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TRACE INEQUALITIES OF SHISHA-MOND TYPE FOR
OPERATORS IN HILBERT SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some trace inequalities of Shisha-Mond type for operators in Hilbert
spaces are provided. Applications in connection to Griiss inequality and for
convex functions of selfadjoint operators are also given.

1. INTRODUCTION

In 1967, Shisha and Mond [55, p. 301] proved the following reverse of Cauchy-
Bunyakovsky-Schwarz inequality:

Theorem 1. Let a = (ay,...,a,) and b = (by,...,b,) be two positive n-tuples

with

(1.1) 0<m§%§M<oof0reachk€{1,...,n},
k

then

1/2
(1.2) 0< (Zak2b2> Zakbk_4 M+ sz
k=1 k=1

The equality holds in (1.2) if and only if there exists a subsequence (k1,....kp) of
{1,...,n} such that
» n
M —|— 3m
Z b, = Z bz
[

. = M for every m = 1 .., p and ak =m for every k distinct from aoll k,,

Recall some other classical reverses of Cauchy-Bunyakovsky-Schwarz inequality
when bounds for each n-tuple are available.

Let a = (a1,...,a,) and b = (by,...,b,) be two positive n-tuples with
(1.3) 0<mi <a; <M <ooand 0 < mg <b; <My < oo;

for each ¢ € {1,...,n}, and some constants my, ma, My, M.
The following reverses of the Cauchy-Bunyakovsky-Schwarz inequality for posi-
tive sequences of real numbers are well known:

a) Pdlya-Szegi’s inequality [51]'

D ket G D 1 / /
(ke akbk
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2 S. S. DRAGOMIR"?
b) Shisha-Mond’s inequality [55]:
1 192
> et G, Zk 1 akbk (le> : (ml> :
k=1 anbr D=1l T [ \ma M .
c) Ozeki’s inequality [48]:
n 2 n
Zak ZbZ (Z akbk> S Z (M1M2 — m1m2)2 .
k=1 k= k=1
d) Diaz—Metcalf s mequahty [17]:
by + P =+— b
yote i et = (i)

Ifw=(wy,...,wy)is a p051tlve sequence, then the following weighted inequal-
ities also hold:

e) Cassels” inequality [58]. If the positive real sequences a = (ay,...,a,) and
b = (b1,...,b,) satisfy the condition (1.1), then

(Xkor wrai) (Xroy wibi) _ (M +m)°
(g wearby)” T AmM
f) Greub-Reinboldt’s inequality [38]. We have

2
(MM +mama)” [
by b
(Z ’wkak> (Z Wk ) = T Amyma My M, ;; WrakOk |
provided a = (ay,...,a,) and b = (by,...,b,) satisfy the condition (1.3).

g) Generalized Diaz-Metcalf’s inequality [17], see also [46, p. 123]. If u, v €
[0,1] and v < u, u+v =1 and (1.1) holds, then one has the inequality

uZwkbk —l—vaZwkak (vm + uM) Zwkakbk

h) Klamkin-McLenaghan’s inequality [40]. If &, b satisfy (1.1), then

(1.4) <i wm?) (i wib2> <Z >
< (M% — m%)iniaibi;wiaf.

For other recent results providing discrete reverse inequalities, see the monograph
online [19].
The following reverse of Schwarz’s inequality in inner product spaces holds [20].

Theorem 2 (Dragomir, 2003, [20]). Let A, a € C and z, y € H, where H is a
complex inner product space with the inner product (-,-). If

(1.5) Re (Ay — =,z — ay) > 0,

or equivalently,

(1.6)

T —

1
< slA-allyl,

a+ A
Y
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holds, then we have the inequality

(1.7) 0 < Jlz)* flyll* = (e, 9)I* < £ 1A —al* [ly]*-

] =

The constant + is sharp in (1.7).

In 1935, G. Griiss [39] proved the following integral inequality which gives an
approximation of the integral mean of the product in terms of the product of the
integrals means as follows:

b b b
(18) ‘bl/ f<x>g<x>dx—ﬁ/ f(w)dw-ﬁ/g(w)dw

1
where f, g : [a,b] — R are integrable on [a, b] and satisfy the condition
(1.9) p<f(z)<®v<g(x)<T

for each = € [a,b], where ¢, ®, v, T are given real constants.

Moreover, the constant % is sharp in the sense that it cannot be replaced by a
smaller one.

In [22], in order to generalize the Griiss integral inequality in abstract structures
the author has proved the following inequality in inner product spaces.

Theorem 3 (Dragomir, 1999, [22]). Let (H,(-,-)) be an inner product space over
K(K=R,C)andee H, |le| =1. If p, v, ®, T are real or complex numbers and
x, y are vectors in H such that the conditions

(1.10) Re (Pe — z,2 — @e) > 0 and Re(Te —y,y —ye) >0
hold, then we have the inequality

1
(1.11) @, y) = (2, e) e, )l < 7 |@ =l [T =]

The constant % 1s best possible in the sense that it can not be replaced by a smaller
constant.

For other results of this type, see the recent monograph [25] and the references
therein.

For other Griiss type results for integral and sums see the papers [1]-[3], [8]-[10],
[11]-[13], [21]-[28], [35], [49], [62] and the references therein.

In order to state some reverses of Schwarz and Griiss type inequalities for trace
operators on complex Hilbert spaces we need some preparations as follows.

2. SOME FACTS ON TRACE OF OPERATORS

Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

(2.1) > e < oo

iel
It is well know that, if {e;};,.; and {f;},.; are orthonormal bases for H and A €
B (H) then

(2.2) o lAeill* =Y 1A =141

iel jer jer
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showing that the definition (2.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.

Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
(23) Al = (ZAeiF)
iel
for {e;},c; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in [ (I), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A] := (A*A)l/Q.

Because |||A4]z|| = ||Az]|| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and || 4|, = [||A]|l5. From (2.2) we have that if A € By (H), then A* €
By (H) and [ A]l, = [ 4°]l,-

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 4. We have
(i) (B2 (H), ||-l5) s a Hilbert space with inner product

(24) <A, B>2 = Z <A6i, B€Z> = Z <B*A€Z‘, €i>
i€l el

and the definition does not depend on the choice of the orthonormal basis {e;}

iel’
(ii) We have the inequalities
(2.5) IAI < 1Al
for any A € By (H) and
(2.6) IAT ||y, [ITAlly < T 1Al

forany A€ By (H) and T € B(H);
(1ii) By (H) is an operator ideal in B(H), i.e.
B(H) By (H)B(H) C By (H);
(1v) Byin, (H) , the space of operators of finite rank, is a dense subspace of By (H);

(v) Bo(H) C K(H), where IC(H) denotes the algebra of compact operators on
H.

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if
(2.7) Al = Z (|A] e, e;) < 0.

iel
The definition of [|Al|; does not depend on the choice of the orthonormal basis
{ei};cr - We denote by By (H) the set of trace class operators in B (H) .
The following proposition holds:

Proposition 1. If A € B(H), then the following are equivalent:
(i) Ae B (H);
(ii) |A]"? € By (H);
(i) A (or |A]) is the product of two elements of By (H) .
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The following properties are also well known:

Theorem 5. With the above notations:
(i) We have

(2.8) 1Al = 1A%, and (Al < [[A]l,
for any A€ By (H);
(i) By (H) is an operator ideal in B(H), i.e.
B(H)B: (H)B(H) C By (H);
(i1i) We have
By (H) By (H) = Bi (H);
(iv) We have
1Al = sup {(A, B), | B € By (H), |Bl <1};
(v) (B1 (H),||ly) s a Banach space.
(iv) We have the following isometric isomorphisms
B (H)~2 K(H)" and By (H)" 2B (H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .
We define the trace of a trace class operator A € By (H) to be
(2.9) tr(A) == (Aej,ei),
iel
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (2.9)

converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 6. We have
(i) If A € By (H) then A* € By (H) and

(2.10) tr (A*) = tr (A);
(i) If Ae By (H) and T € B(H), then AT, TA € By (H) and
(2.11) tr (AT) = tr (T4) and |ox (AT)| < ||A], |

(111) tr (+) is a bounded linear functional on By (H) with |tr|| = 1,
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H).

Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [|A]? = tr (A*A) = tr (|A|2)
for any A, B € By (H).
The following Hélder’s type inequality has been obtained by Ruskai in [52]

(212) tr (4B)| < tr(jAB)) < [tr (JA17*)]" [ (1170 7)]

l—a

where a € (0,1) and A, B € B(H) with |A]"*, |B|""~%) ¢ B, (H).

In particular, for o = % we get the Schwarz inequality

(2.13) tr (AB)| < tr (JAB|) < [tr (|A|2)}1/2 [tr (\3‘2)}1/2
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with A, B € By (H).

For the theory of trace functionals and their applications the reader is referred
to [56].

For some classical trace inequalities see [14], [16], [47] and [61], which are con-
tinuations of the work of Bellman [5]. For related works the reader can refer to [4],
[6], [14], [36], [41], [42], [44], [53] and [57].

We denote by

Bf (H):={P: PcB;(H), P and is selfadjoint and P > 0} .

We obtained recently the following result [33]:

Theorem 7. For any A, C € B(H) and P € Bf (H)\ {0} we have the inequality

tr (PAC) tr(PA) tr (PC)
(2.14) -
tr (P) tr (P) tr(P)
. 1 tr (PC)
<inf |A=X-1g|| —= —————1y | P
< A=l gy e (| (0 S ) )
1/2
tr (P|C|? 2
< inf JA— X1y (P1F) o) |
AeC tr (P) tr (P)
where ||-|| is the operator norm.

We also have [33]:

Corollary 1. Let o, § € C and A € B(H) such that

a+p
2

ot < b
For any C € B(H) and P € B (H) \ {0} we have the inequality

(2.15)

tr (PAC) tr(PA) tr (PC)
tr(P)  tr(P) tr(P)‘

2=ty (| (o ) )

) 1/2
SR w (PICP) (o) ?
=5 T Ty () tr (P)
In particular, if C € B(H) is such that
a+p 1
_ . <218 —
lo- 52 1] < J15-al.
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then
(216)  0< " Eif)' ) _ tzr(fp(/;) ?
1oty e 252)
) L7172
S%IB*al . Ef(f) ) - tﬁffp? = i'ﬁfo‘ﬁ
Also
r (PC? r 2
e | ) - (%)
cho - 55)
5 2
o[t -g]<d-et

For other related results see [33].

3. SHISHA-MOND TYPE TRACE INEQUALITIES

For two given operators T, U € B (H) and two given scalars «, 8 € C consider
the transform
Cop (T,U)=(T"—aU")(BU —-T).
This transform generalizes the transform
Cap (1) :=(T" —aly) (Bly —T) = Cap (T, 1n),

where 1y is the identity operator, which has been introduced in [31] in order to
provide some generalizations of the well known Kantorovich inequality for operators
in Hilbert spaces.

We recall that a bounded linear operator T' on the complex Hilbert space (H, (-, -))
is called accretive if Re (Ty,y) > 0 for any y € H.

Utilizing the following identity

(3.1) Re(Cap (T ,U)z,z) =Re(Cs,0 (T,U)z,x)
a+p

1
— {18 JUsl? - o - 252 Us

:i|5—a|2<|U|2x,m>—<‘T—a+ﬁ.U

2

2
T, T

that holds for any scalars a, 8 and any vector € H, we can give a simple charac-
terization result that is useful in the following:

Lemma 1. Fora, § € C and T, U € B(H) the following statements are equivalent:
(i) The transform Cop (T,U) (or, equivalently, Cg.o (T,U)) is accretive;
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(il) We have the norm inequality

_oz-i-ﬂ'
2

1
(3.2) HTm UxHéiﬁﬂ—«ﬂlUwH
for any x € H,;
(ili) We have the following inequality in the operator order

a—i—ﬂ. 2

3 U

1
i <118l U,

As a consequence of the above lemma we can state:
Corollary 2. Let o, € C and T, U € B(H). If Co s (T,U) is accretive, then

a-i—ﬂ.
2

1
(33 7= 252 v) < 18 -alin.

Remark 1. In order to give examples of linear operators T, U € B(H) and numbers
a, B € C such that the transform Co g (T,U) is accretive, it suffices to select two
bounded linear operator S and V and the complex numbers z, w (w # 0) with the
property that ||Sx — 2Vz| < |w|||Vz| for any x € H, and, by choosing T = S,
U=V,a=3(z4+w) and B = 5 (2 — w) we observe that T and U satisfy (3.2),
i.e., Cop (T,U) is accretive.

The following result is useful in the sequel:

Lemma 2. Let, either P € By (H), A, B€ By (H) or P € B (H), A, B € B(H)
and v, I' € C. Then

(3.4) Re (tr [P (A* —4B*)(IB—A)]) >0
if and only if
ro|*\ 1
(3.5) tr (P‘A—V;B‘ ) <D=~ tr (P\B|2).
To simplify the writing, we the say that (A, B) satisfies the P-(vy,T)-trace property.
Proof. Doing the calculation, we have the equality
2

| T
(3.6) 4|F—y|2P|B|2—P‘A—7;B

v+ T
2

-p [ |A]? + B*A+7J;FA*BfRe (ry)uaﬂ

for any bounded operators A, B, P and the complex numbers v, I' € C.
Taking the trace in (3.6) we get after some simple manipulation

(3.7) i|r—7|2tr (PIBIQ) -t (P‘A_HJBD
— —tr (P1AP) ~ Re(7) tx (P|BP)

+ Re[7tr (PB*A)] + Re [m (PB*A)} .
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Since
Re (tr [P (A* —5B*) (TB — A)])
— Re [Ftr (PB*A) +7tr (PB*A)} —tr (P |B|2> Re (7T) — tr (P |A|2) ,

then we get
1 2 2 v+ T I
(3.8) 10— (P B ) tr (P 'A —B
— Re (tr [P (A" —7B") (TB - A))).
which proves the desired equivalence. (I

Corollary 3. Let, either P € B, (H), A, B € By (H) or P € Bf (H), A, B €
B(H) and vy, T' € C. If the transform C,r (A, B) is accretive, then (A, B) satisfies
the P-(~y,T")-trace property.

We have the following result:

Theorem 8. Let, either P € By (H), A, B € By (H) or P € By (H), A, B €
B(H) and v, T € C with T' +~ # 0.
(i) If (A, B) satisfies the P-(v,T')-trace property, then we have

(3.9) \/tr (P |A\2) tr (P |B|2>

_ Re(y +D)Retr (PB*A) + Im (y + T) Im tr (PB*A)
- T+

1T —~]?
I | tr(P|B|2)
4 T+ 4]

1 ‘F—V\Q 2
< |tr(PB*A = tr (P|B|7).
<l (PBA) + 3w (PIBF)

(i) If the transform C, r (A, B) is accretive, then the inequality (3.9) also holds.
Proof. (i) If (A, B) satisfies the P-(y,')-trace property, then
r |\ 1
tr (P‘A rYJQFB‘ ) < 1 T — 4 tr (P|B|2>
that is equivalent to

tr (P |A|2)—Re [(F+T) tr (PB*A)H& T+~ tr (P |B|2) <07t (P |B|2) ,

e~ =

which implies that

(3.10) tr (P|A\2) + % T+ )% tr (P|B\2>
<Re[(7+T)tr (PB*A)] + i D — % tr (P \B\Q) .

Making use of the elementary inequality

2ypqg<p+gq, p,qg=>0,
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we also have
(3.11) 0+ [ir (P1AP) tr (P|BP)] R (P1aP) + i PP (PIBR).
Utilising (3.10) and (3.11) we get
(3.12) 0+ [or (P1AP) (P|B|2)r/2
<Re[([F+T)tr(PB*A)] + i D — A tr (p \B\Q) .
Dividing by |T' + 4| > 0 and observing that

Re[(7+T)tr (PB*A)] =Re(y+TI)Retr (PB*A) 4+ Im (y + I') Im tr (PB*A)

we get the first inequality in (3.9).
The second inequality in (3.9) is obvious by Schwarz inequality

(ab+ cd)? < (a®>+¢*) (b +d*), a,b,c,d €R.
The (ii) is obvious from (i). O

Remark 2. We observe that the inequality between the first and last term in (3.9)
s equivalent to

(3.13) 0< \/tr (P|A|2> tr (P|B|2) — |tr (PB*A)| < i'{rﬁﬁ tr (P|B|2> .

Corollary 4. Let, either P € By (H), A € By(H) or P € Bf (H), A € B(H)
and v, I' € C with v+ T # 0.
(i) If A satisfies the P-(y,T')-trace property, namely

(3.14) Re (tr [P (A* —~1g) (Pl — A)]) >0

or, equivalently

r. 2\ 1
(3.15) tr <P’A—’Y;IH ) §Z|1"—'y|2tr(P)7
then we have
tr (P|A|2)
3.16 _—
(3.16) tr (P)
Retr(PA Imtr(PA
_ Re(y+T) tr((P) ) +Im(fy+1“)ﬁ UF_VF
- T+ 4 T+
tr (PA) ‘ 10—
~ | tr (P) 4 T+~]°

(i1) If the transform Cr (A) is accretive, then the inequality (3.9) also holds.
(i1i) We have

tr (p |A|2)
tr (P)

(317) 0< _ tI‘(PA)'<1|F,Y|2

tr(P) |~ 4|0+~




TRACE INEQUALITIES OF SHISHA-MOND TYPE 11

Remark 3. The case of selfadjoint operators is as follows.

Let A, B be selfadjoint operators and either P € B, (H), A, B € By (H) or
PeBf (H), A, B€ B(H) and m, M € R with m + M # 0.

(i) If (A, B) satisfies the P-(m, M )-trace property, then we have

(3.18) Vtr (PA2)tr (PB?) < Retr (PBA) + m tr (PB?)
< |tr (PBA)| + m tr (PB?)
and

2 2 (M_m)2 2
0 < \/tr (PA2)tr (PB2?) — Retr (PBA) < mtr (PB?).

(i) If the transform Cpm ar (A, B) is accretive, then the inequality (3.18) also holds.
(1ii) If (A—mB)(MB — A) > 0, then (8.18) is valid.
We observe that the inequality (3.18) in the case when M > m > 0 is the operator
trace inequality version of Shisha-Mond inequality (1.1) from Introduction.

Corollary 5. Let A, B be selfadjoint operators and either P € By (H), A, B €
By (H) or P B (H), A, B€ B(H) and m, M € R with m + M # 0.
(i) If (A, B) satisfies the P-(m, M )-trace property, then we have

(3.19) (\/tr(pAz)Jr \/tr(sz))Qitr (P(A+B)2) < M

tr (PB?)

and

(3:20) /tr (PA?)+/tr (PB?) —[tr (P(A+ B
Proof. Observe that
(\/tr (PA?) + \/tr (PB2))2 — (P (A+ 3)2)
=2 (\/tr (PA2)tr (PB?) — Retr (PBA)) .

Utilising (3.18) we deduce (3.19).
The inequality (3.20) follows from (3.19). O

4. TRACE INEQUALITIES OF GRUSS TYPE
Let P be a selfadjoint operator with P > 0. The functional (,-), , defined by
(A,B)y p :=tr (PB*A) = tr (APB") = tr (B"AP)

is a nonnegative Hermitian form on By (H), i.e. (-,-), p satisfies the properties:
(h) (A, A)y p > 0 for any A € By (H);
(hh) (-, ), p is linear in the first variable;

(hhh) (B, A), p = (A,B), p for any A, B € By (H).
Using the properties of the trace we also have the following representations

JAI2 = tr (P |A\2) — tr (APA*) = tr (|A|2P)

and
(A, B>2’P =tr (APB*) = tr (B*AP)
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for any A, B € By (H).
The same definitions can be considered if P € Bf (H) and A, B € B(H).
We have the following Griiss type inequality:

Theorem 9. Let, either P € By (H), A, B, C € By(H) or P € B (H), A, B,
C € B(H) with P|A]*, P|BI>, P|C]> # 0 and A\, T, 6, A € C with v+ T # 0,
4+ A #0. If (A,C) has the trace P-(\,T')-property and (B,C) has the trace P-
(6, A)-property, then

2
tr (PB*A)  tr (PC*A) tr (PB*C)

w(Pic?) w(Piof)u(Picp)

L Do ja - |t (PIAF) e (PIBF)

=4 [T44] A+ [tr(PIC\Q)r

Proof. We prove in the case that P € By (H) and A, B, C € By (H) .
Making use of the Schwarz inequality for the nonnegative hermitian form (-, -), p
we have

(4.1)

2
(A Blop| < (A A), 0 (BB, p

for any A, B € By (H).
Let C € By (H), C # 0. Define the mapping [, -], p o : B2 (H) x B2 (H) — C by

[A, B]Q,P,c = (4, B>2,P HC”;P — (4, C>2,P (C, B>2,P~

Observe that [, -], p - is a nonnegative Hermitian form on By (H) and by Schwarz
inequality we also have

(A4, By 5 ICI5, = (4, Chy p (C, By p

< { = \<A,C>2,pﬂ {

for any A, B € By (H), namely

‘ 2

- ’<Bvc>2,P’2:|
(4.2) ’tr (PB*A) tr (P \C|2) — tr (PC*A) tr (PB*C)(2
< [tr (p |A|2> tr (p |0|2) ~Jtr (PO*A)|2}

X [tr (P|B\2> tr (P|C|2) - |tr(PB*C)ﬂ :

2
where for the last term we used the equality ‘(B C),, ’ = ’ (C,B), p

Since (A, C) has the trace P-(A\,T')-property and (B, C) has the trace P-(d,A)
-property, then by (3.13) we have

0< \/tr (P\A|2> tr <P\C|2) — Jtr (PC*A)| < i'fFJT tr (P|C’|2)

and

o< i (P1BE) e (PICP) (e < HAZ T (o)
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which imply
(43)  0<tr (P |A|2> tr (P |C|2> ~ |tr (PC*A)?

giﬁqzﬁu(me)<¢UQﬂMﬂU(PKW)+thC”m>
< A e (prop) o (P1aR) e (PICP)

Zj> 0<tr (PIBP)tx (PIOF) ~ | (PB*O)*
gi@;ﬁm(mqﬂ<¢m&wﬁ)m@mf)Hmwa@

< ;@f;i tr (p |c|2) \/tr (p |B|2) tr (P |C|2).

If we multiply the inequalities (4.3) and (4.4) we get

(4.5) [tr (P |A\2) tr (P |C|2) — Jtr (PC*A)ﬂ
X [tr (P |B|2> tr (P |0|2) ~tr (PB*O)|2}

L ||FP177||2 ﬁ;‘;'i ir (PlCP) \/tr (P1AP) e (PICP?)

X tr (P |C|2> \/tr (P |B|2) tr (P \C|2).

If we use (4.2) and (4.5) we get

<

2
(4.6) tr (PB*A) tr (P |C|2) — tr (PC*A) tr (PB*C)‘
LT A -4 > ¢ 2 >
< .
S5 T+ AT wr(PICF) for (P1AF) o (PICT)
<ir (PICP) i (P1BE) i (P1OF),
Since P |C’\2 # 0 then by (4.6) we get the desired result (4.1). O

Corollary 6. Let, either P € B, (H), A, B€ By or P € By (H), A, B € B(H)

with P|A]*, P|B|> 20 and A\, T, 6, A € C with y+T #0, 6 + A # 0. If A has

the trace P-(\,T')-property and B has the trace P-(8, A)-property, then

tr (PB*A)  tr (PA) tr (PB")
tr (P) tr (P) tr(P)

2 2
1P —af AP tr(P|A|)tr(P|B|>'
4 Tl A+ [t (P)]”

2

(4.7)

The case of selfadjoint operators is useful for applications.
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Remark 4. Assume that A, B, C are selfadjoint operators. If, either P € By (H),
A B, CeBy(H)orPeB (H), A B,Cc B(H) with PA?2, PB?, PC? # 0 and
m, M, n, N € Rwithm+M,n+N #0. If (A, C) has the trace P-(m, M )-property
and (B, C) has the trace P-(n, N)-property, then

tr (PBA)  tr(PCA) tr (PBC)|?
tr (PC2?)  tr (PC?) tr (PC?)
1 (M —m)®> (N —n)® [tr(PA2)tr (PB?)
=4 |M+m| |[N-+n [tr(PC2))*

(4.8)

If A has the trace P-(k, K)-property and B has the trace P-(l, L)-property, then

tr (PBA) tr (PA) tr(PB) 2

4.
(49) tr (P) tr (P
1 (K —k)? tr (PA2)t PB?)
4 |K+ k| \L+l| ’

where k+ K, [+ L # 0.

5. APPLICATIONS FOR CONVEX FUNCTIONS

In the paper [34] we obtained amongst other the following reverse of the Jensen
trace inequality:

Let A be a selfadjoint operator on the Hilbert space H and assume that Sp (4) C
[m, M] for some scalars m, M with m < M. If f is a continuously differentiable
convex function on [m, M| and P € By (H) \ {0}, P > 0, then we have

tr (Pf (A)) tr (PA)
(51) o<~ ()
< tr(Pf'(A)A) tr(PA) tr(Pf(A)
tr (P) tr (P) tr (P)
L1 () — ) A )
= ( )
, w(Pr/ ) )
3 (M —m) <P T tr(P; - D

1o o[22 (st

< t (P[f/(A)]Q) / 911/2
poor - |10 _ (st
< 1O = 7 )] (M~ m).

Let M,, (C) be the space of all square matrices of order n with complex elements
and A € M,, (C) be a Hermitian matrix such that Sp (A) C [m, M] for some scalars
m, M with m < M. If f is a continuously differentiable convex function on [m, M],
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then by taking P = I, in (5.1) we get
52) o< BUL) (1)

H( (A wA) (S (4)
) ) tr(|A7n“ﬁ#1H|)

3L (M) = f' (m)]

IN

()=,

n

oty

3 [/ (M) = f' (m)] {t(:) N (t(nA)ﬂ

[ I

IN

IN
=
E
=
g
E
2

The following reverse inequality also holds:

Proposition 2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m~+M # 0. If f is a continuously
differentiable convex function on [m, M| with f' (m)+ f' (M) #0 and P € By (H)\
{0}, P >0, then we have

53 o< ZPLA) (tr (PA))

- tr(P) tr (P)
b (PfT(A)A) tr(PA) tr(Pf'(A))
tr (P) tr (P) tr (P)

2

1M —m||f (M) = ' (m)] ﬂtraw)“ (P1r(a0F)
~ 2 Im+ MIVIF () + f(M)] \ tr(P) tr (P)

The proof follows by the inequality (4.9) and the details are omitted,

Let A € M,, (C) be a Hermitian matrix such that Sp(A) C [m, M] for some

scalars m, M with m 4+ M # 0. If f is a continuously differentiable convex function
on [m, M] with ' (m)+ f' (M) # 0 then by taking P = I,, in (5.3) we get

Ga) 0<TUED_ (i)

_t WA ) (S (4)

S LM = m|[f (M) — f' (m)| iltr(AQ)tr([f/(A)]Q)
T2 Im+ M[/[Fm)+ D]\ n "

We consider the power function f : (0,00) — (0,00), f (¢t) =t" with ¢t € R\ {0}.
For r € (—00,0) U [1,00), f is convex while for r € (0,1), f is concave.
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Let » > 1 and A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with 0 < m < M.If P € B (H)\{0},
then

tr (PA") tr (PA)\"
w9 o< - (R
tr (PA™) tr(PA) tr (PAT_l)
= w(P)  w(P)  t(P)
_1 (M —m) (MPT —miTh) o (PA?) tr (PA(RTY)
=2 o ) a2\ T (P) T e (P)

Consider the convex function f : R — (0,00), f(t) = expt and let A be a
selfadjoint operator on the Hilbert space H and assume that Sp(A) C [m, M] for
some scalars m, M with m < M. If P € B (H) \ {0}, then using (5.3) we have

tr (Pexp A) tr (PA)
00 02T e ()
tr (PAexp A) tr(PA) tr(PexpA)
tr(P)  tw(P)  tr(P)

< 1M —m|(exp (M) —exp (m)) ,[tr (PA?) tr (Pexp (24))
=2 /[m+ M|yexpm +expM \ tr(P) tr (P)
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