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M. A. LATIF

Abstract. In this paper, some refinements of Hermite-Hadamard type in-
equalities for GA-convex functions are obtained. Applications of the obtained
results to special means are given.

1. Introduction

The classical or the usual convexity is defined as follows:
A function f : I → R, ∅ 6= I ⊆ R, is said to be convex on I if inequality

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)
holds for all x, y ∈ I and t ∈ [0, 1].
A number of papers have been written on inequalities using the classical convex-

ity and one of the most fascinating inequalities in mathematical analysis is stated
as follows:

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
, (1.1)

where f : I ⊆ R → R be a convex mapping and a, b ∈ I with a < b. Both the
inequalities hold in reversed direction if f is concave. The inequalities stated in
(1.1) are known as Hermite-Hadamard inequalities.
A number of papers have been written on the inequality (1.1), which provide

new proofs, noteworthy extensions, generalizations, refinements, counterparts, new
Hermite-Hadamard-type inequalities and numerous applications, see for instance
[2]-[8], [12]-[19] and the references therein.
The usual notion of convex functions have been generalized in diverse manners.

One of them is the so called GA-convex functions and is stated in the definition
below.

Definition 1. [10, 11] A function f : I ⊆ R0 = [0,∞) is said to be GA-convex
function on I if

f
(
xλy1−λ

)
≤ λf(x) + (1− λ)f(y)

holds for all x, y ∈ I and λ ∈ [0, 1], where xλy1−λ and λf(x) + (1 − λ)f(y) are
respectively the weighted geometric mean of two positive numbers x and y and the
weighted arithmetic mean of f(x) and f(y).
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2 M. A. LATIF

In what follows we will use the following notations of means:
For positive numbers a > 0 and b > 0 with a 6= b

A (a, b) =
a+ b

2
, L (a, b) =

b− a
ln b− ln a

and

Lp (a, b) =


[
bp+1−ap+1
(p+1)(b−a)

] 1
p

, p 6= −1, 0
L (a, b) , p = −1
1
e

(
bb

aa

) 1
b−a

, p = 0

are the arithmetic mean, the logarithmic mean and the generalized logarithmic
mean of order p ∈ R respectively. For further information on means, we refer the
readers to [1, 14, 15] and the references therein.
Most recently, Zhang et al. in [19] established the following Hermite-Hadamard

type integral inequalities for GA-convex function.

Theorem 1. [19] Let f : I ⊆ R+ = (0,∞) → R be a differentiable function on I◦

and a, b ∈ I with a < b and f
′ ∈ L ([a, b]). If

∣∣∣f ′ ∣∣∣q is GA-convex on [a, b] for q ≥ 1,
we have the following inequality:∣∣∣∣∣bf (b)− af (a)−

∫ b

a

f (x) dx

∣∣∣∣∣ ≤ [(b− a)A (a, b)]1−
1
q

2
1
q

×
{[
L
(
a2, b2

)
− a2

] ∣∣∣f ′ (a)∣∣∣q + [b2 − L (a2, b2)] ∣∣∣f ′ (b)∣∣∣q} 1
q

. (1.2)

Theorem 2. [19] Let f : I ⊆ R+ = (0,∞)→ R be a function differentiable function
on I◦ and a, b ∈ I with a < b and f

′ ∈ L ([a, b]). If
∣∣∣f ′ ∣∣∣q is GA-convex on [a, b] for

q > 1, we have the following inequality:∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣
≤ (ln b− ln a)

[
L
(
a

2q
q−1 , b

2q
q−1

)]1− 1
q
[
A
(∣∣∣f ′ (a)∣∣∣q ∣∣∣f ′ (b)∣∣∣q)] 1q . (1.3)

Theorem 3. [19] Let f : I ⊆ R+ = (0,∞) → R be a differentiable function on I◦

and a, b ∈ I with a < b and f
′ ∈ L ([a, b]). If

∣∣∣f ′ ∣∣∣q is GA-convex on [a, b] for q ≥ 1,
we have the following inequality:∣∣∣∣∣bf (b)− af (a)−

∫ b

a

f (x) dx

∣∣∣∣∣ ≤ (ln b− ln a)1−
1
q

(2q)
1
q

[
L
(
a

2q
q−1 , b

2q
q−1

)]1− 1
q

×
{[
L
(
a2q, b2q

)
− a2q

] ∣∣∣f ′ (a)∣∣∣q + [b2q − L (a2q, b2q)] ∣∣∣f ′ (b)∣∣∣q} 1
q

. (1.4)

Theorem 4. [19] Let f : I ⊆ R+ = (0,∞) → R be a differentiable function on I◦

and a, b ∈ I with a < b and f
′ ∈ L ([a, b]). If

∣∣∣f ′ ∣∣∣q is GA-convex on [a, b] for q > 1
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and 2q > p > 0. Then∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣ ≤ (ln b− ln a)1−
1
q

p
1
q

[
L
(
a
2q−p
q−1 , b

2q−p
q−1

)]1− 1
q

×
{
[L (ap, bp)− ap]

∣∣∣f ′ (a)∣∣∣q + [bp − L (ap, bp)] ∣∣∣f ′ (b)∣∣∣q} 1
q

. (1.5)

For the applications of the above results to special means we refer the readers
to [19].
Motivated by these results, the main purpose of the present paper is to establish

Hermite-Hadamard type integral inequalities for GA-convex functions, which we
believe are better than above presented results.

2. Main Results

In order to prove our main results, we need the following lemma:

Lemma 1. Let f : I ⊆ R+ = (0,∞)→ R be a differentiable function on I◦ and a,
b ∈ I with a < b. If f

′ ∈ L ([a, b]), then the following equality holds:

bf (b)− af (a)−
∫ b

a

f (x) dx

=
ln b− ln a

2

[∫ 1

0

b1+ta1−tf
′
(
b
1+t
2 a

1−t
2

)
dt+

∫ 1

0

b1−ta1+tf
′
(
b
1−t
2 a

1+t
2

)
dt

]
(2.1)

Proof. Let

I1 =

∫ 1

0

b1+ta1−tf
′
(
b
1+t
2 a

1−t
2

)
dt

and

I2 =

∫ 1

0

b1−ta1+tf
′
(
b
1−t
2 a

1+t
2

)
dt.

Now we observe that

I1 =

∫ 1

0

b1+ta1−tf
′
(
b
1+t
2 a

1−t
2

)
dt

=
2

ln b− ln a

∫ 1

0

b
1+t
2 a

1−t
2 f

′
(
b
1+t
2 a

1−t
2

)
d
(
b
1+t
2 a

1−t
2

)
.

By the change of the variable x = b
1+t
2 a

1−t
2 and by integrating by parts, we have

I1 =
2

ln b− ln a

∫ b

√
ab

xf
′
(x) dx (2.2)

=
2
[
bf (b)−

√
abf

(√
ab
)]

ln b− ln a − 2

ln b− ln a

∫ b

√
ab

f (x) dx.

Analogously, we have

I2 =
2
[√

abf
(√

ab
)
− af (a)

]
ln b− ln a − 2

ln b− ln a

∫ √ab
a

f (x) dx. (2.3)
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Adding (2.2) and (2.3) and multiplying the result by ln b−ln a
2 , we get the required

identity. This completes the proof of the Lemma. �

We now establish new Hermite-Hadamard type inequalities for GA-convex func-
tions, which we believe are better than those established in [19].

Theorem 5. Let f : I ⊆ R+ = (0,∞)→ R be a differentiable function on I◦ and
a, b ∈ I with a < b and f

′ ∈ L ([a, b]). If
∣∣∣f ′∣∣∣q is GA-convex on [a, b] for q ≥ 1, we

have the following inequality:

∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣
≤ (b− a)

1− 1
q

2
1
q+1

{
b
[
(L (a, b)− a)

∣∣∣f ′ (a)∣∣∣q + (2b− a− L (a, b)) ∣∣∣f ′ (b)∣∣∣q] 1q
+a
[
(b− 2a+ L (a, b))

∣∣∣f ′ (a)∣∣∣q + (b− L (a, b)) ∣∣∣f ′ (b)∣∣∣q] 1q} . (2.4)

Proof. From Lemma 1 and the Hölder’s inequality, we have

∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣
=
ab (ln b− ln a)

2

[∫ 1

0

(
b

a

)t ∣∣∣f ′ (b 1+t2 a
1−t
2

)∣∣∣ dt+ ∫ 1

0

(a
b

)t ∣∣∣f ′ (b 1−t2 a
1+t
2

)∣∣∣ dt]

≤ ab (ln b− ln a)
2


[∫ 1

0

(
b

a

)t
dt

]1− 1
q
(∫ 1

0

(
b

a

)t ∣∣∣f ′ (b 1+t2 a
1−t
2

)∣∣∣q dt) 1
q

+

[∫ 1

0

(a
b

)t
dt

]1− 1
q
(∫ 1

0

(a
b

)t ∣∣∣f ′ (b 1−t2 a
1+t
2

)∣∣∣q dt) 1
q

}
. (2.5)

By the GA-convexity of
∣∣∣f ′ ∣∣∣q on [a, b] for q ≥ 1 and by integration by parts, we

have

∫ 1

0

(
b

a

)t ∣∣∣f ′ (b 1+t2 a
1−t
2

)∣∣∣q dt
≤
∣∣∣f ′ (a)∣∣∣q ∫ 1

0

(
b

a

)t(
1− t
2

)
dt+

∣∣∣f ′ (b)∣∣∣q ∫ 1

0

(
b

a

)t(
1 + t

2

)
dt

=
∣∣∣f ′ (a)∣∣∣q L (a, b)− a

2a (ln b− ln a) +
∣∣∣f ′ (b)∣∣∣q 2b− a− L (a, b)

2a (ln b− ln a) (2.6)
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and∫ 1

0

(a
b

)t ∣∣∣f ′ (b 1−t2 a
1+t
2

)∣∣∣q dt
≤
∣∣∣f ′ (a)∣∣∣q ∫ 1

0

(a
b

)t(1 + t
2

)
dt+

∣∣∣f ′ (b)∣∣∣q ∫ 1

0

(a
b

)t(1− t
2

)
dt

=
∣∣∣f ′ (a)∣∣∣q b− 2a+ L (a, b)

2b (ln b− ln a) +
∣∣∣f ′ (b)∣∣∣q b− L (a, b)

2b (ln b− ln a) . (2.7)

Using (2.6) and (2.7) in (2.5), we get the required result. This completes the proof
of the theorem �
Corollary 1. [19, Corollary 3.2, page 232]Under the assumptions of Theorem 5, if
we take q = 1, we have∣∣∣∣∣bf (b)− af (a)−

∫ b

a

f (x) dx

∣∣∣∣∣
≤ 1
2

{[
L
(
a2, b2

)
− a2

] ∣∣∣f ′ (a)∣∣∣+ [b2 − L (a2, b2)] ∣∣∣f ′ (b)∣∣∣} . (2.8)

Theorem 6. Let f : I ⊆ R+ = (0,∞)→ R be a differentiable function on I◦ and
a, b ∈ I with a < b and f

′ ∈ L ([a, b]). If
∣∣∣f ′∣∣∣q is GA-convex on [a, b] for q > 1, we

have the following inequality:∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣ ≤ (ln b− ln a)21+
1
q

[
L
(
a

q
q−1 , b

q
q−1

)]1− 1
q

×
{
b
[
A
(∣∣∣f ′ (a)∣∣∣q , 3 ∣∣∣f ′ (b)∣∣∣q)] 1q + a [A(3 ∣∣∣f ′ (a)∣∣∣q , ∣∣∣f ′ (b)∣∣∣q)] 1q} . (2.9)

Proof. From Lemma 1, the Hölder’s inequality and the GA-convexity of
∣∣∣f ′∣∣∣q on

[a, b] for q > 1, we have∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣
=
ab (ln b− ln a)

2

[∫ 1

0

(
b

a

)t ∣∣∣f ′ (b 1+t2 a
1−t
2

)∣∣∣ dt+ ∫ 1

0

(a
b

)t ∣∣∣f ′ (b 1−t2 a
1+t
2

)∣∣∣ dt]

≤ ab (ln b− ln a)
2


[∫ 1

0

(
b

a

) qt
q−1

dt

]1− 1
q (∣∣∣f ′ (a)∣∣∣q ∫ 1

0

1− t
2

dt+
∣∣∣f ′ (b)∣∣∣q ∫ 1

0

1 + t

2
dt

) 1
q

+

[∫ 1

0

(a
b

) qt
q−1

dt

]1− 1
q
(∣∣∣f ′ (a)∣∣∣q ∫ 1

0

1 + t

2
dt+

∣∣∣f ′ (b)∣∣∣q ∫ 1

0

1− t
2

dt

) 1
q

}

=
(ln b− ln a)
21+

1
q

[
L
(
a

q
q−1 , b

q
q−1

)]1− 1
q

{
b
[
A
(∣∣∣f ′ (a)∣∣∣q , 3 ∣∣∣f ′ (b)∣∣∣q)] 1q

+a
[
A
(
3
∣∣∣f ′ (a)∣∣∣q , ∣∣∣f ′ (b)∣∣∣q)] 1q} . (2.10)

Hence the proof of the theorem is completed. �
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Theorem 7. Let f : I ⊆ R+ = (0,∞)→ R be a differentiable function on I◦ and
a, b ∈ I◦ with a < b and f

′ ∈ L ([a, b]). If
∣∣∣f ′∣∣∣q is GA-convex on [a, b] for q ≥ 1,

we have the following inequality:∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣ ≤ (ln b− ln a)1−
1
q

2 (2q)
1
q

×
{
b
[
(L (aq, bq)− aq)

∣∣∣f ′ (a)∣∣∣q + (2bq − aq − L (aq, bq)) ∣∣∣f ′ (b)∣∣∣q] 1q
+a
[
(bq − 2aq + L (aq, bq))

∣∣∣f ′ (a)∣∣∣q + (bq − L (aq, bq)) ∣∣∣f ′ (b)∣∣∣q] 1q} . (2.11)

Proof. From Lemma 1 and the Hölder’s inequality, we have∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣
≤ ab (ln b− ln a)

2


[∫ 1

0

1dt

]1− 1
q

(∫ 1

0

(
b

a

)qt ∣∣∣f ′ (b 1+t2 a
1−t
2

)∣∣∣q dt) 1
q

+

[∫ 1

0

1dt

]1− 1
q
(∫ 1

0

(a
b

)qt ∣∣∣f ′ (b 1−t2 a
1+t
2

)∣∣∣q dt) 1
q

}
. (2.12)

By the GA-convexity of
∣∣∣f ′ ∣∣∣q on [a, b] for q ≥ 1 and by integration by parts, we

have∫ 1

0

(
b

a

)qt ∣∣∣f ′ (b 1+t2 a
1−t
2

)∣∣∣q dt
≤
∣∣∣f ′ (a)∣∣∣q ∫ 1

0

(
b

a

)qt(
1− t
2

)
dt+

∣∣∣f ′ (b)∣∣∣q ∫ 1

0

(
b

a

)qt(
1 + t

2

)
dt

=
∣∣∣f ′ (a)∣∣∣q L (aq, bq)− aq

2qaq (ln b− ln a) +
∣∣∣f ′ (b)∣∣∣q 2bq − aq − L (aq, bq)

2aq (ln b− ln a) . (2.13)

Similarly, we also have∫ 1

0

(a
b

)qt ∣∣∣f ′ (b 1−t2 a
1+t
2

)∣∣∣q dt
≤
∣∣∣f ′ (a)∣∣∣q ∫ 1

0

(a
b

)qt(1 + t
2

)
dt+

∣∣∣f ′ (b)∣∣∣q ∫ 1

0

(a
b

)qt(1− t
2

)
dt

=
∣∣∣f ′ (a)∣∣∣q bq − 2aq + L (aq, bq)

2qbq (ln b− ln a) +
∣∣∣f ′ (b)∣∣∣q bq − L (aq, bq)

2qbq (ln b− ln a) . (2.14)

Using (2.13) and (2.14) in (2.12), we get the required inequality. This completes
the proof of the theorem. �

Remark 1. Under the assumptions of Theorem 7, if q = 1 we get the result estab-
lished in Corollary 1.
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Theorem 8. Let f : I ⊆ R+ = (0,∞)→ R be a differentiable function on I◦ and
a, b ∈ I with a < b and f

′ ∈ L ([a, b]). If
∣∣∣f ′ ∣∣∣q is GA-convex on [a, b] for q > 1 and

q > p > 0, we have the following inequality:

∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣ ≤
[
(ln b− ln a)L

(
a
q−p
q−1 , b

q−p
q−1

)]1− 1
q

2 (2p)
1
q

×
{
a1−

p
q b
[
(L (ap, bp)− ap)

∣∣∣f ′ (a)∣∣∣q + (2bp − ap − L (ap, bp)) ∣∣∣f ′ (b)∣∣∣q] 1q
+ab1−

p
q

[
(bp − 2ap + L (ap, bp))

∣∣∣f ′ (a)∣∣∣q + (bp − L (ap, bp)) ∣∣∣f ′ (b)∣∣∣q] 1q} . (2.15)

Proof. From Lemma 1, the Hölder’s inequality and the GA-convexity of
∣∣∣f ′∣∣∣q on

[a, b] for q > 1, we have

∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣ ≤ ab (ln b− ln a)
2


∫ 1

0

(
b

a

) (q−p)t
q−1

dt

 1− 1
q

×
(∣∣∣f ′ (a)∣∣∣q ∫ 1

0

(
b

a

)pt(
1− t
2

)
dt+

∣∣∣f ′ (b)∣∣∣q ∫ 1

0

(
b

a

)pt(
1 + t

2

)
dt

) 1
q

+

[∫ 1

0

(a
b

) (q−p)t
q−1

dt

]1− 1
q (∣∣∣f ′ (a)∣∣∣q ∫ 1

0

(a
b

)pt(1 + t
2

)
dt

+
∣∣∣f ′ (b)∣∣∣q ∫ 1

0

(a
b

)pt(1− t
2

)
dt

) 1
q

}
=
ab (ln b− ln a)

2

 (q − 1)
(
b
q−p
q−1 − a

q−p
q−1

)
(q − p) (ln b− ln a)

1−
1
q

×


 (L (ap, bp)− ap)

∣∣∣f ′ (a)∣∣∣q + (2bp − ap − L (ap, bp)) ∣∣∣f ′ (b)∣∣∣q
2pap (ln b− ln a)


1
q

+

 (bp − 2ap + L (ap, bp))
∣∣∣f ′ (a)∣∣∣q + (bp − L (ap, bp)) ∣∣∣f ′ (b)∣∣∣q

2pbp (ln b− ln a)


1
q


=

[
(ln b− ln a)L

(
b
q−p
q−1 , a

q−p
q−1

)]1− 1
q

2 (2p)
1
q

×
{
a1−

p
q b
[
(L (ap, bp)− ap)

∣∣∣f ′ (a)∣∣∣q + (2bp − ap − L (ap, bp)) ∣∣∣f ′ (b)∣∣∣q] 1q
+ab1−

p
q

[
(bp − 2ap + L (ap, bp))

∣∣∣f ′ (a)∣∣∣q + (bp − L (ap, bp)) ∣∣∣f ′ (b)∣∣∣q] 1q} . (2.16)

Hence the proof of the theorem is completed. �
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Remark 2. Under the assumptions of Theorem 8, if p → q, we have by using

L’Hospital rule that L
(
a
q−p
q−1 , b

q−p
q−1

)
→ 1 and hence we get the inequality proved in

Theorem 7.

3. Applications to Special Means

In this section we apply our results to establish several new inequalities for special
means.

Theorem 9. For a > b > 0, s > 0, q ≥ 1 and sq 6= 1, we have

[Ls+1 (a, b)]
s+1

≤ 1

2
1
q+1

{
b
[
bsq + (sq + 1) [Lsq (a, b)]

sq − sq [Lsq−1 (a, b)]sq−1 L (a, b)
] 1
q

+a
[
asq + (sq + 1) [Lsq (a, b)]

sq − sq [Lsq−1 (a, b)]sq−1 L (a, b)
] 1
q

}
. (3.1)

Proof. Consider the functions

f (x) =
xs+1

s+ 1
, x ∈ R+, s > 0.

Then
∣∣∣f ′ (x)∣∣∣q = xsq is a GA-convex function on R+. Now the left side of the

inequality (2.4) becomes∣∣∣∣∣bf (b)− af (a)−
∫ b

a

f (x) dx

∣∣∣∣∣ = bs+2 − as+2
s+ 2

= (b− a) [Ls+1 (a, b)]s+1 (3.2)

and the right side of (2.4) will be

(b− a)1−
1
q

2
1
q+1

{
b
[
(L (a, b)− a)

∣∣∣f ′ (a)∣∣∣q + (2b− a− L (a, b)) ∣∣∣f ′ (b)∣∣∣q] 1q
+a
[
(b− 2a+ L (a, b))

∣∣∣f ′ (a)∣∣∣q + (b− L (a, b)) ∣∣∣f ′ (b)∣∣∣q] 1q}
=
(b− a)1−

1
q

2
1
q+1

{
b [(L (a, b)− a) asq + (2b− a− L (a, b)) bsq]

1
q

+a [(b− 2a+ L (a, b)) asq + (b− L (a, b)) bsq]
1
q

}
=
(b− a)
2
1
q+1

{
b
[
bsq + (sq + 1) [Lsq (a, b)]

sq − sq [Lsq−1 (a, b)]sq−1 L (a, b)
] 1
q

+a
[
asq + (sq + 1) [Lsq (a, b)]

sq − sq [Lsq−1 (a, b)]sq−1 L (a, b)
]} 1

q

. (3.3)

A combination of (3.2) and (3.3) gives (3.1). �

Theorem 10. For a > b > 0, s > 0, q > 1, we have

L (a, b) [Ls+1 (a, b)]
s+1

≤ 1

21+
1
q

[
L
(
a

q
q−1 , b

q
q−1

)]1− 1
q
{
b [A (asq, 3bsq)]

1
q + a [A (3asq, bsq)]

1
q

}
. (3.4)
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Proof. Applying the function

f (x) =
xs+1

s+ 1
, x ∈ R+, s > 0.

to the upper bound of inequality (2.9) in Theorem 6 results in

(ln b− ln a)
21+

1
q

[
L
(
a

q
q−1 , b

q
q−1

)]1− 1
q

×
{
b
[
A
(∣∣∣f ′ (a)∣∣∣q , 3 ∣∣∣f ′ (b)∣∣∣q)] 1q + a [A(3 ∣∣∣f ′ (a)∣∣∣q , ∣∣∣f ′ (b)∣∣∣q)] 1q}

=
(ln b− ln a)
21+

1
q

[
L
(
a

q
q−1 , b

q
q−1

)]1− 1
q
{
b [A (asq, 3bsq)]

1
q + a [A (3asq, bsq)]

1
q

}
.

(3.5)

Combining (3.5) with (3.2) yields the required result. �

Theorem 11. For a > b > 0, s > 0, q ≥ 1 and sq 6= 1, we have

[L (a, b)]
1− 1

q [Ls+1 (a, b)]
s+1 ≤ 1

2
1
q+1

{
b
[
(s+ 1) [Lsq+q−1 (a, b)]

sq+q−1

+bsq [Lq−1 (a, b)]
q−1 − s [Lsq−1 (a, b)]sq−1 L (aq, bq)

] 1
q

+ a
[
asq [Lq−1 (a, b)]

q−1

(s+ 1) [Lsq+q−1 (a, b)]
sq+q−1

+ s [Lsq−1 (a, b)]
sq−1

L (aq, bq)
] 1
q

}
. (3.6)

Proof. Applying the function

f (x) =
xs+1

s+ 1
, x ∈ R+, s > 0.

to the upper bound of inequality (2.11) in Theorem 7 gives

(ln b− ln a)1−
1
q

2 (2q)
1
q

{
b
[
(L (aq, bq)− aq)

∣∣∣f ′ (a)∣∣∣q + (2bq − aq − L (aq, bq)) ∣∣∣f ′ (b)∣∣∣q] 1q
+ a

[
(bq − 2aq + L (aq, bq))

∣∣∣f ′ (a)∣∣∣q + (bq − L (aq, bq)) ∣∣∣f ′ (b)∣∣∣q] 1q}
=
(ln b− ln a)1−

1
q

2 (2q)
1
q

{
b [(L (aq, bq)− aq) asq + (2bq − aq − L (aq, bq)) bsq]

1
q

+a [(bq − 2aq + L (aq, bq)) asq + (bq − L (aq, bq)) bsq]
1
q

}
=
(b− a) [L (a, b)]

1
q−1

2
1
q+1

{
b
[
(s+ 1) [Lsq+q−1 (a, b)]

sq+q−1
+ bsq [Lq−1 (a, b)]

q−1

−s [Lsq−1 (a, b)]sq−1 L (aq, bq)
] 1
q

+ a
[
(s+ 1) [Lsq+q−1 (a, b)]

sq+q−1

+asq [Lq−1 (a, b)]
q−1

+ s [Lsq−1 (a, b)]
sq−1

L (aq, bq)
] 1
q

}
(3.7)

A combination of (3.7) and (3.2) gives the desired result. �
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Theorem 12. For a > b > 0, s > 0, q > p > 0 and sq 6= 1, we have

[L (a, b)]
1− 1

q [Ls+1 (a, b)]
s+1 ≤

[
L
(
a
q−p
q−1 , b

q−p
q−1

)]1− 1
q

2 (2p)
1
q

×
{
a1−

p
q b
[
(p+ sq) [Lsq+p−1 (a, b)]

sq+p−1
+ pbsq [Lp−1 (a, b)]

p−1

−sqL (ap, bp) [Lsq−1 (a, b)]sq−1
] 1
q

+ ab1−
p
q

[
(p+ sq) [Lsq+p−1 (a, b)]

sq+p−1

+pasq [Lp−1 (a, b)]
p−1 − sqL (ap, bp) [Lsq−1 (a, b)]sq−1

] 1
q

}
. (3.8)

Proof. The proof is similar to that of Theorem 11 and we omit the details for the
interested reader. �

Remark 3. If p → q, L
(
a
q−p
q−1 , b

q−p
q−1

)
→ 1 and the inequality (3.8) becomes the

inequality (3.6) proved in Theorem 11.
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