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SOME SLATER’S TYPE TRACE INEQUALITIES FOR CONVEX
FUNCTIONS OF SELFADJOINT OPERATORS IN HILBERT
SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Some trace inequalities of Slater type for convex functions of self-
adjoint operators in Hilbert spaces under suitable assumptions for the involved
operators are given. Applications for particular cases of interest are also pro-
vided.

1. INTRODUCTION

Suppose that I is an interval of real numbers with interior I and f:I—=Ris
a convex function on I. Then f is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if z, y € I and z < y, then f’ (z) <
fio(x) < fL(y) < fy (y) which shows that both f’ and f! are nondecreasing
function on 1. It is also known that a convex function must be differentiable except
for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by Jf is the

set of all functions ¢ : I — [—00, 00| such that ¢ (I) C R and

f(x) > f(a)+ (x—a)p(a) for any z,a € I.

It is also well known that if f is convex on I, then Jf is nonempty, f’, fi € 0f
and if ¢ € 3f, then

fL(z) <¢(x) < fL(x) for any z € 1.

In particular, ¢ is a nondecreasing function.
If f is differentiable and convex on I, then df = {f'}.
The following result is well known in the literature as Slater inequality:

Theorem 1 (Slater, 1981, [34]). If f : I — R is a nonincreasing (nondecreasing)
convez function, x; € I, p; > 0 with P, := Y i p; > 0 and Y., pip (z;) # 0,
where ¢ € Of, then

(1.1) Pi Zpif(xi) <f (W) .
" i=1 i=1Pi i
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2 S.S. DRAGOMIR

As pointed out in [8] p. 208], the monotonicity assumption for the derivative ¢
can be replaced with the condition

Zi:l pip (xz)
which is more general and can hold for suitable points in I and for not necessarily
monotonic functions.

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)). The
Gelfand map establishes a *-isometric isomorphism ® between the set C (Sp (A))
of all continuous functions defined on the spectrum of A, denoted Sp (A), and the
C*-algebra C* (A) generated by A and the identity operator 1y on H as follows
(see for instance [I7) p. 3]):

For any f,g € C (Sp (A)) and any «, 5 € C we have

() @ (af+B9) = ad (f) + BD (g)

(i) @(fg)=@(f)®(g) and @ (f) = ®(f)";

(i) [ (7))l = |1l = supyespoa I (8)]:

(iv) ®(fo) =1g and ®(f1) = A, where fo (t) =1 and fy (t) =t,fort € Sp(A).

With this notation we define

f(A):=®(f) for all f e C(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (4),
then f(¢t) > 0 for any ¢t € Sp(A) implies that f (A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp (A) implies that f(A4) > g(A)

el,

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [I7] and the references therein. For other results, see [28], [22] and
[24].

The following result that provides an operator version for the Jensen inequality
and can be found in Mond & Pecari¢ [26] (see also [I7, p. 5]):

Theorem 2 (Jensen’s inequality). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) C [m, M| for some scalars m, M with m < M. If
f is a convex function on [m,M], then

(MP) f({Az,z)) < (f (A) 2, z),
for each x € H with ||z| = 1.

As a special case of Theorem [2] we have the following Holder-McCarthy inequal-
ity:

Theorem 3 (Holder-McCarthy, 1967, [23]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then

(i) (A"z,z) > (Az,z)" for allT > 1 and x € H with ||z|| = 1;

(ii) (ATz,z) < (Az,x)" for all0 <r <1 and x € H with ||z| = 1;

(iii) If A is invertible, then (A"z,x) > (Ax,z)" for all < 0 and x € H with
Jall = 1.
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The following result that provides a reverse of the Jensen inequality has been
obtained in [IT]:

Theorem 4 (Dragomir, 2008, [T1]). Let I be an interval and f : I — R be a convex
and differentiable function on I (the interior of I) whose derivative f’ is continuous
onl. If A is a selfadjoint operators on the Hilbert space H with Sp (A) C [m, M| C
Io7 then

(1.3)  (0=2)(f(A)z,z) — f ((Az,2)) < (f'(4) Az,2) — (Az,2) (' (4) 2,2),
for any x € H with ||z|| = 1.

Perhaps more convenient reverses of (MP) are the following inequalities that
have been obtained in the same paper [I1]:

Theorem 5 (Dragomir, 2008, [T1]). Let I be an interval and f : I — R be a convex
and differentiable function on I (the interior of I) whose derivative [ is continuous
on I . If A is a selfadjoint operators on the Hilbert space H with Sp (A) C [m, M] C
I, then

(1.4) (0 ) (f (W)a,a) — [ ((Az,))
LI —m) [If (W) = (F (4)2,2)?]

1/2
<

/
L7 O~ f () [l Aa]® — (A, 2)?]
1
< L= m) (1)~ £ ().
for any x € H with ||z|| = 1.
We also have the inequality

(15) (0)(f (A)w,2) ~ f ((Az,2))
< 3 (M —m) (f (M) ~ f' (m)

(Mz — Az, Az — ma) (f' (M) x — [' (A)z, ' (A)z — [ (m) z)]?

)

(A, @) — MR (A) 2, 0) — LA

5O —m) (f/ (M) — ' (m),

for any x € H with ||z|| = 1.
Moreover, if m > 0 and f' (m) > 0, then we also have

(1.6)  (0<)(f(A)z,z) - f(Az,z))

(M—m)(f'(M)—f'(m)) ,
A f' (A
\/Mmf’(M)f’(m) < .’L‘,.’I}>< ( )3?,.’E>,

IN

IA
ST

W=

(VAT = vm) (VI Q1) = VI ) (A, ) (' (4) )]

for any x € H with ||z| = 1.

In [I3] we obtained the following operator version for Slater’s inequality as well
as a reverse of it:



4 S.S. DRAGOMIR

Theorem 6 (Dragomir, 2008, [13]). Let I be an interval and f : I — R be a convex
and differentiable function onl (the interior of I) whose derivative f’ is continuous
onl. If A is a selfadjoint operator on the Hilbert space H with Sp (A) C [m, M| C I
and f' (A) is a positive invertible operator on H then

(1.7) 0< f (WM) —{f(A) z,2)

T A z,2)
(AF (A)z,2)\ [(AF (4)z.2) — (Az,2) (' (A) z,2)
=f ( 7 (A) 1) ) [ (A1) ’

for any x € H with ||z| = 1.

For other similar results, see [13].
In order to state other new results on Slater type trace inequalities we need some
preliminary facts as follows.

2. SOME FACTS ON TRACE OF OPERATORS

Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

2
(2.1) >l Aei|* < 0.
iel
It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €
B (H) then

2 2 g2
(2.2) Do Aedl” =D ASIE =Y 1A%l
il jeI jer
showing that the definition (2.1} is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.
Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
(2.3) Al = (Z ||Aez-||2)
icl
for {e;},c; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in [2 (I), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A] := (A*A)l/z.

Because |||A| z|| = ||Az| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and || 4|, = [||A]|l5 . From we have that if A € By (H), then A* €
By (H) and [|All, = | A",

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 7. We have:
(i) (B2 (H), ||-l5) s a Hilbert space with inner product

(2.4) (A,B), =Y (Ae;,Be;) =Y (B*Aeie;)

icl el
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and the definition does not depend on the choice of the orthonormal basis {e;};c;;
(i) We have the inequalities
(2.5) Al < [|All
for any A € By (H) and
(2.6) [AT ]y, I TAlly < |71 1A,

for any A€ By (H) and T € B(H);
(11i) By (H) is an operator ideal in B(H), i.e.

B(H)By (H)B(H) C By (H);

(i) Byin (H) , the space of operators of finite rank, is a dense subspace of By (H) ;
(v) By (H) C K(H), where K (H) denotes the algebra of compact operators on
H.

If {e;};c; is an orthonormal basis of H, we say that A € B(H) is trace class if
(2.7) Al == (| Alei ) < 0.
i€l
The definition of ||A||; does not depend on the choice of the orthonormal basis

ei}..;. We denote by By (H) the set of trace class operators in B (H) .
el
The following proposition holds:

Proposition 1. If A € B(H), then the following are equivalent:
(i) Ae By (H);
(ii) |A|"? € By (H);
(i) A (or |Al]) is the product of two elements of Ba (H) .

The following properties are also well known:

Theorem 8. With the above notations:
(i) We have

(2.8) 1Al = 1A% and [|All; < [[All,

for any A€ By (H);
(i) By (H) is an operator ideal in B(H), i.e.

(111) We have
By (H) Bz (H) = By (H);
(iv) We have
[All; = sup {[{A, B),| | B € By (H), [|B| <1};

(v) (B1 (H),||ly) s a Banach space.
(iv) We have the following isometric isomorphisms

B (H)~2K(H)" and By (H)" 2B (H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .
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We define the trace of a trace class operator A € By (H) to be
(2.9) tr(A) ==Y (Aej,ei),
i€l
where {e;},; is an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (2.9)

converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 9. We have:
(i) If A€ By (H) then A* € By (H) and

(2.10) tr (A") = tr (A);
(i) If Ae By (H) and T € B(H), then AT, TA € By (H) and
(2.11) tr (AT) = tr (T'A) and |tr (AT)| < ||A|l, ||

(#1) tr (+) is o bounded linear functional on By (H) with |[tr|| = 1;
(i) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H) .

Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [|A]? = tr (A*A) = tr (|A|2)

for any A, B € By (H).
The following Holder’s type inequality has been obtained by Ruskai in [30]

11—«

(2.12) tr (4B)| < tr (J4B)) < [t (J4*)] " [er (1810 )]

where a € (0,1) and A, B € B(H) with |A]"*, |B|Y"~%) ¢ B, (H).
In particular, for o = % we get the Schwarz inequality

(2.13) tr (AB)| < tr (JAB|) < {tr (|A‘2)}1/2 {tr (|B|2)}1/2

with A, B € By (H).

If A and B are selfadjoint operators with A < B and P € By (H) with P > 0,
then PY/2AP'Y2 < PY2BPY/2  Since tr is a positive linear functional and since
tr(XY) = tr(YX), it follows that tr (PA) = tr (PY/2APY?) < tr (PY/2BPY?) =
tr (PB) . Therefore, if A and B are selfadjoint operators with A < Band P € B; (H)
with P > 0, then

(2.14) tr (PA) <tr(PB).
If A>0and P € By (H) with P > 0, then
(2.15) 0 <tr(PA) < ||Al tr (P).

Indeed, since A < ||A|| 1y for A > 0, then follows by (2.14)).
Moreover, for any selfadjoint A, — |A] < A < |AJ. So it follows by that
—tr(P|4]) < tr(PA) < tr(P|A])
ie.,
(2.16) [tr (PA)| < tr (PA])
for any A a selfadjoint operator and P € By (H) with P > 0.
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For the theory of trace functionals and their applications the reader is referred
to [33].

For some classical trace inequalities see [5], [7], [29] and [38], which are continu-
ations of the work of Bellman [2]. For related works the reader can refer to [1], [3],
51, [18), (19, [20], [21), [B1) and [35]

3. SLATER TYPE TRACE INEQUALITIES

We denote by By (H) :={P: P € B, (H) and P > 0}.
The following result holds:

Theorem 10. Let I be an interval and f : I — R be a conver and differentiable
function on I (the interior of I) whose derivative f’ is continuous on I. If Ais a
selfadjoint operator on the Hilbert space H with Sp (A) C [m, M] C I and f' (A) is
a positive invertible operator on H, then
) o< g (LAY _lsa)
tr [P f" (A)] tr (P)
< (tr [PAf' (A)]) (tr [PAf" (A)] tr (PA))
- tr [P f" (A)] tr[Pf(A)]  t(P) )’

for any P € Bf (H)\ {0}.

Proof. Since f is convex and differentiable on I , then we have

(3-2) fris)t=s)<f)=f(s) < f (&) (t—9)

for any t,s € [m, M].
Now, if we fix t € [m, M] and apply the property (]ED for the operator A, then
we have

(3.3) tf'(A) = Af (A< f@) - 1g —fFASF@)t-1u—f (1) A
for any t € [m, M].

If we apply the property to the inequality then we have
(34)  tt[Pf(A) - tr[PAF (A)] < £ (£)tr (P) — tx [Pf (A)]

< ()t (P) — (1) tr (PA)

for any P € Bf (H)\ {0}.

Now, since A is selfadjoint with mly < A < M1y and f’ (A) is positive, then

mf'(A) < Af'(A) < M['(4).
If we apply again the property , then we get
mtr [Pf' (A)] < tr[PAf' (A)] < Mtr[Pf' (A)],

which shows that
__tr[PAf'(A)]
T [P (A)]
Observe that since f’ (A) is a positive invertible operator on H, then tr [Pf’ (4)] > 0
for any P € B (H)\ {0}.

€ [m, M].
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Finally, if we put ¢ = o in the equation (3.4)), then we get
tr [PAf' (A)]
tr [P £ (A)]

tr[PAS' (A)]) B
< s (M e - aipr )
</ (tf [PAf' (A)]> tr [PAf" (4)]
- tr[Pf/(A)] ) tr[Pf (A)]
p(lpar iy,
" (amrar) e,
which is equivalent to the desired result . ([l

(3-5) tr[Pf'(A)] - tr [PAf (A)]

tr (P)

Remark 1. It is important to observe that, the condition that f’ (A) is a positive
invertible operator on H can be replaced with the more general assumption that
tr [PAf' (A)]

(3.6) w[PJ (A)

€l and tr[Pf (A)] #£0

for any P € By (H)\ {0}, which may be easily verified for particular convex func-
tions f in various examples as follows.

Also, as pointed out by the referee, if (f' (A)z,z) > 0 for any x € H, © # 0,
then tr[Pf' (A)] > 0 for any P € B (H)\ {0} and the inequality is valid as
well.

Remark 2. Now, if the function is concave on I and the condition (@ holds,
then we have the inequalities

. o< HIELUOL_ (wlPAT (A))

T tr(P) tr[Pf(A)]
</ tr [PAf" (A)] (tr (PA)  tr[PAf' (A)]
B tr[Pf(A)] tr(P)  tr[Pf(A)] )
for any P € Bf (H)\ {0}.
Utilising the inequality (3.7 for the concave function f : (0,00) — R, f () = Int,
then we can state that
—1
(3.8) 0< tr(Plnd) N tr (Pz < tr (PA™!) tr (PA)
tr (P) tr (PA-1) tr(P) tr(P)
for any positive invertible operator A and P with P € Bf (H) \ {0}.
Utilising the inequality (3.1)) for the convex function f : (0,00) — R, f (t) =t71,
then we can state that
(3.9) 0t (PA72)  tr(PATY) _(PA) & (PA™2)  tr(PATY)
’ ~ tr(PA°D) tr(P) — tr(P) tr(PA™1) tr(PA-2)’
for any positive invertible operator Aand P with P € B (H) \ {0} .
If we take B = A~1 in (3.9)), then we get the equivalent inequality
2 2 —1
810 o< WP w(PB) _w(PB)u(PBY)  w(PB)
tr (PB) tr (P) tr (PB) tr(P) tr (PB?)
for any positive invertible operator B and P with P € By (H) \ {0}.

-1
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If we write the inequality (3.1) for the convex function f(t) = exp (at) with
a € R\ {0}, then we get

(3.11) 0 < exp (atr [PAexp (aA)]) tr [Pexp (aA)]

tr [P exp (aA)] tr (P)
tr [PAexp (aA)]) (tr [PAexp (ad)]  tr (PA)>
tr [P exp (aA)] tr [P exp (aA)] tr(P) )’

< aexp (a

for any selfadjoint operator A and P € By (H)\ {0}.

4. FURTHER REVERSES

We use the following Griiss’ type inequalities [14]:

Lemma 1. Let S be a selfadjoint operator withmly < .S < M1y and f : [m, M] —
C a continuous function of bounded variation on [m, M]. For any C € B(H) and
P e By (H)\ {0} we have the inequality

tr(Pf(S)C) _ tr(Pf(S)) tr (PC)‘
P

(4.1)

tr (P) tr(P)  tr(P)
<30 (- 557)1)

LM tr (P|C| ) tr (PC) i
—2V tr(P) | tr(P) ’

where \/ (f) is the total variation of f on the interval.

m
If the function f : [m,M] — C is Lipschitzian with the constant L > 0 on
[m, M], i.e.

lf@) = f(s) <Ljt—s
for any t, s € [m, M|, then

(4.2)

tr (Pf(S)C)  tr(Pf(9)) tr (PC) ‘
tr (P) tr (P)  tr(P)

il )
H tr PS H [tr P|C| |t (PC) .
tr (P)

for any C € B(H) and P € Bf (H)\ {0}.

Proof. For the sake of completeness we give here a simple proof.
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We observe that, for any A € C we have

P ”H)( (<PC) )
tr(lp tr{P ( )]
el

_tr (PAC) tr ( PA) tr (PC)
B < ) wP) w@)
Taking the modulus in and utilising the properties of the trace, we have
tr (PAC)  tr (PA) tr (PC)
tr (P) tr (P) tr(P)

(4.3)

(4.4)

== (1P) tr {P (A—Mpg) <C - tz:ch)V)lHﬂ'
- (1P) r [(A ~My) (C - tzr(fpc;) 1H) P} )

< ||A—A1H||ﬁtr <’(C_mglf((];c;>lH)P>

for any A € C, where for the last inequality we used the inequality (2.11]).
From the inequality (4.4)) we have

(4.5) tr(Pf(S)C)  tr(Pf(S)) tr (PC)
' tr (P) tr (P)  tr(P)
1 . _ tr (PC)
<1 8) = Al gy e | (0 i ) 7|
for any A € C.
From we get
(4.6) tr (Pf(S)C)  tr(Pf(S)) tr (PC) ‘
' tr (P) tr(P)  tr(P)
fm) + f (M) 1 tr (PC)
< - s ([0 ) 7))

Since f is of bounded variation on [m, M], then we have

fm)+ f(M)| _ f(t)f(m)+f(t)f(M)'
2 2

(CE

l\D\»i

1M
(17 @) = f )|+ [f (M) = F#®)]] < 5\/(]”)

for any t € [m, M].
From (4.7) we get in the order B (H) that
_fm)+ F (M)

1g| <

(f) 1m,

[\
N =
s <k
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which implies that

(15) |75 - L L00, < 2y,

m

Making use of (4.7) and (4.8]) we get the first inequality in (4.1)).
The second part is obvious by the Schwarz inequality for traces

ey _ (<l )
tr(P) = tr (P) )

1/2

and by noticing that

«(lte- s P) w(rier)
tr (P) T w(P)

tr (PC) |?

tr (P)

(4.9)

for any C € B(H) and P € B (H) \ {0}.
From (4.5]) we also have

(4.10)

tr (Pf(S)C)  tr(Pf(9)) tr (PC) ‘
tr (P) tr (P)  tr(P)

<l s (5 ) ol (0 ey ) 7)

any C € B(H) and P € Bf (H)\ {0}.
Since

If ()= f(s)| < LJt—s]
for any t, s € [m, M], then we have in the order B (H) that
[f(S) = f(s)1u| < L|S - sly]

for any s € [m, M]. In particular, we have

19 (598 s 555

)

which implies that

tr (SP) tr (SP)
— 1 <L —
|91 (57 ) ] < 25~ e
and by (4.10) we get the first inequality in (4.2]).
The second part is obvious. O

We also have the following reverse of Schwarz inequality [14]:
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Lemma 2. If C is a selfadjoint operator with kly < C < Klg for some real
numbers k < K, then

tr (PC?) [t (PC)\>
a0 EE - ()

% (K~ ) (1P) r (’ <C _ “tfr((];c;)m) PD
1
4

()]

IN

IN

(K — k) (K —k)*,

tr (P)
for any P € Bf (H) \ {0}.
Proof. If we take in f@)=tand S =C we get

tr (PC?) (tr (PC))2

(412) tr (P) tr (P)

<50 =0 g ([(0- ) )
<50 “ff?f) ) <tzr(ch;)>2 1/2

Since by (4.9) we have

tr (PC?) [t (PC)\”
wr (P) ‘(tr<P>> =0

then by (4.12)) we get

tr P02 (tr (PC) )

e 05 (\( i) )
tr (PC?) [t (PO) 2]'/2
tr (P) < tr (P) )

(4.13)

IN

(K —k)

1
2

Utilising the inequality between the first and last term in (4.13) we also have

1/2
tr (PC?) [t (Po)\?]"” <Y,
tr (P) tr (P) 2
which proves the last part of (4.11)). O

Theorem 11. Let I be an interval and f : I — R be a conver and differentiable
function on I whose derivative f! is continuous on I. If A is a selfadjoint operator
on the Hilbert space H with Sp (A) C [m, M] C I and f' (A) is a positive invertible
operator on H, or

tr [PAf' (A)]

wppLn €D wPs @)#0



SOME SLATER’S TYPE TRACE INEQUALITIES
for any P € Bf (H)\ {0}, then

w[PAF (A)]\  [Pf(A)
(4.14) 0<f (tr[Pf’(A)])_ w(P)

o
w(P) _ (tr[PAS(A) :
= wipray’ ( tr [P (A)] )L(PvAvf (4)),

for any P € B (H)\ {0}, where
tr[PAf (A)]  tr(PA)tr [P (A)]

tr (P) tr(P) tr (P)
SO (M) = £ (m) ey tr (|(A = S ) )

L(P, A f'(4)) =

S 2 (M —m) iy ¢ ( (f’ (4) - tr(fr{z/v()A))lH) P’)
L0 - oy |25 - (58] "
<

(P[f’(A)]z) < ( , ))2 1/2
- [0z

tr(P) tr(P)

<3 (M)~ f () (M —m).

Proof. Utilising Lemma [1] and Lemma [2] we have

tr (Pf (A)A)  tr(Pf(A)) tr (PA)
tr (P) tr (P) tr (P)

700 = 1 ) o | (4 i) )

(4.15) 0<

<1(f’(M)—f’( ) tr (PA?) <tr(PA)>2 1/2
<3 tr (P) tr (P)
gi(f’(M)—f’( ) (M —m)
and
(Pf'(A)A) tx(Pf'(4)) tx(PA)
416) 0= == " T a®) w®)
1 1 , tr (Pf/ (A))
<5 (M =m) tr( (f W= =5 ®) 1H>P>
1/2
) w (P AS)  u e (a))?
Sg(Mfm) tr (P) < tr (P) )
< 3 (F' (M) = ' (m)) (M —m)

for any P € B (H)\ {0}.

13
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The positivity of
tr (Pf'(A)A) tr(Pf'(A))tr (PA)

tr (P) tr (P) tr (P)

follows by Cebysev’s trace inequality for synchronous functions of selfadjoint oper-
ators, see [15]. O

The case of convex and monotonic functions is as follows:

Corollary 1. Let I be an interval and f : I — R be a convex and differentiable
function on I whose derivative f! is continuous on I. If A is a selfadjoint operator
on the Hilbert space H with Sp (A) C [m,M] C I and f' (m) > 0, then

tr[PAf (A tr[Pf(A)] _ f (M)
o<t (T - e m S T
for any P € B (H)\ {0}.
The proof follows by observing that
tr(P) ., (tr[PAf"(A)] [T (M)
<wwrn (Srran) < Fos

for any P € B (H)\ {0}.
If we consider the monotonic nondecreasing convex function f (t) =t withp > 1
and ¢t > 0, then by (4.17) we have the sequence of inequalities

tr (PAP) \* tr (PAP)
(4.18) 0< <tr (PAPl)) e (P)

MN\P~! [tr(PAP)  tr(PA)tr (PAPY)
§p<m> (tr(P) TP u(P) )

L(P,A, ' (4)),

p—1
2%
m

p 1

o) ([ (4 55 P)

1
2

_ tr(PAP
{ ety (| (a7t - ety 1) )
1
2 m

) 1/2
{ Mp 1 mpfl) {“(PA ) (tr(PA))Q}
e
4

2

tr(P) tr(P)

w(Pa2eD)  (u(par))”
tr(P) - tr(P)
p 1

2 o Mp 1 p—1 M —
(%) — ) (M = m)

1/2

IN

for any P € B (H)\ {0} and A with Sp (A) C [m, M] C (0,00) .
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Theorem 12. Let I be an interval and f : I — R be a convexr and twice differ-
entiable function on I whose second derivative f" is bounded on 127 i.e. there is a
positive constant K such that 0 < f" (t) < K for any t € I. If A is a selfadjoint
operator on the Hilbert space H with Sp (A) C [m, M] C I and f' (A) is a positive
invertible operator on H, or

tr [PAf' (A)

PP L PP ()£ 0

for any P € By (H)\ {0}, then

(419) 0<f <tr [PAS (A)]> _ tr[Pf ()]

[Pf(A)] “(P)
S o R (G )
Xtr[t;ﬁ)fmf (tzﬁ;é{;( i) 12
B | L T

tr(P) ., (tr[PAf (A)]
“ G [Pf(A) ( tr [P (A)] >
tr (PA)

1 tr (P) , (tr[PAf (A4)]
SgMmmK HA w@) | wpra)’ ( w [P (A)] >
for any P € By (H)\ {0}.
Proof. From we have
w[PAS (A tr[PS(A)]
(4.20) 0=7 ( [P/ (A) ) r (P)

o
r(P) . (tr[PAS(A) :
= wipray’ ( tr [P (A)] >L(P7A7f (4)),

for any P € B (H)\ {0}.
From (4.2) we also have

(4.21) (0<)L(P, A, f'(4))

S e 58
ool - ()]

for any P € B (H)\ {0}.
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Therefore, by and we get
o (HIEAZ A _wlP/ ()

P/ (A)] =
< xla- L ] e = (| (4 e ) 7)
bl )
<=l [l ()]
i [tzij(f() )] (t;fpﬁf/f )1) ]>

that proves the second and third inequalities in (4.19]).

The last part follows by Lemma [2] O

The inequality (4.19)) can be also written for the convex function f (¢) = t? with

p > 1 and t > 0, however the details are not presented here.
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