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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
n-TIMES DIFFERENTIABLE (a,m)-LOGARITHMICALLY
CONVEX FUNCTIONS

M. A. LATIF, S. S. DRAGOMIR2, AND E. MOMONIAT

ABSTRACT. In this paper, some new integral inequalities of Hermite-Hadamard
type are presented for functions whose nth derivatives in absolute value are
(e, m)-logarithmically convex. From our results, several inequalities of Hermite-
Hadamard type can be derived in terms of functions whose first and second
derivatives in absolute value are (a,m)-logarithmically convex functions as
special cases. Our results may provide refinements of some results for (a, m)-
logarithmically convex functions already exist in the most recent concerned
literature of inequalities.

1. INTRODUCTION

Let us first refresh our knowledge how the following definition of classical convex

functions is generalized.

Definition 1. A function f: I —- R, ) # 1 C R, is said to be convex on I if the

inequality

(1.1) fltz+ (1 —t)y) <tf(z)+ (1 -1)f(y)

holds for all x,y € I and t € [0,1]. The inequalities in (1.1) are swapped if [ is a

concave function.

The definition of convex functions plays an important role in the theory of convex
analysis and in many other branches of pure and applied mathematics. A number
of remarkable and significant results in the theory of inequality hinge on the this

definition.
One of the momentous results which uses the notion of convexity is the stated
as follows:
a+b P fa)+ f(b)
. < < -
w0 () [ e LOED)

where f: ) 2 I C R — R, is a convex function of single variable, a, b € I with
a < b. The inequalities in (1.2) are celebrated as Hermite-Hadamard inequality and

are overturned if f is a concave function.

The inequalities (1.2) have been target of extensive research because of its use-
fulness and usages in the theory of inequalities and in various other branches of
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mathematics. A vast literature is reported on the Hermite-Hadamard type inequal-
ities during the past few years which generalize, improve and extend the inequalities
(1.2), see for example [6, 12, 13, 14, 15, 17, 19, 23, 28] and closely related references
therein.

The classical convexity has been generalized in diverse ways such as s-convexity,
m-convexity, («, m)-convexity, h-convexity, logarithmic-convexity, s- logarithmic
convexity, (o, m)- logarithmic convexity and h-logarithmic-convexity but we will
focus on the following generalizations of the classical convexity to prove our results.

Definition 2. [2, 33, 34] If a function f: 1 CR — (0,00) satisfies

(1.3) FOz+ =Ny <[f @1 @)

forall x, y € I, A € [0,1], the function f is called logarithmically convex on I. If
the inequality (1.3) reverses, the function f is called logarithmically concave on I.

The above stated concept logarithmically convex functions is further generalized
as in the definitions below.

Definition 3. [9] A function f : [0,b] — (0,00) is said to be m-logarithmically
convex if

ftx+m(1l— t) y) < [f (x)]t [f (y)]m(l—t)
holds for all x, y € [0,b], t € [0,1] and m € (0, 1].

Definition 4. [9] 4 function f :]0,b] — (0,00) is said to be (o, m)-logarithmically
convez if

flxz4+mA—-2t)y) <[f (a;)]ta [f (y)]m(lft"‘)
holds for all z, y € [0,b], t € [0,1] and (a,m) € (0,1] x (0, 1].

It is also obvious that if m = 1 in Definition 3 and if (a, m) = (1,1) in Definition
4, the notion of m-logarthmic convexity and (o, m)-logarithmic convexity recapture
the notion of usual logarithmic convexity.

Many papers have been written by a number of mathematicians concerning
Hermite-Hadamard type inequalities for different classes of convex functions see
for instance the recent papers [2, 3, 4, 7, 8, 9, 16, 18, 24, 25, 27, 29, 31, 32, 33, 35]
and the references within these papers.

The main purpose of the present paper is to establish new Hermite-Hadamard
type integral inequalities by using the notion of m- and («, m)-logarthmically convex
functions and a new identity for n-times differentiable functions from [19]in Section
2.

2. MAIN RESULTS

We will use the following Lemmas to establish our main results in this section.
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Lemma 1. [19] Let f : I C R — R be a function such that f™ exists on I° and
™ e L([a,b)) for n € N, where a, b € I° with a < b, we have the identity

SACESI0 —bia/:f@)dw—rfk[u(_”k} -af <a+b)

2 Lo ORI (k£ 1) 2
- (b—a)n 1 n—1 (n) 1—t 1+t
(=) (b—a)" [* el m (1=t 1+t

where an empty sum is understood to be nil.

Lemma 2. [20] If u > 0 and n € N, then

_ n+1n. n _1\k
1 %4'”!#219:0%, p#F1
' (In p) (n—k)!(In )
(2.2) / t"utdt =
0 L p=1.
Lemma 3. If 4 > 0 and n € N, then

(2.3)

Moyt — n! ZZ:O W, uw#E1

E(n;p) = /0 (1—t)" pldt =

1 —
rEsg p=1

Proof. By making the substitution ¢t = 1 — u in Lemma 2, we get (2.3). O

Lemma 4. [7] For o >0 and p > 0, we have
k—1

1 00
(24) G (a;p) = /0 1=t ptdt =Y (np)™—

< o0
1 (@), ,

where
(@), =ala+1)(a+2)...(a+k—-1).

From Lemma 3 and Lemma 4, by simple computations we get the following
results.

Lemma 5. If 4 > 0 and n € N, then
(25) F(n;p):=nE(n—1;p) — E(n;p)

nlp(ln p—1) 1 n Inu—1
g T r — ™ ket iy A7

2 =1

Lemma 6. For o > 0 and p > 0, we have

> k—1
(2.6) H(a;p)=nG(o;p) = Gla+1p) =) (na + nk(;)oz) (In p)
k=1 k+1

< 00,

where
(@) =ala+1)(a+2)...(a+k).
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Lemma 7. [35] Let 0<£<1<n,0<A<1land0<s<1. Then

2.7) e < e and N < g,

Theorem 1. Let f: 1 C [0,00) — (0,00) be a function such that f™ exists on I°

and 0 € L([a,b]) for n € N, where a, b € I° with 0 < a < b < co. If |f(")‘q
(a,m)-logarithmically convez on [a, 2] for (a,m) € (0,1] x (0,1] and q € [1,00).

Then
f(a)+ [ (b) I
‘ 5 —b_aAf(x)dx

n=1k |1+ (=) (b —a)" a
a [ k41 (kL)! A (#)

k=1
S () b Gl )] )]

where F (n; &) is defined in Lemma 5, p = L@ ong

RGN
s 0<pu<i
9 =
1-5, p>1

Proof. From Lemma 1, the Hélder inequality and using the fact that ‘ f (”)‘q
(o, m)-logarithmically convex on [a, %}, we have

ooy [Hens SURCIO T ()

kT (k + 1) 2
/f
_a

1—-1

< ;;31{ﬂ"<£)]m(zfﬂ_¢WWn_1+ﬂdQ .
” { </o1 (1=8)""" (n—1+1) uq(¥)“dt> "
+ </o1 A-8)"""(n—1+1) ”q(%)adt) 1/q} |

A

) (q
where p = W

It is obvious that

n
n+1

(2.10) /01 (1—=t)"" " (n—1+t)dt =
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Also when 0 < p < 1. By using Lemma 5 and Lemma 7, we obtain
! e\
(2.11) </ 1=t (n—1+1t)p(z") dt)
0 1 .
+ (/ (1=t)"" (n—1+1t) ,ﬂ(lé“)adt>
0
! 1 1-—t % ! 1 1+t
< (/ (1—-t)"" (n—1+t),uo‘q(7)dt> +</ (1—-t)"" (n—1+t),u0‘q(7)dt>
0 ) l 0 1 .
n—1 _agt ¢ a n—1 agt 1
(/ 1=8)""n—1+t)p 2dt> +ut </ (1—1) (n—1+t)u2dt>
0 0

o {fr o) e )]

When p > 1. By using Lemma 5 and Lemma 7, we have

Q=

[N

=p

(2.12) ( / JUET I CEEe) qu)adt);
i (/o1 (1=8" (n=1+1) uq(%)adtf

“(/

“(/

=pul~s (/01 1-t)""(n—-1 —i—t)uagtdt) '
1 G

+ s (/O (1—p"t (n—1+t)u°‘z“dt)

“ ([ o)) [ )] ).

A combination of (2.9)-(2.12) gives the desired result. O

(L=0)""(n—1+1) ua"(%)“ath)
(1=0"" (n—1+1) u“q(lzﬂ)ﬂath) _

|

Corollary 1. Suppose the assumptions of Theorem 1 are satisfied and if ¢ =1, we
have

b
(2.13) ’f(“Hf(b)—bia/f(:c)dx

2

nz—:l k {1 + (—1)'“} (b— a)kf(k) (a_+b>

k+1 |
2T R (4 )]

< % [ﬂ”’ (%ﬂmue {F(nn %)+ F(nu?)},
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where F (n; &) is defined in Lemma 5, p = % and 0 is defined in Theorem
1. "

Corollary 2. Under the assumptions of Theorem 1, if n = 1, we have the inequality

f (a) + _a/f

=) T ) w{ww%ﬂ”ﬂvwr“k

where |y = [f/f( éa))]m , 0 is defined in Theorem 1 and

m

(2.14)

.q

3

1 feq1=g] | e
F(Li¢) = e €+ 48],
L =1

Corollary 3. Corollary 2 with ¢ = 1 gives the following result

b
(2.15) f(a);f(b)—bia/f(:v)dx

< Oy (D)) e (w2 + [ ]},

m

where F (1;€) and p are defined as in Corollary 2 and 6 is as defined in Theorem
1.

Corollary 4. Suppose the assumptions of Theorem 1 are fulfilled and if n = 2, we
have

b
(2.16) ‘f(a);f(b)—bia/f(:v)dx

) Gl o ) )™,

1"

—~

a)

i 0 is as defined in Theorem 1 and

where | = [f,f(i
2¢In€—(In §)%—26+2
Fi(2) = tmor - S7L
, &E=1.
Corollary 5. If g =1 in Corollary 4, we have

b
(2.17) f(a);f(b)—bia/f(a:)dx

- (bIGG)Q [f" <£>]mu9{F(2;u%) +F (20%)},

m

B

win

where 0 is defined in Theorem 1 and u, Fy (§,2) are defined in Corollary 4.
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Theorem 2. Let f : I C [0,00) — (0,00) be a function such that f) ezists
on I° and ™ € L([a,b]) for n € N, where a, b € I° with a < b. If |f(")‘q is

(a, m)-logarithmically convex on [a, 2] for (a,m) € (0,1] x (0,1] and q € (1,00),
we have

b
(2.18) ‘f(a);f(b)—bia/f(:v)dx

n=1k |1+ (=) (b —a)" a
S ()

=1
b—a)" [n(2q—1)/(q—1)—(n—l)(qul)/(qfl)}l_% I\ N
e e e )
{loa-asrae )] sfofamve )]
£ (a)

where p = o)™ G («; &) is defined in Lemma 4 and 0 is defined in Theorem

<

Proof. Using Lemma 1, the Holder inequality and the («, m)-logarithmic convexity
of |f(")|q on [a, %], we have

b
(2.19) ’f(a);f(b)—bia/f(x)d:c

_rf k [1 + (—1)’“} (b— a)kf(k) (a_+b>

k+1 |
Lo R (k4 1) 2

A )] ([0
x { (/01 (1— )b ,ﬂ<¥)adt>l/q + (/01 (1—t)7=Y ,ﬂ(%)adt) }1/q.

The proof follows by using similar arguments as in proving Theorem 1, using Lemma
4 and Lemma 7. O

1—

Q=

Corollary 6. Under the assumptions of Theorem 2, if n = 1, we have the inequality

fla+fb) 1
2 _b—a/a

<058 (a) I G e {le o) o)),

where i = 1Y

T

(2.20)

b
f(x)dx
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and 6 is defined in Theorem 1.

Corollary 7. Under the assumptions of Theorem 2, if n = 2, we have the inequality

a b
(2.21) f();f(b)—bia/f(x)dx

(b—a)® [2Ga-D/@D 170 /g NV L e\,
< 16 5 I = %
q—1 m
+

e} k—1
G(q+1;§)_z(lgL<oo

k=1
and 6 is defined in Theorem 1.

Theorem 3. Let f : I € R — R be a function such that f) exists on I° and
f™ € L([a,b]) for n € N, where a, b € I° with a < b. If |f(")‘q is (a,m)-
logarithmically convex on [a, 2] for (a,m) € (0,1] x (0,1] and q € (1,00), we
have

b
(2.22) ’f(a)+f(b)—bia/f(a:)dx

n=1k |1+ (=) (b—a)" a
-2 [ 2kt (kL)! ™ (Lb>

k=1

<n"+17%(b—a)n B 1 ng—1 2q—1 -3
- 2n+1p) n ¢g—1"¢g-1

[ ()] [ ()]

™) (q
where p = W,

B(z;a,ﬁ):/ zo‘_l(l—z)'@_ldt,ogzg1,a>0,ﬁ>0
0

is the incomplete Beta function and 6 is defined in Theorem 1.
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Proof. Using Lemma 1, the Holder inequality and the («, m)-logarithmic convexity
of |f(")|q on [a, %], we have

(2.23) }f(Hf _a/f

2

nz—:l k {1 + (—1)'“} (b— a)kf(k) (a_+b>

k+1 |
L R (k1) 2

(b—a)" b\1" ([ (n—1)/(¢—1) v
<X ) _ p\4(n=1)/(g— _ q/(q—
< o [f ( )] (/O (1—1t) (n—1+1) dt)

» {( [ uq(%)“dtf” (] luq%)“dt)”q}.

By using Lemma 7 and the fact that

1
/ (1 — $)a=D/@=D) (1 4 o/ @D gy
0

1
_nnqqtq l/nt(zill)q(l—t)qldt—nq;q 13(1;7’Lq—172q—1>7
0 n qg—1" qg—1

we get the required inequality (2.22) from (2.23). O

Corollary 8. Suppose the assumptions of Theorem 3 are satisfied and if n =1, we
have the inequality

(224) }f()+f _a/ fla

<o <25:f) ie{{Fs (I )

1
F — ]ng ’ 5 #
o={ 7 7
and 6 are defined as in Theorem 1.

Corollary 9. Suppose the assumptions of Theorem 3 are satisfied and if n = 2, we
have the inequality

(2.25) ‘f();f _a/f

: 1)21_:f { (1 i 2qq—_11)] %”9{{&(”%)F“L[&(“%)F}’

where p = [f,f( ba))]m ,




10 M. A. LATIF, S. S. DRAGOMIRY?, AND E. MOMONIAT

B (z;a,b) is the incomplete Beta function as defined in Theorem 8 and 0 is defined
as in Theorem 1.

Theorem 4. Let f : I C [0,00) — (0,00) be a function such that f0V) erists
on I° and ™ € L([a,b)) for n € N, where a, b € I° with a < b. If |f(")‘q is
(ar,m)-logarithmically convex on [a, L] for (a,m) € (0,1] x (0,1], ¢ € (1,00) and
0<r<(n—1)q. Then

b
(2.26) ’f(“Hf(b)—bia/f(:c)dx

=L {1 + (—1)’“} (b— a)kf(k) (a_er>

k+1 |
L R (k1) 2

- b\
@)
X {[H (r—i— l;u_%)r/q—i- [H (r—i— l;u?)}l/q}.
£ (a)

= CIGE 0 is defined in Theorem 1 and H (o; &) is defined in Lemma 6.

(b—a)" | (g—1) (n?q—nr—2n+r+1)
—2ntlpl | (ng—r—1)(ng+q—1r—2)

Proof. From Lemma 1, the Holder inequality and using the fact that ‘ f (”)‘q is

(a0, m)-logarithmically convex on [a, %}, we have

a b
(2.27) |f()+f(b)—bia/f(a:)dx

Ltk [1e () 60" (a+b>

21 (k4 1)! 2

k=1

11

< % [f<n> (Eﬂm (/01 (1= p)ma=a=0/@=D) (1 4y dt) 1
- { (/ol (1= (n=1+41) uq(%)“dt) "
+ </o1 (1—1)" (n—1+1) #q(%)adt) 1/q} |

The rest of the proof is similar to that of the proof of Theorem 2 by using Lemma
6 and Lemma 7. ]

3
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Corollary 10. Suppose the assumptions of Theorem 4 are fulfilled and if r = 0,
we have

b
(2.28) |f(a)+f(b)—bia/f(a:)dx

2

n=1k |1+ (=) (b —a)" “
Sl e (22)
(b—a)" [(g—1) (n?q—2n+1) T o (b\]™
2+n] [ Elnq— 1) (§q+q—2) [f( | <E)] 3

ag\71/9 ag\71/9
Lo (o )] o ()]
Corollary 11. Suppose the assumptions of Theorem 4 are fulfilled and if r =
(n—1)q, we have

b
(2.29) ’f(a)+f(b)—bia/f(a:)dx

k=1

2

=L 1+ (-D" 0- a)’“f(k) (a_+b>

k+1 |
L R (k4 1) 2

ot e (]
x {[H ((-1)q+ 1;u*%)}1/q +[H(n-1)q+ 1;;%)}1/‘1} .

Remark 1. Sewveral interesting inequalities for m-logarithmically convex functions
can be obtained by setting o = 1 in the results presented in this section. However,
we leave the details to the interested reader.

Remark 2. We can get several interesting inequalities for logarithmically convex
functions by setting o = 1 and m = 1 in the results proved above. However, the
details are left to the interested reader.
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