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TRACE INEQUALITIES OF CASSELS AND GRUSS TYPE FOR
OPERATORS IN HILBERT SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some trace inequalities of Cassels type for operators in Hilbert
spaces are provided. Applications in connection to Griiss inequality and for
convex functions of selfadjoint operators are also given.

1. INTRODUCTION
Let a = (aj,...,a,) and b = (by,...,b,) be two positive n-tuples with
(1.1) 0<my <a; <M <ooand 0<mo <b; <My < oo

for each i € {1,...,n}, and some constants my, ma, My, Ms.
The following reverses of the Cauchy-Bunyakovsky-Schwarz inequality for posi-
tive sequences of real numbers are well known:

a) Pdlya-Szegi’s inequality [51]:
Eklak2k1z 1(/ / >
(ke 1akbk 4
b) Shisha-Mond’s inequality [55]:
2
Shoiad | Yhg b _ (M) . <m>
> kb S b T [\ M; .

¢) Ozeki’s inequality [48]:

n 2
n
Zak ZbQ (Z akbk> S Z (M1M2 — m1m2)2 .
k=1 k=1 k=1

d) Diaz-Metcalf’s inequality [17]:

" 9 maMs mo ~
kZ:lbk’ my1 M Z U = <m1 * —Ml> ;akbk.
Ifw=(wy,...,wy)is a positlve sequence, then the following weighted inequal-
ities also hold:
e) Cassels’ inequality [58]. If the positive real sequences a = (a1, ..., a,) and
b = (by,...,b,) satisfy the condition
(1.2) 0<m§Z—:§M<oof0reachk€{17...,n},
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then

(k= wrai) (X wib) < (M +m)*
(k=1 wkakbk)2 - AmM
) Greub-Reinboldt’s inequality [38]. We have

2
(M M; +mima)” [
by b
(z w> (z w ) < 00l (5 o)
provided @ = (ay,...,a,) and b = (by,...,b,) satisfy the condition (1.1).

g) Generalized Diaz-Metcalf’s inequality [17], see also [46, p. 123]. If u, v €
[0,1] and v < w, u +v =1 and (1.2) holds, then one has the inequality

uZwkbk —l—vaZwkak (vm +uM) Zwkakbk

h) Klamkin-McLenaghan’s inequality [40]. If @, b satisfy (1.2), then

o (B ) (B
< (M% 7m%) ;wiaibi;wiaf

For other recent results providing discrete reverse inequalities, see the monograph
online [19].
The following reverse of Schwarz’s inequality in inner product spaces holds [20].

Theorem 1 (Dragomir, 2003, [20]). Let A, a € C and =, y € H, a complex inner
product space with the inner product {-,-). If

(1.4) Re (Ay — z,x — ay) > 0,

or equivalently,

T —

1
(1.5) < 5 lA—alllyl,

a+ A
5 Yy
holds, then we have the inequality

(1.6) 0 < fl|* lyl* = ¢z, 9)I* <

The constant § is sharp in (1.6).

2 4
[A—=al™[lyl"

P

In 1935, G. Griiss [39] proved the following integral inequality which gives an
approximation of the integral mean of the product in terms of the product of the
integrals means as follows:

(1.7) —a/f dm——/f ) dx - —/
(‘P ¢) (L' =7),

where f, g : [a, b] — R are integrable on [a,b] and satisfy the condition

(18) 6<T(®)<® y<g@)<T

for each = € [a,b], where ¢, @, 7, I' are given real constants.
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Moreover, the constant % is sharp in the sense that it cannot be replaced by a
smaller one.

In [22], in order to generalize the Griiss integral inequality in abstract structures
the author has proved the following inequality in inner product spaces.

Theorem 2 (Dragomir, 1999, [22]). Let (H,(-,-)) be an inner product space over
K (K=R,C) and e € H, |le|| = 1. If , v, @, T are real or complex numbers and
x, y are vectors in H such that the conditions

(1.9) Re(®Pe —z,2 — pe) > 0 and Re (Te —y,y —ye) >0

hold, then we have the inequality

(1.10) 2,9) — €} (e,)] < 7 1® — ol T =1

The constant % is best possible in the sense that it can not be replaced by a smaller
constant.

For other results of this type, see the recent monograph [25] and the references
therein.

For other Griiss type results for integral and sums see the papers [1]-[3], [8]-[10],
[11]-[13], [21]-[28], [35], [49], [62] and the references therein.

In order to state some reverses of Schwarz and Griiss type inequalities for trace
operators on complex Hilbert spaces we need some preparations as follows.

2. SOME FACTS ON TRACE OF OPERATORS

Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

2
(2.1) Z [|Ae;]|” < oo.
iel
It is well know that, if {e;};.; and {f;},c; are orthonormal bases for H and A €
B (H) then

(2:2) Do lAel® =D AL =D 1A% f)?

icl jel jerI
showing that the definition (2.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.

Let B (H) the set of Hilbert-Schmidt operators in B(H). For A € By (H) we
define

1/2
(2.3) |A]ly := <Z A6i|2>

iel
for {e;};c; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in [ (I), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A] := (A*A)1/2.
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Because |||A| z|| = ||Az]| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and || 4|, = [||A]|l,. From (2.2) we have that if A € By (H), then A* €
By (H) and [[A]l, = | A"l

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 3. We have
(1) (B2 (H),|||l5) is a Hilbert space with inner product

(2.4) (A, B), = Z (Ae;, Be;) = Z (B Ae;, )
i€l iel
and the definition does not depend on the choice of the orthonormal basis {e;}
(i1) We have the inequalities

iel’

(2.5) [A]l < [|All,
for any A € By (H) and
(2.6) IAT ||y, [T Ally < T 1Al

forany A€ By (H) and T € B(H);
(1ii) By (H) is an operator ideal in B(H), i.e.
B(H)B: (H)B(H) C By (H);
(tv) Byin (H) , the space of operators of finite rank, is a dense subspace of By (H);

(v) Bo (H) C K (H), where K (H) denotes the algebra of compact operators on
H.

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if
(2.7) Al ==Y (Al e, e5) < o0.
iel
The definition of [|Al|; does not depend on the choice of the orthonormal basis

{ei};cr - We denote by By (H) the set of trace class operators in B (H) .
The following proposition holds:

Proposition 1. If A € B(H), then the following are equivalent:
(1) A€ By (H);
(ii) |Al'* € By (H);
(ii) A (or |A]) is the product of two elements of By (H) .

The following properties are also well known:

Theorem 4. With the above notations:
(i) We have

(2.8) 1Al = 1A%, and (Al < [[All,

for any A€ By (H);
(i) By (H) is an operator ideal in B(H), i.e.

B(H)B: (H)B(H) C By (H);

(i1i) We have
BQ (H)BQ (H) = Bl (H),
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(iv) We have
1Al = sup {(A, B), | B € By (H), [Bl <1};
(v) (Bi(H),||l;) is a Banach space.
(iv) We have the following isometric isomorphisms
By (H)~= K (H)" and By (H)" 2B (H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .
We define the trace of a trace class operator A € By (H) to be

(2.9) tr(A) == (Ae;,e;),
i€l
where {e;};c; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (2.9)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 5. We have
(i) If A € By (H) then A* € By (H) and

(2.10) tr (A") = tr (A);
(i) If Ae By (H) and T € B(H), then AT, TA € By (H) and
(2.11) tr (AT) = tr (T4) and |tx (AT)| < A, ||

(iii) tr () is a bounded linear functional on By (H) with ||tr]| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H).

Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [|A|? = tr (A*A) = tr (|A|2)

for any A, B € By (H).
The following Holder’s type inequality has been obtained by Ruskai in [52]

-«

(212) tr (4B)| <t (|4B)) < [er (J41*)] " [ex (1810 )]

where a € (0,1) and A, B € B(H) with |A]Y*, |B|"/(~*) ¢ B, (H) .
In particular, for o = % we get the Schwarz inequality

(2.13) [tr (AB)| < tr (|AB]) < [tr (|A|2)} 1/2 [tr (\3‘2)}1/2

with A, B e By (H).

For the theory of trace functionals and their applications the reader is referred
to [56].

For some classical trace inequalities see [14], [16], [47] and [61], which are con-
tinuations of the work of Bellman [5]. For related works the reader can refer to [4],
[6], [14], [36], [41], [42], [44], [53] and [57].

We denote by

Bf (H):={P: P& B;(H), P and is selfadjoint and P > 0} .
We obtained recently the following result [33]:
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Theorem 6. For any A, C € B(H) and P € Bf (H)\ {0} we have the inequality

tr (PAC) tr(PA) tr (PC)
(2.14) -
tr (P) tr (P) tr(P)
) 1 tr (PC)
< - _— )
= et A=l gy o (‘ (C o (P) 1H> PD
tr (P|C’|2> POy 1/2
< inf A — -1y i G :
Aec tr (P) tr (P)
where ||-|| is the operator norm.

We also have [33]:

Corollary 1. Let a, § € C and A € B(H) such that

a+ 6
-3

1
‘1HH§2B_O‘|'

For any C € B(H) and P € B (H) \ {0} we have the inequality

(2.15)

tr (PAC) tr(PA) tr (PC)
tr(P)  tr(P) tr(P)‘

éw—atr(lm“(‘(c‘wm) PD

1/2
| w(PICF) | poyp?
sl —m T we
In particular, if C € B(H) is such that
o222, <L,
then
tr (P|C’|2) tr (PC) 2
216) 0= — " T | wp)
1 1 tr (PC)
<3i-aligmye(|(e- S ) 7))
1/2
) tw(PICP) | (Pe)P? . .
ss;P-d = | wo < glB—al.
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Also
r (PC? r (PC)\?
en - ()
S (L
) , 1/2
< %Iﬂ*al . Ef(f)' ) - tir(fp? = % 8 ~af

For other related results see [33].

3. CASSELS TYPE TRACE INEQUALITIES

For two given operators T, U € B (H) and two given scalars «, 3 € C consider
the transform

Cap (T,U) = (T" = aU") (BU = T).

This transform generalizes the transform
Cax/B (T) = (T* - le) (BlH - T) = Ca,ﬁ (Ta 1H) )

where 1y is the identity operator, which has been introduced in [31] in order to
provide some generalizations of the well known Kantorovich inequality for operators
in Hilbert spaces.

We recall that a bounded linear operator T on the complex Hilbert space (H, (-, -))
is called accretive if Re(Ty,y) > 0 for any y € H.

Utilizing the following identity

(3.1) Re(Cap (T U)z,z) =Re(Cs0 (T,U)x,x)

a+p 2

2
i|5a|2<|U|2z,x><‘Ta+B.U

1
= 118 - of? Ul - HTx St

2

2
T,x

that holds for any scalars a, 8 and any vector x € H, we can give a simple charac-

terization result that is useful in the following:

Lemma 1. Fora, 8 € C and T, U € B(H) the following statements are equivalent:
(i) The transform Co,g (T,U) (or, equivalently, Cg.o (T,U)) is accretive;

(ii) We have the norm inequality

a+ﬁ.

1
(3.2) HT&:— UxH < §|6—a||\Uar||
for any x € H,;
(iii) We have the following inequality in the operator order

oz—l—ﬁl 2

U
2

1
- <Lg—apup.

As a consequence of the above lemma we can state:
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Corollary 2. Let o, € C and T, U € B(H). If Co g (T, U) is accretive, then

a—!—ﬂ'UH

1
<318 =allU].

- TS

Remark 1. In order to give examples of linear operators T, U € B(H) and numbers
a, B € C such that the transform Co g (T,U) is accretive, it suffices to select two
bounded linear operator S and V and the complex numbers z, w (w # 0) with the
property that ||Sx — 2Vz| < |w|||Vz| for any x € H, and, by choosing T = S,
U=V,a=1(z4+w) and B = 5 (2 — w) we observe that T and U satisfy (3.2),
i.e., Cop (T,U) is accretive.

The following result also holds:

Lemma 2. Let, either P € B, (H), A, B€ By (H) or P € B (H), A, B € B(H)
and v, I' € C. Then

(3.4) Re (tr [P (A* — 7B*) (TB — A)]) > 0

if and only if

(3.5) r (P ‘A - ﬂB

) < % ID =~ tr (P\B|2) .

To simplify the writing, we the say that (A, B) satisfies the P-(vy,T)-trace property.

Proof. We have the equalities

1 r
(3.6) 4|r7|2P|B|2P‘A%2L

1 r
=P 4|r—fy|2|B|2—‘A—7J2“B

o r r
_p 4|F—7|2B2—(A 7; B) (A 7; B)}

1 2 o2
=P |-|T— B
1i0 =3

7+T r|’

—|A|2+7J2r pa+ 1 4o ’W‘ B2
:P[—|A|2+7+FB A+7;FA*

1 2 |7 +T 2

) L B
+<4| ol 5 )II

7FT

:P[— |A|2+7+ B* A+—A*B Re(F7)|B|2}

for any bounded operators A, B, P and the complex numbers «, I" € C.
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Taking the trace in (3.6) we get
1 Tr
(3.7) T =P (PIBP) — (P'A—V;B‘ )

= —tr (P1AP) ~ Re(r9) r (P|B?)

+ # tr (PB*A) + % tr (PA*B)

— —tr (P1AP) ~ Re(7) tx (P|BP)

+ %t (PB*A) + #t (PB*A)

= —tr (P|AP) = Re(T7) tr (P|B]*) + == tr (PB"A) L pBea)
- tr (P |A|2) ~Re(I9) tr (P |B|2) +2Re [ tr (PB*A)}

= —tr (P1AP) ~ Re(07) tr (P|BI*) + Re [7tr (PB* A)] + Re [T'tx (PB" A)]
- tr (P|A|2) ~Re(I9) tr (P|B|2) + Re[7tr (PB*A)) +Re[ o ( PB*A)]
= —tr (P|AP) = Re(07) tr (P|BI*) + Re [Jtr (PB* A)] + Re [Tt (PB*A)] .

Re (tr [P (A* — 7B*) (B — A)])
= Reltr (TPA*B + yPB*A — AT PB*B — PA* A)]
= Re[[tr (PA*B) + 7 tr (PB*A)]

—AT tr (P |B|2) —tr (P |A|2)}
= Re [rm Tt (PB*A)}
—tr (P |B|2> Re (30) — tr (P |A\2) ,

then we get

1 2 2 v+ T
(3.8) TI0— P (P|B| ) tr (P‘A TB
— Re(tr [P (A"~ 5B") (TB - A))).
which proves the desired equivalence. ([l

Corollary 3. Let, either P € B, (H), A, B € Bo(H) or P € B (H), A, B €
B(H) and v, T' € C. If the transform C,r (A, B) is accretive, then (A, B) satisfies
the P-(~y,T")-trace property.

We have the following result:

Theorem 7. Let, either P € By (H), A, B € By(H) or P € Bf (H), A, B €
B(H) and v, T' € C with Re (I'y) = Re (I') Re (y) + Im (") Im () > 0.
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(i) If (A, B) satisfies the P-(y,T')-trace property, then we have
(3.9) tr (P|A] ) tr (P B )
1 [Re(y+T)Retr (PB*A) +Im (y+ ) Imtr (PB*A))*
4 Re (T') Re (7) + Im (I") Im ()

1 htrp
=4 Re([7)
(i1) If the transform C, r (A, B) is accretive, then the inequality (3.9) also holds.

<

—_

ltr (PB*A)|*.

Proof. (i) If (A, B) satisfies the P-(v,T')-trace property, then, on utilizing the cal-
culations above, we have

F
|r Ao P|B|)—tr< A 7+

——tr (P|A| ) e (I7) tr P|B|2)
+ Re[ytr (PB*A)] + Re [m (PB*A)]
= tr (P|A| ) e (I9) tr (P|B|2)

+Re[7tr (PB"A)] + Re [Tt (PB*A)]
= —tr (P|A| ) Re (I7) tr (P|B|2)
+ Re[ytr (PB*A)] 4+ Re [T tr (PB*A)]
= —tr (P|A]*) = Re (T7)tr (P|BI*) + Re [(7 + T) tr (PB*4)]
which implies that
(3.10) tr (P|AP) +Re(17) tr (P |B)
<Re[(7+T)tr(PB*A)]
=Re(y+T)Retr (PB*A) +Im (y+T)Imtr (PB*A).

Making use of the elementary inequality
2vpg<p+q, p,q=0,

we also have
(3.11) 2\/Re (IF) tr (P |A|2) tr (P |B|2) < tr (P |A\2) + Re (D7) tr (P \B|2) .

Utilising (3.10) and (3.11) we get

(3.12) \/tr (P |A\2) tr (P |B|2)
< Re(y+T)Retr (PB*A) 4+ Im (y+I') Imtr (PB*A)
- Re (I7)
that is equivalent with the first inequality in (3.9).
The second inequality in (3.9) is obvious by Schwarz inequality

(ab+cd)? < (a®+ %) (b +d?), a,b,c,d €R.
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The (ii) is obvious from (i). O

Remark 2. We observe that the inequality between the first and last term in (3.9)
is equivalent to

2
[y =T

2 2 2 < L . 412
(3.13) 0<tr (P|A\ )tr (P|B| ) i (PB A < - pops o (PBT A
Corollary 4. Let, either P € By (H), A € Bo(H) or P € B+( ), A€ B(H)
and vy, I' € C with Re (I'y) = Re (') Re (y) + Im (T") Im () >

(i) If A satisfies the P-(~y,T')-trace property, namely
(3.14) Re(tr[P(A* —F1y) (T1g — A)]) >0

or, equivalently

2
(3.15) r <P'A7;P1H ) §i|F—'y|2tr(P),
then we have
tr (P |A\2)
1 _—
(3.16) tr (P)
2
. 1 [Re (v+1) Ret?((PF;A) +Im(y+71) 7Imt?r((lglp)’4)
4 Re (') Re (7) + Im (T') Im ()
_1 Iy 4+ | tr (PA)|?
~ 4 Re(Iw)| tr(P)

(i1) If the transform C 1 (A) is accretive, then the inequality (3.9) also holds.
(i1i) We have

o 0= "0

tr (PA) |*
tr (P)

tr (PA)‘2 1 b= r)?

tr(P) | — 4 Re(I%)

Remark 3. The case of selfadjoint operators is as follows.

Let A, B be selfadjoint operators and either P € By (H), A, B € By (H) or
PeBf (H), A, BeB(H) and m, M € R with mM > 0.

(i) If (A, B) satisfies the P-(m, M)-trace property, then we have

(m+ M)?

(3.18) tr (PA?) tr (PB?) < oo [ (PBA)]?
or, equivalently
(3.19) 0 < tr (PA?) tr (PB?) — [tr (PBA)]® < W [tr (PBA)]”.

(i) If the transform Cp, m (A, B) is accretive, then the inequality (8.18) also holds.
(iti) If (A —mB) (MB — A) >0, then (3.18) is valid.
We observe that the inequality (3.18) is the operator trace inequality version of
Cassels’ inequality from Introduction.
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4. TRACE INEQUALITIES OF GRUSS TYPE
Let P be a selfadjoint operator with P > 0. The functional (,-), p defined by
(A, B)y p i=tr (PB*A) = tr (APB") = tr (B*AP)
is a nonnegative Hermitian form on By (H), i.e. (-,"), p satisfies the properties:
(h) (A, A)y p > 0 for any A € By (H);
(hh) (-, ), p is linear in the first variable;
(hhh) (B, A), p = (A,B), p for any A, B € By (H).

Using the properties of the trace we also have the following representations

JAI2 = tr (P|A\2) = tr (APA*) = tr (|A|2P)

and
(A,B)y p =tr (APB") = tr (B"AP)
for any A, B € By (H).
The same definitions can be considered if P € B (H) and A, B € B(H).
We have the following Griiss type inequality:

Theorem 8. Let, either P € B, (H), A, B, C € By (H) or P € By (H), A, B,
C € B(H) with P|A]*, P|B]*, P|C]> # 0 and A, T, 6, A € C with Re (I'7),
Re (AS) > 0. If (A,C) has the trace P-(\,T')-property and (B,C) has the trace
P-(6, A)-property, then

tr (PB*A) tr (P |0\2)
tr (PC*A) tr (PB*C)

[y —T16 - Al

1
4 /Re(I9)Re (A0)

Proof. We prove in the case that P € By (H) and A, B, C € By (H).
Making use of the Schwarz inequality for the nonnegative hermitian form (-, -), p
we have

(4.1)

-1/ <

2
(A B)yp| < (A A)yp (BB, p

for any A, B € By (H).
Let C € B2 (H), C # 0. Define the mapping [, |, p o : B2 (H) x By (H) — C by

(A, B]2,P,C = (4, B>2,P HC”;,P - (4, C>2,P (C, B>2,P'

Observe that [, -], p~ is a nonnegative Hermitian form on By (H) and by Schwarz
inequality we also have

2
(4, B)y p ICI3,p = (4, C)y p (C By |
2 2 2 2 2 2
< {141 I1C13.p = [{4. O p || [IBI5 5 ICI3 5 = |(B. O |
for any A, B € By (H), namely

(4.2) tr (PB*A) tr (P \C|2) ~tr (PC*A) tr (PB*C)(2

< [tr (P14P) tr (PICP) - [tx (PC* 4)P]
X [tr (P|B\2) tr (P|C|2) - |tr(PB*C)\2] :
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2 2
where for the last term we used the equality ’(B, ), P’ = ’(C, B), P‘
Since (4, C) has the trace P-(\,T')-property and (B, C) has the trace P-(d, A)
-property, then by (3.13) we have

1 "Y—F\Q 2
) < 2 2\ * 2 < . *
43) 0<tr (P|A| )tr (P|C| ) (PO A < 7 Ry o (P A)]
and
(44) 0<t (P|B|2>t (P\C|2) e (PB O < L. 5 - AP Itr (PB*C))?
' =7 ' ! =1 Re(n9) '

If we multiply the inequalities (4.3) and (4.4) we get
(4.5) [tr (P |A|2> tr (P |C|2> ~tr (PO*A)ﬂ
x [tr (P |B|2) tr (P |0\2) —tr (PB*C)|2]

I e VML : z
< —- — [tr (PC*A)|” |tr (PB*C)|".
< 16 e (07 R (g 1 PO A I (PB°0)

If we use (4.2) and (4.5) we get

2
(4.6) tr (PB*A) tr (P |C’|2> —tr (PC*A) tr (PB*C)
1 y-TPlg-ApP
~ 16 Re(I'y) Re (Ad)
Since P, A, B, C # 0 then by (4.3) and (4.4) we get tr (PC*A) # 0 and tr (PB*C) #

0. Now, if we take the square root in (4.6) and divide by |tr (PC*A) tr (PB*C')| we
obtain the desired result (4.1). O

ltr (PC*A)|* |tr (PB*C)|*.

Corollary 5. Let, either P € By (H), A, B€ By or P € Bf (H), A, B € B(H)
with P|A|*, P|B|* # 0 and \, T, 8, A € C with Re (I'y), Re (A3) > 0. If A has
the trace P-(A\,T')-property and B has the trace P-(§, A)-property, then

tr (PB*A) tr (P) 4l < 1 |y —T| 6 — Al
tr (PA) tr (PB*)

4 \/Re (I'7) Re (A9) .

The case of selfadjoint operators is useful for applications.

(4.7)

Remark 4. Assume that A, B, C are selfadjoint operators. If, either P € By (H),
A, B,CeBy(H)orPeBf (H), A, B,C € B(H) with PA%2, PB?, PC? # 0 and
m, M, n, N € R withmM, nN > 0. If (A, C) has the trace P-(m, M)-property and
(B, C) has the trace P-(n, N)-property, then

tr (PBA) tr (PC?)
tr (PCA) tr (PBC)

_1 <1 (M—m)(N—n).

4.8 -
(48) 4 mnMN

If A has the trace P-(k, K)-property and B has the trace P-(l, L)-property, then
tr (PBA)tr (P) 1‘ < 1 (K=k)(L-1)

(49) tr (PA) tr (PB) 4 VEKL

where kK, IL > 0.
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We observe that, if 0 < klg < A< Klg and 0 < llyg < B < Llg, then by
(4.10) we have

1 (K—k)(L-1)
(4.10) |tr (PBA)tr(P)—tr (PA)tr (PB)| < 1 UuRl tr (PA) tr (PB)
or, equivalently
(411) tr (PBA)  tr (PA)tr (PB) < 1 (K —k)(L-1)tr(PA)tr(PB)
' tr (P) tr (P) tr(P) |~ 4 kIKL tr(P) tr(P)

5. APPLICATIONS FOR CONVEX FUNCTIONS

In the paper [34] we obtained amongst other the following reverse of the Jensen
trace inequality:

Let A be a selfadjoint operator on the Hilbert space H and assume that Sp (A) C
[m, M] for some scalars m, M with m < M. If f is a continuously differentiable
convex function on [m, M| and P € By (H) \ {0}, P > 0, then we have

tr(Pf(4) (tr (PA))
(5.1) 0<

- tr(P) tr (P)
_t(PF(A)A)  tr(PA) tr(Pf(A))
= (P) tr (P) tr (P)
L1 () — ) A )
<
> (P f/(A)—tr(if;(A)) 1n
3 (M —m) ( tr(P)( : D
o R . 271/2
b 0n) - 7o) | 2555 - (558)']
< 1/2
) tr(P[f'(4)]? tr(Pf ?
3 (M —m) [ ( t(P) ) - ( (fr](cP()A))> ]
< U0 = 1 ()] (O = m).

Let M,, (C) be the space of all square matrices of order n with complex elements
and A € M,, (C) be a Hermitian matrix such that Sp (A) C [m, M] for some scalars
m, M with m < M. If f is a continuously differentiable convex function on [m, M],
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then by taking P = I, in (5.1) we get
52 o< U ()

n

(f (A)A)  tr(d) (' (4)
(|41 )

(M) = f (m)] =

)

IN

ot —my L

IN

(VAN
=
E
<
g
=
3

The following reverse inequality also holds:

Proposition 2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with0 < m < M. If f is a continuously
differentiable convex function on [m, M| with f'(m) > 0 and P € By (H) \ {0},
P >0, then we have

tr (Pf (A tr (PA
on o=t -1 (T
_w(Pf(A)A) e (PA) w(Pf(A)
tr (P) tr (P) tr (P)
o1 (M —m)[f' (M) — f' (m)] tr (PA) tr (Pf'(A))
4 VmMf (m) fr(M)  tr(P)  tr(P)

The proof follows by the inequality (4.11) and the details are omitted.

Let A € M,, (C) be a Hermitian matrix such that Sp(A) C [m, M] for some
scalars m, M with m < M. If f is a continuously differentiable convex function on
[m, M] with f’ (m) > 0 then by taking P = I,, in (5.3) we get

) o< BUMY ()
_UU A A e (4)
J L (M=) [ M) — )] (A) b (' (A))
CA mMpmn o on

We consider the power function f : (0,00) — (0,00), f (¢t) =t" with ¢t € R\ {0}.
For r € (—00,0) U[1,00), f is convex while for r € (0,1), f is concave.

Let > 1 and A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with 0 < m < M.If P € B (H)\{0},
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then
tr (PA")  [tr(PA)\"
(5.5) 0= tr (P) < tr (P) >
tr(PA")  tr(PA) tr(PA™)
=N Tw ) w@) w(P)
_ L (M —m) (M —mP) r (PA) tr (PAP)
S 7P mp/2 M P/2 tr(P)  tr(P)
If we take the first and last term in (5.5) we get the inequality:
tr(P)tr(PAT)  tr(P)[ox(PA)
(5.6) 0 < tr (PA)tr (PAP=Y)  tr(PAP—1) [t (P)]" "
Qe

4p mp/2Mp/2

Consider the convex function f : R — (0,00), f(t) = expt and let A be a
selfadjoint operator on the Hilbert space H and assume that Sp(A) C [m, M] for
some scalars m, M with 0 < m < M. If P € Bf (H)\ {0}, then using (5.3) we have

tr (Pexp A) tr (PA)

(5.7) 0< o) exp <tr @ >

tr (PAexpA) tr(PA) tr(PexpA)

tr(P)  tr(P)  tr(P)

(M —m) (expM —expm) tr (PA) tr (Pexp A)

VmMexp(m+ M) tr(P) tr(P)

If we take the first and last term in (5.7) we get the inequality:

o iy e ()
~tr(PA)  tr(PA)tr(PexpA)

1 (M —m)(expM —expm)

1
< Z.
— 4

4 V/mM exp (m + M)

<
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