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ADDITIVE REVERSES OF SCHWARZ AND GRUSS TYPE
TRACE INEQUALITIES FOR OPERATORS IN HILBERT
SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some reverse of Schwarz trace inequality for operators in Hilbert
spaces are provided. Applications in connection to Griiss inequality are also
given.

1. INTRODUCTION
Let a = (aj,...,a,) and b = (b, ...,b,) be two positive n-tuples with
(1.1) 0<mi<a; <M <ooand 0 <mo <b; < My < o0

for each ¢ € {1,...,n}, and some constants my, ma, My, M.
The following reverses of the Cauchy-Bunyakovsky-Schwarz inequality for posi-
tive sequences of real numbers are well known:

a) Pdlya-Szegi’s inequality [50]:
D ket G D 1 < | M / )
(> h=1 akbk
b) Shisha-Mond’s inequality [54]:
9 1 172
k10 g @bk _ (Ml> F_ (m1> ’
>kt ki S b T [ \me M '

¢) Ozeki’s inequality [47):

2
n n n 2
n
> ai> bi—(E akbk> SZ(MlMg—m1m2)2.
k=1 k=1 k=1

d) Diaz-Metcalf’s inequality [17]:

If w = (wy,...,w,) is a positive sequence, then the following weighted inequal-
ities also hold:
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2 S.S. DRAGOMIRY2

e) Cassel’s inequality [57]. If the positive real sequences a = (ay, ..., a,) and

b = (b1,...,b,) satisfy the condition

(1.2) O<m§Z—kgM<ooforeachk€{1,...,n},
k

then

(k=1 wiai) (X wib) < (M +m)*
(i wrarbi)” - AmM
) Greub-Reinboldt’s inequality [37]. We have

n n 2 n 2
2 2 (MlMQ =+ mlmg)
; b | < § b
(kz_lwk“k> (kz_lw’* ’f) = dmymaMiMy  \ A FR )

provided @ = (a1, ...,a,) and b = (by,...,b,) satisfy the condition (1.1).
g) Generalized Diaz-Metcalf’s inequality [17], see also [45, p. 123]. If u, v €
[0,1] and v < u, u+ v =1 and (1.2) holds, then one has the inequality

n

U Z wyby + vaZ wra; < (vm +uM) Z W aLby.
k=1 k=1 k=1

h) Klamkin-McLenaghan’s inequality [39]. If @, b satisfy (1.2), then

n n n 2
(1.3) <Z wm?) (Z wﬂﬁ) — (Z wiaibi>
i=1 i=1 i=1
i=1 =1

For other recent results providing discrete reverse inequalities, see the monograph
online [19].
The following reverse of Schwarz’s inequality in inner product spaces holds [20].

Theorem 1 (Dragomir, 2003, [20]). Let A, a € C and z, y € H, a complex inner
product space with the inner product (-,-). If

(1.4) Re(Ay — z,z — ay) > 0,
or equivalently,

a+ A
2

T —

(1.5)

1
< -|A-
yH <5 lA—allyl,
holds, then we have the inequality

(1.6) 0 < Jl)* flyll* = (e, 9)I* < < 1A —al* [ly]*.

|

The constant + is sharp in (1.6).

In 1935, G. Griiss [38] proved the following integral inequality which gives an
approximation of the integral mean of the product in terms of the product of the
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integrals means as follows:

bia/abf(x)g(x)dm—b_la/abf(a:)dx.b_la/abg(x)dx

< @-9)T-),

where f, g : [a,b] — R are integrable on [a,b] and satisfy the condition

(1.7)

(18) 6<f)<d y<g@)<T

for each = € [a,b], where ¢, @, 7, T are given real constants.

Moreover, the constant % is sharp in the sense that it cannot be replaced by a
smaller one.

In [22], in order to generalize the Griiss integral inequality in abstract structures
the author has proved the following inequality in inner product spaces.

Theorem 2 (Dragomir, 1999, [22]). Let (H,(-,-)) be an inner product space over
K (K=R,C) and e € H, |le|| = 1. If ¢, v, ®, T are real or complex numbers and
x, y are vectors in H such that the conditions

(1.9) Re(Pe — z,2 — @e) > 0 and Re(Te —y,y —ye) >0

hold, then we have the inequality

(1.10) @,9) — (€} (e,)] < 7 1®— gl T =1

The constant i 1s best possible in the sense that it can not be replaced by a smaller
constant.

For other results of this type, see the recent monograph [25] and the references
therein.

For other Griiss type results for integral and sums see the papers [1]-[3], [8]-[10],
[11]-[13], [21]-[28], [34], [48], [61] and the references therein.

In order to state some reverses of Schwarz and Griiss type inequalities for trace
operators on complex Hilbert spaces we need some preparations as follows.

2. SOME FACTS ON TRACE OF OPERATORS

Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

2
(2.1) Z [|Ae;||” < .
iel
It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €
B (H) then

(2.2) o lAell® =Y 1AL = 1A
el JjeI JeI

showing that the definition (2.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.
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Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
(2.3) Al = (ZAeiF)
icl
for {e;},c; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in {% (I), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A| := (A*A)1/2.

Because |||A| z|| = ||Az|| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and || 4|, = [||A]|l5 . From (2.2) we have that if A € By (H), then A* €
Bo (H) and [|All, = | A%,

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 3. We have
(i) (B2 (H), ||‘ll5) s a Hilbert space with inner product

(2.4) (A,B)y =Y (Ac;,Be;) = > (B*Aeie;)
i€l iel
and the definition does not depend on the choice of the orthonormal basis {e;}
(ii) We have the inequalities

iel’

(2.5) [A]l < [| Al
for any A € By (H) and
(2.6) AT ||y, [T Ally < T 1Al

forany A€ By (H) and T € B(H);
(11i) By (H) is an operator ideal in B(H), i.e.
B(H)By (H)YB(H)C By (H);
(iv) Byin, (H) , the space of operators of finite rank, is a dense subspace of By (H);

(v) Bo (H) C K (H), where K (H) denotes the algebra of compact operators on
H.

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if
(2.7) 1A =D (|4l ei, e) < oo

icl
The definition of ||A||; does not depend on the choice of the orthonormal basis
{ei};cr - We denote by By (H) the set of trace class operators in B (H).
The following proposition holds:

Proposition 1. If A € B(H), then the following are equivalent:
(i) A€ By (H);
(ii) |A|"? € By (H);
(i) A (or |Al]) is the product of two elements of Ba (H) .

The following properties are also well known:
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Theorem 4. With the above notations:
(i) We have

(2.8) Al = [[A7, and [[All, < (Al
for any A€ By (H);
(i) By (H) is an operator ideal in B(H), i.e.
B(H)B, (H)B(H) C By (H);
(i1i) We have
By (H) By (H) = By (H);
(iv) We have
|Ally = sup{(A, B), | B € Bz (H), |B| <1};
(v) (Bi(H),||l;) is a Banach space.
(iv) We have the following isometric isomorphisms
By (H)~=K(H)" and By (H)" 2B (H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .
We define the trace of a trace class operator A € By (H) to be

(2.9) tr(A) = (Aej,e;),
icl
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (2.9)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 5. We have
(i) If A€ By (H) then A* € By (H) and

(2.10) tr (A") = tr (A);
(1) If A€ By (H) and T € B(H), then AT, TA € B, (H) and
(2.11) tr (AT) = tr (TA) and [tr (AT)| < || All, |T]]

(#3) tr (+) is a bounded linear functional on By (H) with |tr|| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H) .

Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [A|? = tr (A*A) = tr (|A|2)

for any A, B € By (H).
The following Hélder’s type inequality has been obtained by Ruskai in [51]

11—«

(2.12) ltr (AB)| < tr (JAB|) < {tr (|A\1/a>]“ {tr (|B|1/(1fa>)]

where o € (0,1) and A, B € B(H) with |A]"*, |B[Y~%) ¢ B, (H).
In particular, for o = % we get the Schwarz inequality

(2.13) [tr (AB)| < tr (JAB|) < [tr (|A|2)}1/2 [tr (\3‘2)}1/2
with A, B € By (H).
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For the theory of trace functionals and their applications the reader is referred
to [55].

For some classical trace inequalities see [14], [16], [46] and [60], which are con-
tinuations of the work of Bellman [5]. For related works the reader can refer to [4],
6], (14], [35], [40], [41), [43], [52] and [56]

We denote by

Bf (H):={P: Pe€Bi(H), P and is selfadjoint and P > 0}.
We obtained recently the following result [33]:
Theorem 6. For any A, C € B(H) and P € Bf (H)\ {0} we have the inequality

tr (PAC) tr(PA) tr (PC)
(2.14) -
tr (P) tr (P) tr(P)
) 1 tr (PC)
<inf |A—=X-1g|| —= — 1y | P
< A=l gy e (| (0 S ) )
1/2
tr (P|C|? 2
< nf JA— X1y (PIF) _|wiro) ,
AeC tr (P) tr (P)
where ||-|| is the operator norm.

We also have [33]:
Corollary 1. Let a, § € C and A € B(H) such that
a+p

1
-2 < oot

For any C € B(H) and P € B (H) \ {0} we have the inequality
tr (PAC)  tr (PA) tr (PC)
tr (P) tr (P) tr(P)

-l fo- 50) )

(2.15)

1/2
<1 a (PICF) jupo)p
sl —m T e
In particular, if C € B(H) is such that
T
then
tr (P|C’|2) tr (PC) 2
216) 0= — " T | wp)
1 1 tr (PC)
<515-aliiy = (| (0 ) 7)
1/2
) tw(PICP) | (Pe)P? . .
3Pl =Em T T wm Sglp-el
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Also
r (PC? r (PC)\?
e |5 (P) - ()
oty (¢ 500
5 , 1/2
< %Iﬁ—fﬂ . Erp(f)' ) - tir(fp(;) = i 6=l

For other related results see [33].

3. ADDITIVE REVERSES OF SCHWARZ TRACE INEQUALITY

In order to simplify writing, we use the following notation
B.(H):={P € B(H), P is selfadjoint and P > 0}.
The following result holds:
Theorem 7. Let, either P € By (H), A, B € By (H) or P € Bf (H), A, B €
B(H) and v, T € C.
(i) We have
31)  0<tr (P \A|2> tr (P \3\2) ~|tr (PB*A))?
= Re {(Ftr (P |B|2) —tr (PB*A)) (tr (PA*B) — 7tr (P \B\Q))}
—tr (P|B) Re (tx [P (4"~ 7B") (TB - A)))
< 10— [ir (P18P)]
—tr (P |B|2) Re (tr [P (A* — 7B*) (TB — A)]).
(i) If
(3.2) Re (tr [P (A* —4B*)(IB—A)]) >0
or, equivalently

r *\ 1
(3.3) tr (P‘A— V;B‘ ) < P —9fe (P\B|2),

then
(34)  0<tr (P \A|2> tr (P \B\Z) ~ |tr (PB*A))?
< Re Krtr (P|B|2) Ctr (PB*A)) (tr (PA*B) — 7tr (P\BF))}

1 2
S aan)
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and
(3.5) 0< tr (P |A|2) tr (P |B|2) ~|tr (PB*A)?
1 2 212
< 2|7 =
< 10— [ (P1BI)]
— (P |B|2) Re (tr [P (A* — 7B*) (B — A)])
1 2 212
< - — .
<< I0—7] [tr (P1BP)]
Proof. Observe that, by the trace properties, we have

(3.6) I, :=Re [(rtr (P\B\Q) —tr(PB*A)) (tr (PA*B) — 7tr (P|B|2))]

= Re [(F tr (P |B|2) —tr (PB*A)) (m — e (P |B|2>)]

— Re {r tr (P |B|2) tr (PB*A) +7tr (PB*A) tr (P \B|2)
e (PB*A)]® — Ty [tr (p |B|Z’)}2
= tr (P |B|2) Re [Fm+7tr (PB*A)}
|t (PB*A))? — [tr (P |B|2)]2Re (I'9)
and
I = tr (P |B|2> Re (tr [P (A* — 7B*) (TB — A)])
_ (P \B|2) Re[tr ((PA*B +5PB*A — ST PB*B — PA*A)]
= tr (P \B|2) Re[[tr (PA*B) + 7tr (PB*A)]
AT tr (P|B|2> Ctr (P|A|2)}
— tr (P \B|2) Re [Fermr (PB*A)]
- [tr (P \B|2)]2Re (3T) — tr (p |B|2) tr (P |A|2) ,

for P a selfadjoint operator with P >0, A, B € By (H) and v, " € C.
Then we have

I — I =tr (P |B|2> tr (P \A|2) ~|tr (PB*A))?,

which proves the equality in (3.1).
Utilising the elementary inequality for complex numbers

1
Re (uv) < Z\u+v|2, u,v € C,
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we have
(87 Re|(Ttr (PIBP) —tr(PB*4)) (tr(PA"B) -7t (P|B))]

= Re {(I‘tr (PIBF) —w (PB 1)) (tr (PB*A) ~ytr (P |B|2>>}

< i [rtr (P|B|2> —tr (PB*A) + tr (PB*A) — vt (P|B|2>]2

= 20— [ (18P

which proves the last inequality in (3.1).
We have the equalities

1 T
(3.8) L0 =P PIBP - ‘A '” gha
1 r
—P| {1 - [4- 13 1L,

[1 r _\* r
—p 4|r—7|232—(A—7;B> (A—”Bﬂ

-]- 2 2
=P|-IT—+?|B
_4| 7 |B]

~y+T r r
AP+ A T arp - |
2 2

\w2

V—I—F

X v+T
A B*A
[ R R

P
F

r
[_|A +742r v+

A*B

~y+T
B*A+

A*B — Re (T'7) |B|1

for any bounded operators A, B, P and the complex numbers «, I' € C.
Let P be a selfadjoint operator with P > 0, A, B € By (H) and «, T’ € C. Taking
the trace in (3.8) we get

(3.9) 3|F—’y|2tr (PIBP) - tr (P‘A_MB‘ )

= (P1AP) —Re(Ty)tr (P|B)

T¥T r
+ % tr (PB*A) + % tr (PA*B)

=~ tr (P1AP) = Re(17) tr (P|BI*)

TFT r—
+ % tr (PB*A) + %tr (PB*A4)
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F tr (PB*A) + # tr (PB*A)

PIAP) —Re(T7)tr (P|B )

e
yor
or
yir

)]
—Re(I9)tr (P|BJ’) + Re[7tx (PB"A)] + Re [Ttx (PB*4)|
)

T
—tr (P|A]*) —Re (Iy) tr (P|B] )+2R [;t (PB*A)}

—tr (P|A?) = Re(I9) tr (P|B| )+Re [Ftr (PB*A)] + Re [T tr (PB*A)

—u (Pl4f)
(P14P)
(PlaP)
S (P |A|2)
= —tr (P|AP) ~ Re(17) tr (P|BI*) + Re[ytr (PB*A)] + Re [Ttr (PG A)

Utilising the equality for I above, we conclude that (3.2) holds if and only if (3.3)
holds, and the inequalities (3.4) and (3.5) thus follow from (3.1).

The case P € B (H), A, B € B(H) goes likewise and the details are omitted.

(|

For two given operators T', U € B (H) and two given scalars «, 8 € C consider
the transform

Cap (T,U) = (T —aU") (BU = T).

This transform generalizes the transform

Cap (T):= (T" —aly) (Bla = T) = Cap (T, 15),

where 1y is the identity operator, which has been introduced in [31] in order to
provide some generalizations of the well known Kantorovich inequality for operators
in Hilbert spaces.

We recall that a bounded linear operator T" on the complex Hilbert space (H, (-, -))
is called accretive if Re (Ty,y) > 0 for any y € H.

Utilizing the following identity

(3.10) Re(Cop (T,U)x,x) = Re(Cp,o (T,U) z,x)

-Uzx

_1 2 2 Ot+6
— 18— af sl - 72 - 2

1 9 2 a+pj
= 716-qf <|U| x,x>—<‘T— U

2
T, T

that holds for any scalars «, 8 and any vector x € H, we can give a simple charac-
terization result that is useful in the following;:

Lemma 1. Fora, f € C andT, U € B(H) the following statements are equivalent:

(i) The transform Co5 (T,U) (or, equivalently, Cg.o (T,U)) is accretive;
(ii) We have the norm inequality

1
(3.11) Tx — O“;B U:cH < §|5—a||\Ux||
for any x € H;
(iii) We have the following inequality in the operator order
2
1
’T— O‘;FB-U <7l8=al Ul

As a consequence of the above lemma we can state:
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Corollary 2. Let o, 8 € C and T, U € B(H). If Co g (T, U) is accretive, then

a-i—ﬁ_
2

(312) - 252 v) < 18 -alin.

Remark 1. In order to give examples of linear operators T, U € B(H) and numbers
a, B € C such that the transform Co g (T,U) is accretive, it suffices to select two
bounded linear operator S and V' and the complex numbers z, w (w # 0) with the
property that ||Sz — zVz|| < |w||Vz| for any x € H, and, by choosing T = S,
U=V,a=1(z+w) and B = § (2 — w) we observe that T and U satisfy (3.11),
i.e., Cop (T,U) is accretive.

Corollary 3. Let, either P € B, (H), A, B € By (H) or P € B (H), A, B €
B(H) and ~, I' € C. If the transform Cr (A, B) is accretive, then we have the
inequalities (3.4) and (8.5).

The case of selfadjoint operators is as follows.

Corollary 4. Let P, A, B be selfadjoint operators with either P € By (H), A,
B € By(H) or P € Bf (H), A, B € B(H) and m, M € R with M > m. If
(A—mB)(MB— A) >0, then

(3.13) 0 < tr (PA?) tr (PB?) — [tr (PBA)]?
< [(M tr (PB?) — tr (PBA)) (tr (PAB) — mtr (PB?))]
< 1 (M —m)? [ox (PB?)]?

and

(3.14) 0 < tr (PA?)tr (PB?) — [tr (PBA)]

< i (M —m)? [tr (PB?)]* — tr (PB?) tr [P (A — mB) (MB — A)]
1
4

We also have the following result:

IN

(M —m)? [tr (PB)]”.

Theorem 8. Let, either P € By (H), A, B € Bo(H) or P € Bf (H), A, B €
B(H) and X € C.

(i) We have
(3.15) 0<tr (P|B\2) tr (P|A\2) — Jtr (PB*A)|?

~ (P ‘ {tr (P |B\2>} Y4B 2)

2

{tr (P |B|2)} Yt (PBA)

(i) If there is r > 0 such that

tr (P ‘ {tr (P |B|2)]1/2 A—\B

) <o (1))
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then we have the reverse of Schwarz inequality

(3.16) 0< tr (P|B\2) tr (P|A\2) ~|tr (PB*A))?
<r? {tr (P \B\z)} -
< r? {tr (P \B\Q)} .

Proof. Using the properties of trace, we have for P >0, A, B € By (H) and A € C

that
[tr (P|B|2)}1/2A - ABD

Jpi=tr <P

= (P ([ (per)] " a-a) ([ (piF)] " a-am))

_ (P [tr (P |B|2> IA]> + A2 |B)?
X [tr (P |B|2)} Vg [tr (P |B|2)} i A*B])

—tr (PIBI*) tx (PIA]") + AP or (P1BI)

[tr (P |B|2>} Y~ (PBA) i

Y {tr (P|B\2)} Y (PBA) - 2 [tr (P |B|2)} Y (PA*B)

=t (P[B) tx (PIAP) + AP (P|BP?)
X e [ (P18R)] - TP [ur (18R)]
= tr (PIB]*) tx (PIA]?) + AP o (P|BI)

—2 [tr (P |B|2)} " Re (Xtr (PB*A))

and
b= [ (P1BP)] V2w
_ ([tr <P|B|2)r/2/\ ~tr (PB*A)) ([tr (P|B\2>r/2 A tr (PB*A))
— (P |B|2) A -2 [tr (P |B|2)} " Re (Mtr (PB*A)) + |tr (PB*A)|*.
Therefore
Jy — Jo

2

[tr (P|B|2)}1/2A—>\B {tr (P|B|2)T/2)\—tr (PB*A)

=tr (P

2)
and the equality (3.15) is proved.
The inequality (3.16) follows from (3.15).
The other case is similar. (]
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Corollary 5. Let, either P € By (H), C, D € By (H) or P € By (H), C, D €
B(H) and 6, A € C.

If
(3.17) Re (tr [P (C* —4D*) (AD - 0)]) >0

or, equivalently
1
) <7la-df e (P|D|2> :

(3.18) < ’c - #D
(3.19)  0<tr (P\CF) tr P|D|2) Itr (PD*C)|?

then

2

IA

’HA P|D| )—tr(PD*C’)

(
L1a o [ (PIDP)]
(

IN

1
Fla=o? [u(PID )}
Ha—op [ux (PID)
Proof. The equivalence of the inequalities (3.17) and (3.18) follows from Theorem
7 (ii).
If we write the inequality (3.18) for C' = A and D = B, we have

( ‘A— EB ) < 3|A—§|2tr (P|B\2) .
If we multiply this inequality by tr (P |B |2) >0 we get
o) o] e (1)) T2 e (1)

< % IA =5 tr (P |B|2) tr (P |B|2) .

)

A= # [tr (P |B|2)} V2 and r = % 1A~ §| {tr (P |B|2)]1/2 .
Then by (3.20) we have

tr <P ‘ [tr (P |B|2)} A

2
) <7r?tr (P |B|2> ,
and by (3.16) we get

0< tr (P |B|2> tr (P \AIZ) — [tr (PB*A)?
’6+A

Let

2

IN

1 2
1A= | (P(BP)

s e (107

and the inequality (3.19) is proved. O

Corollary 6. Let, either P € By (H), C, D € By (H) or P € Bf (H), C, D €
B(H) and 6, A € C. If the transform Cs a (C,D) is accretive, then we have the
inequalities (3.19).

P B ) —tr (PB*A)

IN
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The case of selfadjoint operators is as follows.

Corollary 7. Let P, C, D be selfadjoint operators with either P € By (H), C,
D € By(H) or P € Bf (H), C, D € B(H) and n, N € R with N > n. If
(C—nD)(ND —C) >0, then

(3.21) 0 < tr (PC?) tr (PD?) — [tr (PDC))?
1 2 2 (n+N 2
< WV—n) [tr (PD?)]” — ( tr (PD?) — tr (PDC))
< (V=) [ir (PD?))

4. TRACE INEQUALITIES OF GRUSS TYPE

Let P be a selfadjoint operator with P > 0. The functional (-, ->27P defined by
(A, B)y p:=tr(PB*A) = tr (APB") = tr (B"AP)

is a nonnegative Hermitian form on By (H), i.e. (-, '>27P satisfies the properties:
(h) (A, A)y p > 0for any A € By (H);
(hh) (-, ), p is linear in the first variable;
(hhh) (B, A), p = (A,B), p for any A, B € By (H).
Using the properties of the trace we also have the following representations

JAI2 = tr (P|A\2) — tr (APA*) = tr (|A|2P)
and
(A,B)y p =tr (APB*) = tr (B"AP)
for any A, B € By (H).
For a pair of complex numbers (o, 8) and P € B (H), in order to simplify the

notations, we say that the pair of operators (U, V) € By (H) x B2 (H) has the trace
P-(a, B)-property if

Re (tr [P (U* —@V*) (BV — U)]) > 0

or, equivalently

tr(P’U—a—;BV

2
1 2 2
< -|6—- .
) < ;1B—afu(PVP)
The above definitions can be also considered in the case when P € B (H) and A,
BeB(H).

Theorem 9. Let, either P € By (H), A, B, C € By (H) or P € B (H), A, B,
CeB(H)and A\, T, 9, A € C. If (A,C) has the trace P-(\,T')-property and (B, C
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has the trace P-(0,A)-property, then
(4.1) ‘u« (PB*A) tr (P |C|2) — tr (PC*A) tr (PB*C)‘
< tr (P |0|2) [ D —~]|A = d] tr <P \0|2)
— [Re (tr [P (A" —5C") (TC — A)])]'/?
x [Re (i [P (B" = 6C") (AC - B)))]?]
1 2\ 12
< 2T — _
< 10 —sl1a o i (PICP)]
Proof. We prove in the case that P € By (H) and A, B, C € By (H) .

Making use of the Schwarz inequality for the nonnegative hermitian form (-, -), p
we have

2
(A/B)ap| < (A, 40,5 (B.B)yp

for any A, B € By (H).
Let C € By (H), C # 0. Define the mapping [, -], p o : B2 (H) X B2 (H) — C by

[4, B]2,P,C = (4, B>2,P HC”;P — (4, C>27P (c, B>2,P

Observe that [, -], p o is a nonnegative Hermitian form on By (H) and by Schwarz
inequality we also have

(A, B p [CIB p — (4, C)y p (OBl |
2 2
< 1A 1C18 5 = [4,Cho o] [IBI £ 1C18 5 = [(B,C0, ]
for any A, B € By (H), namely
(4.2) tr (PB*A) tr (P \cﬁ) —tr (PC*A) tr (PB*C)(2
< [tr (P |A|2) tr (P |C|2) — |tr (PC*A)ﬂ
X [tr (P|B\2) tr (P|C|2) - |tr(PC’*B)\2} :

2
where for the last term we used the equality ‘(B C)y p (C,B), P‘

Since (A, C) has the trace P-(A,T')-property and ( () has the trace P-(d,A)
-property, then by (3.5) we have

(4.3) 0< tr (P \A|2> tr (P \cﬁ) — Jtr (PC* A)[?
< tr (P \C|2)

X E T — 4 {tr (P |C’|2>} ~Re(tr[P (A* — 5C*) (IC — A)])
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and

(44)  0<tr (P \B\Q) tr (P |C|2) — |tr (PC*B)|?

<tr (P \C|2)

x B A~ [tr (PICI?)] ~ Re (i [P (B° ~3C7) (AC - B)})} .
If we multiply (4.3) with (4.4) and use (4.2), then we get

(4.5) ‘2

tr (PB*A) tr (P |C|2) — tr (PC*A) tr (PB*C)
- 2
< [tr (P |0|2)}

< [0 =f e (PICR)] - Refir P (4" - 50%) e - )]

< [F1a— 0P [ir (PICP)] ~ Re (i [P (B* - 507) (AC - B)])} .
Utilising the elementary inequality for positive numbers m, n, p, q

(m? —n?) (p* — ¢*) < (mp —nq)*,

we can state that

(4.6) B D — [ [tr (P |C|2>} — Re (tr[P (A* — 5C*) (IC — A)])]
x E A =3 [tr (PIC*)| = Re (tr [P (B* ~ 35C7) (AC - B)])}

< (ir-atia-aife (picr)
— [Re (tr [P (A" —7C™) (TC — A)])]'/?
x [Re (tr [P (B* =3C") (AC = B)])] 1/2)2

with the term in the right hand side in the brackets being nonnegative.
Making use of (4.5) and (4.6) we then get

(4.7) ‘tr (PB*A) tr (P |C’|2> —tr (PC*A) tr (PB*C)

< [ (PIcP)] (i T =Al1a =0 [ (PlCP?)]
~ [Re (tr [P (4" = 75C") (PO — A

‘ 2

* EVati 1/2 2
x [Re (i [P (B = 6C*) (aC - B)))]*) "
Taking the square root in (4.7) we obtain the desired result (4.1).

([l
Corollary 8. Let, either P € By (H), A, B, C € By (H) or P € B (H), A, B,
C e B(H)and A\, T, 6, A € C. If the transforms Cxr (A,C) and Cs.a (B,C) are
accretive, then the inequality (4.1) is valid.

‘We have:
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Corollary 9. Let P, A, B, C be selfadjoint operators with either P € B, (H),
A B, Ce€By(H)orPeBf(H), A B,C € B(H) and m, M, n, N € R with
M >mand N >n. If (A—mC)(MC — A) >0 and (B —nC) (NC — B) > 0 then

(4.8) |tr (PBA) tr (PC?) — tr (PCA) tr (PBC))|
< tr (PC?) i (M —m) (N —n)tr (PC?)

— [Re (tr (A — mC) (MC — A))]"/?
% [Re (tr [P (B — nC) (NC — B)ml/ﬂ

(M —m) (N —n) [tr (PC'Q)]2 .

»4>\>—*

Finally, we have:
Theorem 10. With the assumptions of Theorem 9 we have

(4.9)

tr (PB*A) tr (p |c|2) —tr (PC*A) tr (PB*O)‘

< tr (P |C|2> [i T —~[|A — 4| tr (P \C|2)

x ‘6+Atr (P\C|2) r(PC*B H

L —1a i (PIoP)]

If the transforms Cy r (A C) and Cs A (B, C) are accretive, then the inequality (4.9)
also holds.

The proof is similar to the one for Theorem 9 via the Corollary 5 and the details
are omitted.

Corollary 10. With the assumptions of Corollary 9 we have
(4.10) |tr (PBA) tr (PC?) — tr (PCA) tr (PBC))|

< tr (PC?) [i (M —m) (N —n)tr (PC?)

- M;m tr (PC?) — tr (PCA)’
i N (PC?) — e (POB) H
< 3 (M —m) (N =) [ix (PC?))*.

5. SOME EXAMPLES IN THE CASE OF P € 3y (H)

Utilising the above results in the case when P € By (H), A€ B(H) and B = 1y
we can also state the following inequalities that complement the earlier results
obtained in [33]:
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Proposition 2. Let P € Bf (H), Ac B(H) and v, T € C.
(i) We have

tr (P |A|2) tr (PA)

(5.1) 0< -

tr (P) tr (P)

[ (-55) (657

2

o (lp) Re (tr [P (A* —71y) (T1y — A)])

< i D= - — (1P) Re (tr [P (A" —71g) (T1g — A))).
(ii) If
(5.2) Re(tr[P (A" —=F1y) (T1y — A)]) >0
or, equivalently

2
(5.3) ﬁtr (P'A—”J;Fh{ ) §i|1"—’y|2,
and we say for simplicity that A has the trace P-(\,T')-property, then
tr (P|A‘2) tr(PA) 2
(54) 0 =@ | w@
tr (PA) tr (PA*) _ 1 2
<re|(r-557) (e 7)) <5
and
tr (P|A|2) tr (PA) 2
65 0= —rH T T w@
< 10— = o Re (1 [P (A" = 71) (P = A)) < 7 0=+

(i11) If the transform Cxr (A) := (A* —71y) (Cly — A) is accretive, then the in-
equalities (5.4) and (5.5) also hold.

Corollary 11. Let P € B (H), A be a selfadjoint operator and m, M € R with
M >m.
(i) If (A —mlyg)(M1ly — A) >0, then

tr (PA%)  [tr(PA)]”
(56) o<y e
tr (PA)\ (tr(PA) 1
<|(v-55) (i )] < qor-mr
and
tr (PA%)  [tr(PA)]?
e o< -
< i(Mfm)Q - tr(lp) tr[P (A —mB) (MB — A)] < i(Mfm)Q
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(i) If mly < A< M1y, then (5.6) and (5.7) also hold.
We have the following reverse of Schwarz inequality as well:

Proposition 3. Let P € Bf (H), A€ B(H) and v, T € C.
(i) If A has the trace P-(\,T')-property, then

2
(5.8) o<tr(P|A‘ ) jueap
' - tr(P) tr (P)
1 2 F+’y tI‘(PA)2 1 2
<SP —AP— |0 < ST =2,
< 7=l 5 r (P) <7T-

(it) If the transform Cypr (A) = (A* —7ly) (Tly — A) is accretive, then the
inequality (5.8) also holds.

Corollary 12. Let P € B (H), A be a selfadjoint operator and m, M € R with
M > m.
(i) If (A—mlyg)(M1lyg — A) >0, then

tr (PA?)  [tr(PA)]”

G 0=y ‘[tuP>}
1 9 m+M  tr(PA) 2 9
SZ(M*m) ‘ 2w (p) Sz(M*m)

(i) If mly < A< M1y, then (5.9) also holds.
Finally, we have the following Griiss type inequality as well:

Proposition 4. Let P € By (H), A, B€ B(H) and \, T, §, A € C.
(i) If A has the trace P-(\,T")-property and B has the trace P-(§,A)-property,
then

tr (PB*A)  tr(PA) tr (PB¥)
(5.10) tr(P)  tr(P) tr(P)
< [3ir-alia-s
~ 0 e (0 [P (4" = 710) (L — A
X (IP) [Re (tr [P (B* = 31y (Al — B)])] 1/2} < % T —~]]A = 4|
and
tr (PB*A)  tr(PA) tr (PB*)
(5:11) tr(P)  tr(P) tr(P)
1 Tty t(PA|[§+A tr(PB)
<Ir-qla-g- |2 P04 2 HED)
§3|F77||A75|.

(1) If the transforms Cxr (A) and Cs.a (B) are accretive then (5.10) and (5.11)
also hold.

The case of selfadjoint operators is as follows:
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Corollary 13. Let P, A, B be selfadjoint operators with P € B (H), A, B € B(H)
and m, M, n, N € R with M >m and N > n.

(5.12)

(i) If (A—mly)(M1ly —A) >0 and (B—nlyg)(Nlg — B) >0 then
tr (PBA) tr(PA)tr(PB)
tr(P)  tr(P) tr(P) ‘

< |JOr-m@ -

1
r(P)
1

[Re (tr (A —mly) (M1y — A))]"/?

-+

X

-+

—(py [Re (tr [P (B = nla) (V1 - B)])]l/“}
< 3 (M —m)(N —n)

and

(5.13)

(1]
2]

(3]

tr (PBA) tr(PA)tr(PB)
tr(P)  tr(P) tr(P)'

1
E(M—m)(N—n

IN

m+M  tr(PA)
)_‘ 2 tr(P)

n+ N tr(PB)
2 tr(P) ‘

IN

1
Z(Mfm)(an).
(i) If mly < A< Mlpg andnly < B < Nlpg then (5.12) and (5.13) also hold.
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