
GENERALIZATION OF HERMITE-HADAMARD TYPE
INEQUALITIES FOR n-TIMES DIFFERENTIABLE FUNCTIONS
WHICH ARE s-PREINVEX IN THE SECOND SENSE WITH

APPLICATIONS

M. A. LATIF1 AND S. S. DRAGOMIR2,3

Abstract. In this paper, Hermite-Hadamard inequality for differentiable prein-
vex functions is generalized and refined for n-times differentiable functions
which are s-preinvex in the second sense. Some recent results are also im-
proved and applications to special means of positive numbers are given.

1. Introduction

The following definition for convex functions is well known in the mathematical
literature:

Definition 1. A function f : I → R, ∅ 6= I ⊆ R, is said to be convex on I if
inequality

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y),
holds for all x, y ∈ I and t ∈ [0, 1].

A number of inequalities have been established for convex functions but the
following double inequalites, know as Hermite-Hadmard inequalities, are famous in
mathematical literature

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
, (1.1)

where f : I ⊆ R → R is a convex mapping and a, b ∈ I ⊆ R with a < b. The in-
equalities (1.1) hold in reversed direction if f is concave. A number of papers have
been written on this inequality providing new proofs, noteworthy extensions, gener-
alizations, refinements, counterparts and new Hermite-Hadamard-type inequalities
and numerous applications, see for instance [7]-[11], [13], [15], [20]-[23], [29], [31],
[32]-[34], [36], [37] and the references therein.
In recent years, the calssical convexity has been generalized and extended in a

diverse manner. One of them is the preinvexity, introduced by Weir et al. [38] as
a significant generalization of convex functions. Many researchers have studied the
basic properties of the preinvex functions and their role in optimization, variational
inequalities and equilibrium problems, for example see the work of Mohn et al. [24],
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Noor [26] and Yang et al. [41]. It is well known that the preinvex functions and
invex sets may not be convex functions and convex sets.
Let us recall some definitions and known results concerning invexity and prein-

vexity

Definition 2. [41] A set K ⊆ Rn is said to be invex with respect to η : K×K → Rn
if

x+ tη(y, x) ∈ K, ∀x, y ∈ K, t ∈ [0, 1].
The invex set K is also called a η-connected set.

Definition 3. [38] Let K ⊆ Rn be an invex set with respect to η : K ×K → Rn.
A function f : K → R is said to be preinvex with respect to η, if for all u, v ∈ K
and t ∈ [0, 1]

f(u+ tη(v, u)) ≤ (1− t) f(u) + tf(v).
The function f is said to be preconcave if and only if −f is preinvex.
It is to be noted that every preinvex function is convex with respect to the map

η (x, y) = x− y but the converse is not true see for instance [38].
Noor [28], proved the following Hermite-Hadamard inequalities.

Theorem 1. [28] Let f : K = [a, a+ η(b, a)] → (0,∞) be a preinvex function
on the interval of the real numbers K◦ (the interior of K) and a, b ∈ K◦ with
η(b, a) > 0. Then the following inequalities holds:

f

(
2a+ η(b, a)

2

)
≤ 1

η(b, a)

∫ a+η(b,a)

a

f (x) dx ≤ f (a) + f (b)

2
. (1.2)

Barani, Ghazanfari and Dragomir in [5], presented the follwoing estimates of the
right-side of a Hermite-Hadamard type inequality in which some preinvex functions
are involved.

Theorem 2. [5] Let K ⊆ R be an open invex subset with respect to η : K×K → R.
Suppose that f : K → R is a differentiable function .Assume p ∈ R with p > 1.

If
∣∣∣f ′ ∣∣∣ p

p−1
is preinvex on K then, for every a, b ∈ K with η (b, a) 6= 0, then the

following inequality holds:∣∣∣∣∣f(a) + f(a+ η (b, a))2
− 1

η (b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣
≤ |η (b, a)|
2 (1 + p)

1
p


∣∣∣f ′ (a)∣∣∣ p

p−1
+
∣∣∣f ′ (b)∣∣∣ p

p−1

2


p−1
p

. (1.3)

Theorem 3. [5]Let K ⊆ R be an open invex subset with respect to η : K×K → R.
Suppose that f : K → R is a differentiable function. If

∣∣∣f ′ ∣∣∣ is preinvex on K then,

for every a, b ∈ K with η (b, a) 6= 0, then the following inequality holds:∣∣∣∣∣f(a) + f(a+ η (b, a))2
− 1

η (b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣
≤ |η (b, a)|

8

(∣∣∣f ′ (a)∣∣∣+ ∣∣∣f ′ (b)∣∣∣) . (1.4)
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More recently, Li [42] introduced the notion of s-preinvexity and established
Hermite-Hadamard type inequalities for this class of functions.

Definition 4. [42] Let K ⊆ [0,∞) be an invex set with respect to η : K×K → Rn.
A function f : K → R is said to be s-preinvex with respect to η, if for all u, v ∈ K,
t ∈ [0, 1] and s ∈ (0, 1]

f(u+ tη(v, u)) ≤ (1− t)s f(u) + tsf(v).

The function f is said to be s-preconcave if and only if −f is s-preinvex.

Theorem 4. [42] Let f : K = [a, a+ η(b, a)] ⊆ [0,∞) → (0,∞) be a s-preinvex
function on the interval of the real numbers K◦ (the interior of K) and a, b ∈ K◦

with η(b, a) > 0. Then the following inequalities holds:

2s−1f

(
2a+ η(b, a)

2

)
≤ 1

η(b, a)

∫ a+η(b,a)

a

f (x) dx ≤ f (a) + f (b)

s+ 1
. (1.5)

For more recent results on Hermite-Hadamard type and Simpson’s type inequal-
ities for preinvex, log-preinvex functions, s-preinvex functions, prequasiinvex func-
tions and n-times differentiable preinvex functions, we refer the interested readers
to [4, 16, 17, 18, 19, 35, 39, 40, 42].
The main purpose of the present paper is to establish new Hermite-Hadamard

type inequalities in Section 2 that are connected with the right-side and left-side of
Hermite-Hadamard inequality for n-times differentiable s-preinvex functions which
generalize those results established for n-times differentiable preinvex functions and
n-times differentiable convex functions.

2. Main Results

In order to prove our main results, we need the following lemmas:

Lemma 1. [16] Let K ⊆ R be an open invex subset with respect to η : K×K → R.
Suppose f : K → R is a function such that f (n) exists on K for n ∈ N, n ≥ 1. If
f (n) is integrable on [a, a+ η (b, a)], then for every a, b ∈ K with η (b, a) > 0, the
following equality holds:

− f (a) + f (a+ η (b, a))

2
+

1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

+

n−1∑
k=2

(−1)k (k − 1) (η (b, a))k

2 (k + 1)!
f (k)(a+ η (b, a))

=
(−1)n−1 (η (b, a))n

2n!

∫ 1

0

tn−1 (n− 2t) f (n)(a+ tη (b, a))dt, (2.1)

where the sum above takes 0 when n = 1 and n = 2.

Lemma 2. [16] Let K ⊆ R be an open invex subset with respect to η : K×K → R.
Suppose f : K → R is a function such that f (n) exists on K for n ∈ N, n ≥ 1. If
f (n) is integrable on [a, a+ η (b, a)], then for every a, b ∈ K with η (b, a) > 0, the
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following equality holds:

n−1∑
k=0

[
(−1)k + 1

]
(η (b, a))

k

2k+1 (k + 1)!
f (k)

(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

=
(−1)n+1 (η (b, a))n

n!

∫ 1

0

Kn(t)f
(n)(a+ tη (b, a))dt, (2.2)

where

Kn(t) :=

 tn, t ∈
[
0, 12
]

(t− 1)n , t ∈
(
1
2 , 1
] .

We are now ready to present our first result.

Theorem 5. Let K ⊆ [0,∞) be an open invex subset with respect to η : K×K → R.
Suppose f : K → R is a function such that f (n) exists on K and f (n) is integrable
on [a, a+ η (b, a)] for n ∈ N, n ≥ 2. If

∣∣f (n)∣∣q for q ≥ 1, is s-preinvex on K for
n ∈ N, n ≥ 2, then for every a, b ∈ K with η (b, a) > 0, we have the following
inequality:

∣∣∣∣∣f (a) + f (a+ η (b, a))2
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

−
n−1∑
k=2

(−1)k (k − 1) (η (b, a))k

2 (k + 1)!
f (k)(a+ η (b, a))

∣∣∣∣∣
≤ (η (b, a))

n

2n!

(
n− 1
n+ 1

)1− 1
q (
Q
∣∣∣f (n)(a)∣∣∣q + P ∣∣∣f (n)(b)∣∣∣q) 1

q

, (2.3)

where

P =
n (n− 1) + s (n− 2)
(n+ s) (n+ s+ 1)

, Q = nB (n, s+ 1)− 2B (n+ 1, s+ 1)

and

B(x, y) =

∫ 1

0

tx−1 (1− t)y−1

for x > 0, y > 0 is the Beta’s function.
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Proof. Suppose n ≥ 2 and q = 1. By s-preinvexity of
∣∣f (n)∣∣ and lemma 1, we get∣∣∣∣∣f (a) + f (a+ η (b, a))2

− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

−
n−1∑
k=2

(−1)k (k − 1) (η (b, a))k

2 (k + 1)!
f (k)(a+ η (b, a))

∣∣∣∣∣
≤ (η (b, a))

n

2n!

∫ 1

0

tn−1 (n− 2t)
∣∣∣f (n)(a+ tη (b, a))∣∣∣ dt

≤ (η (b, a))
n

2n!

∫ 1

0

tn−1 (n− 2t)
(
(1− t)s

∣∣∣f (n)(a)∣∣∣+ ts ∣∣∣f (n)(b)∣∣∣) dt
=
(η (b, a))

n

2n!

(∣∣∣f (n)(b)∣∣∣ ∫ 1

0

tn+s−1 (n− 2t) dt+
∣∣∣f (n)(a)∣∣∣ ∫ 1

0

tn−1 (n− 2t) (1− t)s dt
)
.

(2.4)

Since ∫ 1

0

tn+s−1 (n− 2t) dt = n (n− 1) + s (n− 2)
(n+ s) (n+ s+ 1)

= P

and ∫ 1

0

tn−1 (n− 2t) (1− t)s dt = n

∫ 1

0

tn−1 (1− t)s dt− 2
∫ 1

0

tn (1− t)s dt

= nB (n, s+ 1)− 2B (n+ 1, s+ 1) = Q.

Using the above observations in (2.4), we get (2.3). The proof for the case q = 1 is
complete.
Assume now that q > 1, then by the s-preinvexity of

∣∣f (n)∣∣q on K, lemma 1 and
the Hölder’s inequality, we have∣∣∣∣∣f (a) + f (a+ η (b, a))2

− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

−
n−1∑
k=2

(−1)k (k − 1) (η (b, a))k

2 (k + 1)!
f (k)(a+ η (b, a))

∣∣∣∣∣
≤ (η (b, a))

n

2n!

(∫ 1

0

tn−1 (n− 2t) dt
)1− 1

q
(∫ 1

0

tn−1 (n− 2t)
∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt) 1

q

≤ (η (b, a))
n

2n!

(∫ 1

0

tn−1 (n− 2t) dt
)1− 1

q

×
(∣∣∣f (n)(b)∣∣∣q ∫ 1

0

tn+s−1 (n− 2t) dt+
∣∣∣f (n)(a)∣∣∣q ∫ 1

0

tn−1 (n− 2t) (1− t)s
) 1
q

(2.5)

which is the inequality (2.3). Hence the proof of the theorem is completed. �

Remark 1. If in Theorem 5, we take s = 1, we get Theorem 8 from [16].
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Corollary 1. Suppose the assumptions of Theorem 5 are satisfied. Then for n = 2,
we have

∣∣∣∣∣f (a) + f (a+ η (b, a))2
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (η (b, a))

2

2

(
1

6

)1− 1
q


∣∣∣f ′′(a)∣∣∣q + ∣∣∣f ′′(b)∣∣∣q
(s+ 3) (s+ 2)


1
q

. (2.6)

Remark 2. If in Corollary 1 s = 1, we get a result proved in Corollary 1 from
[16].

Remark 3. If in Theorem 5, we take η (b, a) = b−a. Then one gets a result proved
in Theorem 1.1 from [11].

Theorem 6. Let K ⊆ [0,∞) be an open invex subset with respect to η : K×K → R.
Suppose f : K → R is a function such that f (n) exists on K and f (n) is integrable
on [a, a+ η (b, a)] for n ∈ N, n ≥ 2. If

∣∣f (n)∣∣q for q ≥ 1, is s-preinvex on K for
n ∈ N, n ≥ 2, then for every a, b ∈ K with η (b, a) > 0, we have the following
inequality:

∣∣∣∣∣f (a) + f (a+ η (b, a))2
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

−
n−1∑
k=2

(−1)k (k − 1) (η (b, a))k

2 (k + 1)!
f (k)(a+ η (b, a))

∣∣∣∣∣
≤ (η (b, a))

n
(n− 1)1−1/q

2n!

×
[
{nB (nq − q + 1, s+ 1)− 2B (nq − q + 2, s+ 1)}

∣∣∣f (n)(a)∣∣∣q{
+

n

nq − q + s+ 1 −
2

nq − q + s+ 2

} ∣∣∣f (n)(b)∣∣∣q1/q]1/q , (2.7)

where

B(x, y) =

∫ 1

0

tx−1 (1− t)y−1

for x > 0, y > 0 is the Beta’s function.
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Proof. The case when q = 1 is easy to prove so we assume that q > 1. By making
use of Lemma 1, the Hölder inequality and the s-preinvexity of

∣∣f (n)∣∣q, we have∣∣∣∣∣f (a) + f (a+ η (b, a))2
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

−
n−1∑
k=2

(−1)k (k − 1) (η (b, a))k

2 (k + 1)!
f (k)(a+ η (b, a))

∣∣∣∣∣ ≤ (η (b, a))n2n!

(∫ 1

0

(n− 2t) dt
)1−1/q

×
∫ 1

0

tq(n−1) (n− 2t)
(
(1− t)s

∣∣∣f (n)(a)∣∣∣q + ts ∣∣∣f (n)(b)∣∣∣q) dt = (η (b, a))
n
(n− 1)1−1/q

2n!

×
[
{nB (nq − q + 1, s+ 1)− 2B (nq − q + 2, s+ 1)}

∣∣∣f (n)(a)∣∣∣q
+

{
n

nq − q + s+ 1 −
2

nq − q + s+ 2

} ∣∣∣f (n)(b)∣∣∣q1/q]1/q . (2.8)

This completes the proof of the theorem. �

Corollary 2. Suppose the conditions of Theorem 6 are fulfilled and n = 2. Then∣∣∣∣∣f (a) + f (a+ η (b, a))2
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (η (b, a))

2

22−1/q
×
[
{B (q + 1, s+ 1)−B (q + 2, s+ 1)}

∣∣∣f ′′(a)∣∣∣q
+

∣∣∣f ′′(b)∣∣∣q
(q + s+ 1) (q + s+ 2)

1/q , (2.9)

where B(x, y), x, y > 0 is the Beta’s function.

Corollary 3. If we take q = 1 and s = 1 in Corollary 3. Then∣∣∣∣∣f (a) + f (a+ η (b, a))2
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (η (b, a))

2

24

[∣∣∣f ′′(a)∣∣∣q + ∣∣∣f ′′(b)∣∣∣] . (2.10)

Remark 4. For η (b, a) = b−a, we obtain new bounds of the difference between the
middle and right side of Hermite-Hadamard inequalities (1.1) in terms of second
order derivatives.

Now we give some results related to left-side of Hermite-Hadamard’s inequality
for n-times differentiable s-preinvex functions.

Theorem 7. Let K ⊆ [0,∞) be an open invex subset with respect to η : K×K → R.
Suppose f : K → R is a function such that f (n) exists on K and f (n) is integrable
on [a, a+ η (b, a)] for n ∈ N, n ≥ 1. If

∣∣f (n)∣∣qfor q > 1, is s-preinvex on K for
n ∈ N, n ≥ 1, s ∈ (0, 1], then for every a, b ∈ K with η (b, a) > 0, we have the
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following inequality:∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
(η (b, a))

k

2k+1 (k + 1)!
f (k)

(
a+

1

2
η (b, a)

)

− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣ ≤ (η (b, a))
n

2nn! (np+ 1)
1
p

[∣∣f (n)(a)∣∣q + ∣∣f (n)(b)∣∣q
s+ 1

] 1
q

,

(2.11)

where 1
p +

1
q = 1.

Proof. Suppose n ≥ 1. By using lemma 2 and the s-preinvexity of
∣∣f (n)∣∣q on K for

n ∈ N, n ≥ 1, q > 1, we have∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
(η (b, a))

k

2k+1 (k + 1)!
f (k)

(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣∣
≤ (η (b, a))

n

n!

∫ 1

0

|Kn(t)|
∣∣∣f (n)(a+ tη (b, a))∣∣∣ dt

≤ (η (b, a))
n

n!

(∫ 1

0

|Kn(t)|p
) 1
p
(∫ 1

0

∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt) 1
q

. (2.12)

Since ∫ 1

0

|Kn(t)|p =
∫ 1

2

0

tnpdt+

∫ 1

1
2

(1− t)np dt = 1

2np (np+ 1)

and ∫ 1

0

∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt ≤ ∫ 1

0

(1− t)s
∣∣∣f (n)(a)∣∣∣q dt+ ∫ 1

0

ts
∣∣∣f (n)(b)∣∣∣q dt

=

∣∣f (n)(a)∣∣q + ∣∣f (n)(b)∣∣q
s+ 1

An application of the above observations (2.12), we get the desired inequality (2.11).
This completes the proof of the theorem. �

Corollary 4. Under the assuptions of Theorem 7, if n = 2, then we obtain the
following inequality:∣∣∣∣∣f

(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (η (b, a))

2

8 (2p+ 1)
1
p


∣∣∣f ′′(a)∣∣∣q + ∣∣∣f ′′(b)∣∣∣q

s+ 1


1
q

, (2.13)

where 1
p +

1
q = 1.
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Corollary 5. In Corollary 4, if we take s = 1, then one gets the following result:

∣∣∣∣∣f
(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (η (b, a))

2

8 (2p+ 1)
1
p


∣∣∣f ′′(a)∣∣∣q + ∣∣∣f ′′(b)∣∣∣q

2


1
q

, (2.14)

where 1
p +

1
q = 1.

Corollary 6. In Theorem 7, if η (b, a) = b− a, we have the following inequality:

∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
(b− a)k

2k+1 (k + 1)!
f (k)

(
a+ b

2

)
− 1

b− a

∫ b

a

f (x) dx

∣∣∣∣∣∣
≤ (b− a)n

2nn! (np+ 1)
1
p

[∣∣f (n)(a)∣∣q + ∣∣f (n)(b)∣∣q
s+ 1

] 1
q

, (2.15)

where 1
p +

1
q = 1.

A different approach leads us to the following result:

Theorem 8. Let K ⊆ [0,∞) be an open invex subset with respect to η : K×K → R.
Suppose f : K → R is a function such that f (n) exists on K and f (n) is integrable
on [a, a+ η (b, a)] for n ∈ N, n ≥ 1. If

∣∣f (n)∣∣q s-is preinvex on K for n ∈ N, n ≥ 1,
q ∈ R, q > 1, then for every a, b ∈ K with η (b, a) > 0, we have the following
inequality:

∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
(η (b, a))

k

2k+1 (k + 1)!
f (k)

(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣∣
≤ (η (b, a))

n

2n+
1
p (np+ 1)

1
p n!

((2s+1 − 1) ∣∣f (n)(a)∣∣q + ∣∣f (n)(b)∣∣q
2s+1 (s+ 1)

) 1
q

+

(∣∣f (n)(a)∣∣q + (2s+1 − 1) ∣∣f (n)(b)∣∣q
2s+1 (s+ 1)

) 1
q

 , (2.16)

where 1
p +

1
q = 1.
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Proof. From lemma 2 and the power-mean integral inequality, we have∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
(η (b, a))

k

2k+1 (k + 1)!
f (k)

(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣∣
≤ (η (b, a))

n

n!

(∫ 1
2

0

tnpdt

) 1
p
(∫ 1

2

0

∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt) 1
q

+

(∫ 1

1
2

(1− t)np dt
) 1
p
(∫ 1

1
2

∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt) 1
q

 . (2.17)

Since
∣∣f (n)∣∣q is s-preinvex on K in the second sense for n ∈ N, n ≥ 1, q ∈ R, q > 1

and s ∈ (0, 1]. Hence for every a, b ∈ K with η (b, a) > 0, we have∫ 1
2

0

tn
∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt ≤ ∣∣∣f (n)(a)∣∣∣q ∫ 1

2

0

(1− t)s dt+
∣∣∣f (n)(b)∣∣∣q ∫ 1

2

0

tsdt

=
2s+1 − 1
2s+1 (s+ 1)

∣∣∣f (n)(a)∣∣∣q + 1

2s+1 (s+ 1)

∣∣∣f (n)(b)∣∣∣q (2.18)

and∫ 1
2

0

∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt ≤ ∣∣∣f (n)(a)∣∣∣q ∫ 1

1
2

(1− t)s dt+
∣∣∣f (n)(b)∣∣∣q ∫ 1

1
2

tsdt

=
1

2s+1 (s+ 1)

∣∣∣f (n)(a)∣∣∣q + 2s+1 − 1
2s+1 (s+ 1)

∣∣∣f (n)(b)∣∣∣q . (2.19)

Also ∫ 1
2

0

tnpdt =

∫ 1

1
2

(1− t)np dt = 1

2np+1 (np+ 1)
. (2.20)

Using (2.18), (2.19) and (2.20) in (2.17), we get the required inequality (2.16). This
completes the proof of the theorem.oved in [26]. �

Remark 5. For s = 1, Theorem 8 becomes Theorem 11 from [16].

Corollary 7. For s = 1 and n = 2, we get the following inequality from [16]:∣∣∣∣∣f
(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (η (b, a))

2

8 · 2
1
p (2p+ 1)

1
p


3

∣∣∣f ′′(a)∣∣∣q + ∣∣∣f ′′(b)∣∣∣q
8


1
q

+


∣∣∣f ′′(a)∣∣∣q + 3 ∣∣∣f ′′(b)∣∣∣q

8


1
q

 , (2.21)

where 1
p +

1
q = 1.
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Theorem 9. Let K ⊆ [0,∞) be an open invex subset with respect to η : K×K → R.
Suppose f : K → R is a function such that f (n) exists on K and f (n) is integrable
on [a, a+ η (b, a)] for n ∈ N, n ≥ 1. If

∣∣f (n)∣∣q s-is preinvex on K for n ∈ N, n ≥ 1,
q ∈ R, q ≥ 1, then for every a, b ∈ K with η (b, a) > 0, we have the following
inequality:∣∣∣∣∣∣

n−1∑
k=0

[
(−1)k + 1

]
(η (b, a))

k

2k+1 (k + 1)!
f (k)

(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣∣
≤ (η (b, a))

n
(n+ 1)

1
q

2(n+1)(1−
1
q ) (n+ 1)!

[(
L
∣∣∣f (n)(a)∣∣∣q +M ∣∣∣f (n)(b)∣∣∣q) 1

q

+
(
M
∣∣∣f (n)(a)∣∣∣q +N ∣∣∣f (n)(b)∣∣∣q) 1

q

]
, (2.22)

where

L = B

(
1

2
;n+ 1, s+ 1

)
,M =

1

2n+s+1 (n+ s+ 1)
,

N = B (s+ 1, n+ 1)−B
(
1

2
; s+ 1, n+ 1

)
and

B(x, y) =

∫ 1

0

tx−1 (1− t)y−1

for x > 0, y > 0 is the Beta’s function, and

B(z;x, y) =

∫ z

0

tx−1 (1− t)y−1

is the generalization of the Beta function B(x, y).

Proof. It is not diffi cult to see that (2.22) holds true for q = 1. Suppose that q > 1.
From lemma 2 and the Hölder’s integral inequality, we have∣∣∣∣∣∣

n−1∑
k=0

[
(−1)k + 1

]
(η (b, a))

k

2k+1 (k + 1)!
f (k)

(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣∣
≤ (η (b, a))

n

n!

(∫ 1
2

0

tndt

)1− 1
q
(∫ 1

2

0

tn
∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt) 1

q

+

(∫ 1

1
2

(1− t)n dt
)1− 1

q
(∫ 1

1
2

(1− t)n
∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt) 1

q

 . (2.23)

Since
∣∣f (n)∣∣q is s-preinvex on K in the second sense for n ∈ N, n ≥ 1, q ∈ R, q ≥ 1

and s ∈ (0, 1]. Hence for every a, b ∈ K with η (b, a) > 0, we have∫ 1
2

0

tn
∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt ≤ ∣∣∣f (n)(a)∣∣∣q ∫ 1

2

0

tn (1− t)s dt+
∣∣∣f (n)(b)∣∣∣q ∫ 1

2

0

tn+sdt

= B

(
1

2
;n+ 1, s+ 1

) ∣∣∣f (n)(a)∣∣∣q + ∣∣f (n)(b)∣∣q
2n+s+1 (n+ s+ 1)

(2.24)
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and∫ 1
2

0

(1− t)n
∣∣∣f (n)(a+ tη (b, a))∣∣∣q dt
≤
∣∣∣f (n)(a)∣∣∣q ∫ 1

1
2

(1− t)n+s dt+
∣∣∣f (n)(b)∣∣∣q ∫ 1

1
2

ts (1− t)n dt

=

∣∣f (n)(a)∣∣q
2n+s+1 (n+ s+ 1)

+

[
B (s+ 1, n+ 1)−B

(
1

2
; s+ 1, n+ 1

)] ∣∣∣f (n)(b)∣∣∣q .
(2.25)

Using (2.24), (2.25) and∫ 1
2

0

tnpdt =

∫ 1

1
2

(1− t)np dt = 1

2np+1 (np+ 1)
. (2.26)

we get the required inequality (2.22). This completes the proof of the theorem. �

Corollary 8. If we choose n = 2 and s = 1 in the Theorem 9, we get the following
inequality:∣∣∣∣∣f

(
a+

1

2
η (b, a)

)
− 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (η (b, a))

2 · 3
1
q−1

24−
3
q


5

∣∣∣f ′′(a)∣∣∣q + 3 ∣∣∣f ′′(b)∣∣∣q
192


1
q

+

3
∣∣∣f ′′(a)∣∣∣q + 5 ∣∣∣f ′′(b)∣∣∣q

192


1
q

 . (2.27)

Proof. Since for n = 2 and s = 1, L = B
(
1
2 ; 3, 2

)
= 5

192 , M = 1
64 and N =

B (2, 3)−B
(
1
2 ; 2, 3

)
= 5

192 and hence proof follows. �

3. Applications to Special Means

In the following we give certain generalizations of some notions for a positive
valued function of a positive variable.

Definition 5. [3]A function M : R2+ → R+, is called a Mean function if it has the
following properties:

(1) Homogeneity: M(ax, ay) = aM(x, y), for all a > 0,
(2) Symmetry : M(x, y) =M(y, x),
(3) Reflexivity : M(x, x) = x,
(4) Monotonicity: If x ≤ x′ and y ≤ y′ , then M(x, y) ≤M(x′ , y′),
(5) Internality: min{x, y} ≤M(x, y) ≤ max{x, y}.

We consider some means for arbitrary positive real numbers α, β (see for instance
[3]).
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(1) The arithmetic mean:

A := A (α, β) =
α+ β

2

(2) The The geometric mean:

G := G (α, β) =
√
αβ

(3) The harmonic mean:

H := H (α, β) =
2

1
α +

1
β

(4) The power mean:

Pr := Pr (α, β) =

(
αr + βr

2

) 1
r

, r ≥ 1

(5) The identric mean:

I := I (α, β) =

{
1
e

(
ββ

αα

)
, α 6= β

α, α = β

(6) The logarithmic mean:

L := L (α, β) =
α− β

ln |α| − ln |β| , |α| 6= |β|

(7) The generalized log-mean:

Lp := Lp (α, β) =

[
βp+1 − αp+1
(p+ 1) (β − α)

]
, α 6= β, p ∈ R\ {−1, 0} .

It is well known that Lp is monotonic nondecreasing over p ∈ R, with L−1 := L
and L0 := I. In particular, we have the following inequality H ≤ G ≤ L ≤ I ≤ A.
Now, let a and b be positive real numbers such that a < b. Consider the function

M := M(a, b) : [a, a + η(b, a)] × [a, a + η(b, a)] → R+, which is one of the above
mentioned means, therefore one can obtained variant inequalities for these means
as follows:
Setting η(b, a) =M(b, a) in (2.6), (2.13), one can obtain the following interesting

inequalities involving means:∣∣∣∣∣f (a) + f (a+M(b, a))2
− 1

M(b, a)

∫ a+M(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (M(b, a))

2

2

(
1

6

)1− 1
q


∣∣∣f ′′(a)∣∣∣q + ∣∣∣f ′′(b)∣∣∣q
(s+ 3) (s+ 2)


1
q

. (3.1)

∣∣∣∣∣f
(
a+

1

2
M(b, a)

)
− 1

M(b, a)

∫ a+M(b,a)

a

f (x) dx

∣∣∣∣∣
≤ (M(b, a))

2

8 (2p+ 1)
1
p


∣∣∣f ′′(a)∣∣∣q + ∣∣∣f ′′(b)∣∣∣q

s+ 1


1
q

, (3.2)
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Letting M = A, G, H, Pr, I, L, Lp in (3.1) and in (3.2), we get the inequalities
involving means for a particular choice of a twice differentiable s-preinvex function
f , and the details are left to the interested reader.
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