is a selfadjoint operator with k1H � C � K1H for some real
numbers k < K; then

0 �
tr
�
PC2

�
tr (P )

�
�
tr (PC)

tr (P )

�2
(4.11)

� 1

2
(K � k) 1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

�����

� 1

2
(K � k)

"
tr
�
PC2

�
tr (P )

�
�
tr (PC)

tr (P )

�2#1=2
� 1

4
(K � k)2 ;

for any P 2 B+1 (H) n f0g :

Proof. If we take in (4.1) f (t) = t and S = C we get����� tr
�
PC2

�
tr (P )

�
�
tr (PC)

tr (P )

�2�����(4.12)

� 1

2
(K � k) 1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

�����

� 1

2
(K � k)

"
tr
�
PC2

�
tr (P )

�
�
tr (PC)

tr (P )

�2#1=2
:

Since by (4.9) we have

tr
�
PC2

�
tr (P )

�
�
tr (PC)

tr (P )

�2
� 0;

then by (4.12) we get

0 �
tr
�
PC2

�
tr (P )

�
�
tr (PC)

tr (P )

�2
(4.13)

� 1

2
(K � k) 1

tr (P )
tr

������C � tr (PC)tr (P )
1H

�
P

�����

� 1

2
(K � k)

"
tr
�
PC2

�
tr (P )

�
�
tr (PC)

tr (P )

�2#1=2
:

Utilising the inequality between the �rst and last term in (4.13) we also have"
tr
�
PC2

�
tr (P )

�
�
tr (PC)

tr (P )

�2#1=2
� 1

2
(K � k) ;

which proves the last part of (4.11). �

Theorem 11. Let I be an interval and f : I ! R be a convex and di¤erentiable
function on �I whose derivative f 0 is continuous on �I: If A is a selfadjoint operator
on the Hilbert space H with Sp (A) � [m;M ] � �I and f 0 (A) is a positive invertible
operator on H; or

tr [PAf 0 (A)]

tr [Pf 0 (A)]
2 �I; tr [Pf 0 (A)] 6= 0
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for any P 2 B+1 (H) n f0g ; then

0 � f
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
� tr [Pf (A)]

tr (P )
(4.14)

� tr (P )

tr [Pf 0 (A)]
f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
L (P;A; f 0 (A)) ;

for any P 2 B+1 (H) n f0g ; where

L (P;A; f 0 (A)) :=
tr [PAf 0 (A)]

tr (P )
� tr (PA)
tr (P )

tr [Pf 0 (A)]

tr (P )

�

8>>><>>>:
1
2 (f

0 (M)� f 0 (m)) 1
tr(P ) tr

�����A� tr(PA)
tr(P ) 1H

�
P
����

1
2 (M �m) 1

tr(P ) tr

������f 0 (A)� tr(Pf 0(A))
tr(P ) 1H

�
P

�����

�

8>>>>>><>>>>>>:

1
2 (f

0 (M)� f 0 (m))
�
tr(PA2)
tr(P ) �

�
tr(PA)
tr(P )

�2�1=2

1
2 (M �m)

"
tr
�
P [f 0(A)]

2
�

tr(P ) �
�
tr(Pf 0(A))

tr(P )

�2#1=2
� 1

4
(f 0 (M)� f 0 (m)) (M �m) :

Proof. Utilising Lemma 1 and Lemma 2 we have

0 � tr (Pf 0 (A)A)

tr (P )
� tr (Pf

0 (A))

tr (P )

tr (PA)

tr (P )
(4.15)

� 1

2
(f 0 (M)� f 0 (m)) 1

tr (P )
tr

������A� tr (PA)tr (P )
1H

�
P

�����

� 1

2
(f 0 (M)� f 0 (m))

"
tr
�
PA2

�
tr (P )

�
�
tr (PA)

tr (P )

�2#1=2
� 1

4
(f 0 (M)� f 0 (m)) (M �m)

and

0 � tr (Pf 0 (A)A)

tr (P )
� tr (Pf

0 (A))

tr (P )

tr (PA)

tr (P )
(4.16)

� 1

2
(M �m) 1

tr (P )
tr

������f 0 (A)� tr (Pf 0 (A))tr (P )
1H

�
P

�����

� 1

2
(M �m)

24 tr
�
P [f 0 (A)]

2
�

tr (P )
�
�
tr (Pf 0 (A))

tr (P )

�2351=2

� 1

4
(f 0 (M)� f 0 (m)) (M �m)

for any P 2 B+1 (H) n f0g :
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The positivity of

tr (Pf 0 (A)A)

tr (P )
� tr (Pf

0 (A))

tr (P )

tr (PA)

tr (P )

follows by µCeby�ev�s trace inequality for synchronous functions of selfadjoint oper-
ators, see [15]. �

The case of convex and monotonic functions is as follows:

Corollary 1. Let I be an interval and f : I ! R be a convex and di¤erentiable
function on �I whose derivative f 0 is continuous on �I: If A is a selfadjoint operator
on the Hilbert space H with Sp (A) � [m;M ] � �I and f 0 (m) > 0, then

(4.17) 0 � f
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
� tr [Pf (A)]

tr (P )
� f 0 (M)

f 0 (m)
L (P;A; f 0 (A)) ;

for any P 2 B+1 (H) n f0g :

The proof follows by (4.14) observing that

0 � tr (P )

tr [Pf 0 (A)]
f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
� f 0 (M)

f 0 (m)

for any P 2 B+1 (H) n f0g :
If we consider the monotonic nondecreasing convex function f (t) = tp with p � 1

and t � 0; then by (4.17) we have the sequence of inequalities

0 �
�
tr (PAp)

tr (PAp�1)

�p
� tr (PA

p)

tr (P )
(4.18)

� p
�
M

m

�p�1 
tr (PAp)

tr (P )
� tr (PA)
tr (P )

tr
�
PAp�1

�
tr (P )

!

� 1

2
p2
�
M

m

�p�1

�

8>>><>>>:
�
Mp�1 �mp�1� 1

tr(P ) tr
�����A� tr(PA)

tr(P ) 1H

�
P
����

(M �m) 1
tr(P ) tr

������Ap�1 � tr(PAp�1)
tr(P ) 1H

�
P

�����
� 1

2
p2
�
M

m

�p�1

�

8>>>>>><>>>>>>:

�
Mp�1 �mp�1� � tr(PA2)

tr(P ) �
�
tr(PA)
tr(P )

�2�1=2

(M �m)
"
tr(PA2(p�1))

tr(P ) �
�
tr(PAp�1)
tr(P )

�2#1=2

� 1

4
p2
�
M

m

�p�1 �
Mp�1 �mp�1� (M �m)

for any P 2 B+1 (H) n f0g and A with Sp (A) � [m;M ] � (0;1) :
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Theorem 12. Let I be an interval and f : I ! R be a convex and twice di¤er-
entiable function on �I whose second derivative f 00 is bounded on �I; i.e. there is a
positive constant K such that 0 � f 00 (t) � K for any t 2 �I: If A is a selfadjoint
operator on the Hilbert space H with Sp (A) � [m;M ] � �I and f 0 (A) is a positive
invertible operator on H; or

tr [PAf 0 (A)]

tr [Pf 0 (A)]
2 �I; tr [Pf 0 (A)] 6= 0

for any P 2 B+1 (H) n f0g ; then

0 � f
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
� tr [Pf (A)]

tr (P )
(4.19)

� K




A� tr (PA)tr (P )

1H





 1

tr (P )
tr

������A� tr (PA)tr (P )
1H

�
P

�����
� tr (P )

tr [Pf 0 (A)]
f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�

� K




A� tr (PA)tr (P )

1H






"
tr
�
PA2

�
tr (P )

�
�
tr (PA)

tr (P )

�2#1=2
� tr (P )

tr [Pf 0 (A)]
f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
� 1

2
(M �m)K





A� tr (PA)tr (P )
1H





 tr (P )

tr [Pf 0 (A)]
f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�

for any P 2 B+1 (H) n f0g :

Proof. From (4.14) we have

0 � f
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
� tr [Pf (A)]

tr (P )
(4.20)

� tr (P )

tr [Pf 0 (A)]
f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
L (P;A; f 0 (A)) ;

for any P 2 B+1 (H) n f0g :
From (4.2) we also have

(0 �)L (P;A; f 0 (A))(4.21)

� K




A� tr (PA)tr (P )

1H





 1

tr (P )
tr

������A� tr (PA)tr (P )
1H

�
P

�����

� K




A� tr (PA)tr (P )

1H






"
tr
�
PA2

�
tr (P )

�
�
tr (PA)

tr (P )

�2#1=2

for any P 2 B+1 (H) n f0g :
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Therefore, by (4.20) and (4.21) we get

0 � f
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
� tr [Pf (A)]

tr (P )

� K




A� tr (PA)tr (P )

1H





 1

tr (P )
tr

������A� tr (PA)tr (P )
1H

�
P

�����
� tr (P )

tr [Pf 0 (A)]
f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�

� K




A� tr (PA)tr (P )

1H






"
tr
�
PA2

�
tr (P )

�
�
tr (PA)

tr (P )

�2#1=2
� tr (P )

tr [Pf 0 (A)]
f 0
�
tr [PAf 0 (A)]

tr [Pf 0 (A)]

�
that proves the second and third inequalities in (4.19).
The last part follows by Lemma 2. �

The inequality (4.19) can be also written for the convex function f (t) = tp with
p � 1 and t � 0; however the details are not presented here.
Acknowledgement. The author would like to thank very much the anony-

mous referee for many valuable suggestions that have been implemented in the
�nal version of the manuscript.
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