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1. Introduction
Let L°[a,b] (1< p<x) denote the space @fpower integrable functions on the interval
[a,b] with the standard norm
b 1/p
I, =([) @ a) .

and L”[a,b ] the space of all essentially bounded function$aph] with the norm

|f]. =esssug f(x).
X a,b]
If hOLU[a g andgOL"[a H, then [17]
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Gruss in [6] showed that i, g, hgd E[ g4  then
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where y,,y,,I, and I, are all real numbers satisfying the conditiops<h(x)<I'; and

¥, <9(X)<I, for all xO[a,b]. The constanil/4 in (1.1) is the best possible number in the

sense that it cannot be replaced by a smaller fyant
Another well-known inequality is due to OstrowskB]. If f:[a,b] - R is a differentiable

function with bounded derivative, then for all1[a,b we have

(x—a)’ +(b- %°
2(b- a)

<

‘ f(x)—bfla.[: £(t) dt

| .- (1.2)

In 1997 Dragomir and Wang [3] introduced a mixttype of the inequalities (1.1) and (1.2)
and named it Ostrowski-Gruss inequality. They pdothet if f :[a,b] —» R is a differentiable

function with bounded derivative arm, < f'(x) < 3, for all xO[a,b], then

‘ (-2 [ r a0 ;(a)(x— a; bj

s%(b— 3B-a). (L3

Due to their importance in different branches opleggd mathematics, many improvements
and generalizations of Ostrowski and Ostrowski-&liigqualities have been presented in the
literature up to now, e.qg. [ 1,2,4,5,7,8,15,16HeTollowing theorems show some of them.

Theorem Al (a generalization of Ostrowski inequali{). By defining the linear kernel

t_(b—W)f(b)—af(a) _

t-6  t0[ax],

K,(xt) = fb)-f(@) (1.4)
v t_bf(b)—(a+w)f(a):t_5 £0(x b
f(b)-f(a) ’ o

in which wOR, f(b)#f(a and 6,-6,=w, let fOC al and suppose that
f'.a,B0LP[a,b] are functions such thata(t)+ B(t) is a constant function and

a(t) < f'(t) < B(t) for all tO[a,b]. Under these assumptions-}ﬂgzl then the following
P q

inequality holds



(MR ET AR
wi)-] 7 19 cks (j: taa["? Zc)z“ I

max(|a~6] ,[b-6] [a-6, |b-6/) | ], .

Theorem A2 [9]. Let f OC'Ya . If a” is a constant number such that < f'(t) for any
tO[a,b] and 8,6, are defined as the same form as in (1.4), then

Wf(x)—J': £(%) dX-a*wa—((b_a) +23V\) f(@+((b- 3’ -2 bv)/ f(;)] ‘

2(f(0)- f(a))
<max(ja-6] |b-6] |a-8,] |b-8])( f by f(a-a" (b- &).

Theorem A3 [9]. Let f OC'Y[a . If B is a constant number such thét(t) < 8 for any
tO[a,b] and 8,6, are defined as the same form as in (1.4), then

wigy-|’ f(X)dx_ﬁ,,(WX_((b—a) +2aw) f(B+((b- 92— 2 by f(a] ‘

2(f ()~ f(a))
<max(|a-6) [b-6] |a-6, |b-6))(8 (- a- f(b+ f(a).

Theorem B1(an analogue of Ostrowski inequalifyii1].

Let f OC[a . If a(x) < f'(X) < B(x) for anya, S0C[a,b] and x[[a,b] then

(e s [Pa-n A dfs (-2 [ 10 a

bfa(j:(t—a)/z(t) at+[ (- a(y dt).

Theorem B2 [11].Let f OC'[a . If a(x) < f'(X) for anya O C[a,b] and xO[a,b] then

<

bl a0 [[e=Dats o+ oy a-( 5= 13)

sf(x)—bflaj: f(t) dt<

L(jx(t—a)a(t)dnjf(t— Ba(t dt)+ f(9- (3-[ a() dt

b-—al\’a



Theorem B3 [11]. Let f OC'[a . If f'(x) < B(x) for any S0C[a B and x[O[a,b] then

%a(j:(t—a)ﬁ(t)dnjf(t— b) B(1) dt)—j:,g(t) dt+ f(B- f( &

1 ;v
Sf(x)—ﬁja f(t) dt<
([l pwde [ -n A0 )+ (0 d-( 10~ 1(3).

Theorem C1(a generalization of Ostrowski-Grtiss inequal[t0].

Let f OC'[a Q. If a(x) < f'(x) < B(X) for anya, 0C[a,b] and xO[a,b] then
o L R

LT et P T e 0 o

2

<f(x)——j £(t) dt- f(b) f(a‘)( a+b)s
ke

b-a
e = 58 o

2

2

Theorem C2 [10].Let f OC'[a . If a(X) < f'(x) for anya OC[a,b] and x(O[a,b] then

bij"(t—x)a(t) dt+ [ *a () dt-

<f(x)——j £(t) dt- f(b) f(a‘)( a+b)s

f(0)-f(a)
2

f(o)-f(a)
EL (- a@di- [ a() dtr 2.

Theorem C3 [10].Let f OC'[a . If f'(x) < B(X) for any S0C[a 1 and xO[a,b] then



1 (o b £ (0)- f(a)
bTaJ.a (t=x) B(t) dt—_[x B(Y) dt+T

fo)-f(a),  _a+

b-a (X 2b>s
f(b)-f(a)
—

< f(x)—b—faj: £(t) dt-

1 b X
ﬁja t-x) A1) dt+'|.a,8(t) dt-

Theorem D (a generalization of Ostrowski-Gruss inequal[t3].

By defining the linear kernel

t-A(x-b)-Z(ath=t-¢ tO[a %,

K(x:t,1)= i
t—/](x—a)—E(a+ b=t-r tO(xA,

let f OC'[a 4. If a,,3, are two real constants such thatr, < f'(t) < B, for all t 0[a,b],
a+(2A-1)b b+(21-Da

then for anyA [1/2,1] and all x| ] O[a,b] we have

2/ 2/

1 o _f)-f(@ _ (2 -Da+tb . a+(2A-1b
f(X) Mb_a)jaf(t)dt o (o 3 f(9 Ty f(a)‘
ﬂo_ao /]2"'(1_/1)2 JRY Y
S4(b—a) ; ((x a)“+(b—x )

In other words, the linear approximation

f(b)- f(a) 1 b a+((21-b _(2A-D)a+b
f(x) O . x+Mb_a)(jaf(t)dt+—2 f (a) —— f(b)j,

has an absolute error less than

ﬂo_ao % +(1_/])2
4b-a) A

((x—a)*+(b-%?).

2. A class of inequalities for integrable functions

After reviewing the above-mentioned theorems, wa oaw introduce a main class of
inequalities that includes the results of them toge with some new improvements of
Ostrowski and Ostrowski-Griuss inequalities. Fors thurpose, we first define the kernel
function



] )
K ot uv[a ) ={ 38 :DE‘;S 2.2)

on [a,b] whereu(t ) and v(t ) are two arbitrary integrable functions such théf) 0C'[a, x ]
andv(t) DC*(x,b]. It can be directly verified from the kernel (2thht

F(x fuviiat)=[ fOK(xtuy ah dt

) ) (2.2)
=(UO)=UR) FOY=[ Uy (Y de-[ WY (xde ¢p €Ep Ga(f)

Also if in (2.1) j:u(t) dt+J'b\,(t) dt= w( ¥ is assumed, then a specific subclass of integrable

functions [13] is derived in the form

F(x f.uv[a t]):F( x f lﬂl—w, ‘“_M;[ abj

(2.3)
=F(x f,u,v;[a )~ f(b; ;(a) w( ¥
which is corresponding to the kernel function

(¥

* u(t) -~ t0[a X,
Kz(x;t,u,v,[a,d)=K(xtl()—vg_();),‘(/1 Vg(x)[apj b-a

viy-2Y gk
b-a

(2.4)

Note thatF, (x; f,u,v;[a H) in (2.3) can be directly generated by replach{t) = f'(t) and
g(t) =K (x t,u, v[a ) inthe left hand side of Griss inequality so thathave

F(x fuvial)=[" fOOK(xtuv ah df—j Ot df K (xtup,alp
=F(x f,uvila ) =2 ([ ) aee [ vx o

Recently in [13] we have applieEFz(x; f,u,v;[a tj) to study a certain class of weighted
approximations. However, relation (2.3) which ideed equivalent to

(xfu(t)+ ()v(t)+ (x)[adj F(xfuvlab,



shows that the original function iE(x; f,u,vi[a tj). It is clear that this function can be

considered as the error value of a weighted appratxon formula in the form

(u-uR) F3O[ u) ) de[” (¥ (e @R €R D@

(2.5)

In this section, we present three main theoreni$e(dnt from theorems of [13]) for error

bounds of the approximation formula (2.5)lifa,b ardL*[a,b ] spaces.

Theorem 1.Let f OC'[a B and u(t), v(t) be two arbitrary integrable functions such that
udC'a X and vOC*(x,b). If a(x)< f'(X)< B(x) for any xO[a,b] and a,B0C[a,b],

then
m(X<F(x fuvlab)s< M X
where
m(x) = IX[MM) u(t)+|L(t)|a(t)jdt
o (v(t) O] gy, MO +2| WY am] "
and

M, (X) = IX(Mﬁ(t) u(t)_|L(t)|a(t)]dt

. If(““”' VO ey + MO —£w0|a(t)j i
Proof. By noting the relations (2.1) and (2.2) first wavh

F(x fuvila ) -2 ([ 0@ +a0) de [ (xaO+a0) d
_J' (K (xtuv[a ) dt——j (xtud aB(aO)t+B()) d
=J’aK(x;t,u,v,[a tj)( f(b—Mj dt

On the other hand, the given assumpiidh) < f'(t) < S(t yie)ds

‘ fty - 9@ erﬁ(t) ‘ B0 ;a(t) |

Therefore

(2.6)

2.7)

(2.8)



‘ (x f.uvila B)—([1 @O +a0) de 7 exar B0y d)‘
:‘j:K(X:t,u,\r,[ad)( f(D—a(t);ﬂ(t)j \{ [l (xtuy a]@\( At a(t)j ¢ (2.9)
1/« b
=§(L u(t)| (ﬁ(t)-a(t))dt+jx MO [ (B(Y)-a(D) dt).

After re-arranging (2.9), the main inequality (2u8)l be derived directly. ]

Remark 1. Although the conditiona(x) < f'(x) < S(x )is straightforward in theorem 1,
sometimes one might not be able to easily obtath bounds ofa(x )and S(x) for f'. In
this case, two analogue theorems can be considéhedfirst one would be helpful whefY
is unbounded from above and the second one woultelpul when f' is unbounded from

below.
Theorem 2.Let f OC'[a . If a(X) < f'(x) for all xO[a,b] and a 0 C[a,b] then

m(X<F(x f,uvlab)s M(X, (2.10)

where

m(% =" uda(y de [’ «)a()d%max{ max u(y , ma*v(d)}( oy f(a[ a (t)r)t
(2.11)
and

M, (0 = [ "u(a () dt+ [ gar(f dt+g[1%<{ may u(t) ,anla}b*v(q)}( foy f@r| a (t)d}

(2.12)
Proof. We have

F(xfuvia )= 0a0) def! atr db=| [ xeut al( Ora0) d
<[’|k (xtuvla H)|( f()-a()) dtsg?gg](\K(xtuv[aﬂ)H:( f(-a()) dt

=mex{ majo O gt O (107 7 65 [ )

xa b
After re-arranging the above relation, inequalizylQ) will be derived directly. [

Theorem 3.Let f OC'[a . If f'(x) < B(X) for all xO[a,b] and SOC[a,b] then

m(N<F(x f,uv[a®hs M(X, (2.13)

where



m (9= W98(Y dee [ 1B o mad ma uy makva} (|75 Oty 19

XJab| tTay
(2.14)
and
M09 = [ u0A0 dee [ \08CY deemaxd mauc) makv e} (]2 O 103 1
(2.15)

Proof. We have

\F(x; fuvilat)-[ B0 de [ (1A() d}=“:}<( xtuy al( '€)+80) 41
SJ:\K(x;t,u,v,[a 4)|(B0Y- T(Y) dtstrgggf\K(xtuv[aﬂ)H:(ﬁ()t- () dt
=max{ maxu () ,ﬂnl%*v(b} (j:/z()jt— fby f @)

Xab| tTay
After re-arranging the above relation, inequalizyl@) will be derived directly. [

Remark 2. An important advantage in theorems 1, 2 and Basnecessary computations for
obtaining the bound$m( ¥} >, and{M (X} >, are only in terms ofxr(t), 3(t) and the pre-
assigned functions(t), v(t), not in terms off and its derivatives. In other words, as far as we
searched, most of presented works for obtaining $cinds contain a variety of norms ( like
| ], [ f'], and | £'],), see e.g. [ 1,2,3,4,7,8,9 ], which are rathefiaiilt to calculate,

while the computed boundsn( 3} >, and{M (X} >, are all independent of these values.

3. lllustrative Examples

With respect to pre-assigned functiom@) and v(t), it is clear that there exist various cases
for F(x; f,u,v[a tj) and its corresponding bounds. In this section, cgasider some
remarkable examples.

Example 1. (three new generalizations of Ostrowsdquality)

- OmWIO-a g g gy = PO (W
f(b)—- f(a) f(b)- f(a)
the function (2.2) changes to

By choosing u(t)

F(x f.t-8.t-6;lab)=wi(y-[ ) dt (3.1)

Hence, substituting (3.1) in theorem 1 yields



jxgl(22|4a(9+z)+ 212564 9) dz+ [ | 26 g | lBes p a

a-§
swf(x)—ja f(t) dt<

JaER 456, +2)+ 2 |#a(e+z» dz+ [ ||ﬂ(9+ y+ ||a(e+ y d

in which a(x) < f'(x) < S(x) for a,B0C[a b and x[[a b . Similarly, corresponding to
theorem 2 we have

j:_’:za(al+z)dz+jf_': 2(6,+ ¥ dzmax{| ad)| a6, | bd)| wg}( )b (f)aj:a()t)dw
<w ()~ (9 dts

[ za@+2dz [ @6+ ¥ dzmax{| a6]| =o]| +8]| wg}( ) ( )aj:a()t)d;

provided thata(x) < f'(x )for a 0C[a,b] and x[I[a,b ], and corresponding to theorem 3 we
have

j 28(6,+ 2) dz+j B6,+ ¥ dzmax{| a6|| @] b Joe;}(j:/;()t dt (f)b (f))a

swf(x)—ja f(t) dt<

j 2B(6,+ 2) dz+j B6,+ ¥ demax{| ad|| @8] bo] | Joeg}(j:ﬁ()t dt ()b (f))a,

if f'(x)<B(X) foranya OC[a,b]andx[a,b]. In this sense, note that if in (3.®)=b- a,
then

F(x f,t-at-b[al)=(b- 2 { y—jb {} dt (3.2)

Hence, substituting (3.2) in theorems 1, 2 andspeetively gives theorems B1, B2 and B3.
For instance, forr(x) =a, # @Gnd S(x) = B, # Otheorem B1 reads as

a,(x-a)> - B,(b—x)?
2(b-a)

(x-a)’ —a,(b-x)?
2(b-a)

< f(x)- j f(t)dt_’go

Example 2. ( three new generalizations of Ostrouvglkiss inequality)

By noting the assumptions of theorem D, if we cleoo&) =t—A(x—b) —%(a+ B=t-rand

v(t)=t-A(x—-a) —%(a+ B = t- 5, then the function (2.2) changes to

10



F(x f,t-r,t-r,[a,b]) =

Ab=a)1(9=]" 10 dt=A( f(h- () e EDAED 2220 ¢y 59
Hence, substituting (3.3) in theorem 1 yields

& |4a(r+z)+ |tﬂ(r+2))d2+j |a(5+3+ ||/3(£+2)) dz

<Ab-a) f(3-[ f(9 d=A(f(H- 1(3) ﬁ%’ (p- 22 (g

e H[>’(r+z)+ |1Za(r+z»olz+j |ﬁ(£+2)+ ||a(5+z»dz

in which a(x) < f'(x) < S(x) for a,f0C[a b and xO[a b . Similarly, corresponding to
theorem 2 we have

j:_':za(rl+z) dz+ij_': z(y+ 3 dzmax{| & ] a f| b Jr| b J}( {p (Haba()t ()t

(24 —;)a+b { p- a+ (2/21—1)b { 3

j:za(rﬁz) dz+J'::rrz z( g+ 3 demax{| a Jr| & ZHb—rl,b—rZ}(f(b)— f(a)—j:a(t) dt),

<A(b-a) f(x)—fab f() dt-A( f(H—- f(J) »

provided thata(x) < f'(x )for a 0 C[a,b] and x[I[a,b ], and corresponding to theorem 3 we
have

Jlizpe 2 dze [ B+ y dzma| & ) @ 4l b g b B([LE0 @ ()

(2A-Da+b _ . a+(2A-1)b
2 b 2

[Zizpi+2) dz+ij_': B(1+ ¥ dzmax{| a Ji] & Zﬂb—rl,b—rz}(f;ﬁ(t)dt— f(b)+ f(a)),

s;l(b—a)f(x)—j: f() dt-A( f(§- () » { a<

if f'(x)<B(X for any a OC[a,b] and x[a,b]. In this sense, note that if in (3.3)=1,
then

F(X;f,t X+b—2at x—B[a qj (b3 { *‘Ib CraeC U= CR( X%b)'

(3.4)
By substituting (3.4) in theorems 1, 2 and 3 orspeetively gets theorems C1, C2 and C3.

Example 3.(An arbitrary particular casegt a(x) =a, # 0 and 8(x) = 5, # Q Since e.qg.

11



F(x ft+1,100,2) =x f ()= [ f©dt+ F@)- 1(0)
applying theorem 1 yields
ao(%xz +D)<xf(- [ f() dt+ 10 f(0)< ,80(% R +1),

provided thata, < f'(x) < S, for xJ[0,1] and applying theorem 2 gives

ao(%x“?’)_‘?‘( F- )< xf-] fOd=a, (% X — 1+ (- f(0)

if a,< f'(x) Ox0O[0,1].

Remark 3. One of the advantages of theorems 1, 2 and 3 fmdothe bound for some
incomplete special functions. For example, by chapsv(t) =A1>0, u(t)=A+t"/r for
r>0, f(t)=(@-t)** for s>1 and[a,b] = [01]one gets

F(x@-x"A+X /1.4) :% X (- Xf1-B(xr,9-1,
where
B(xr,s) :j:tf-l(l—t)s-ldt (r,s>0; x0(01]),

is the incomplete beta function. And/onift) =A> , Q(t)=A+t"/r for r >0, f(t)=e™
and[a,b] =[0,b ] then

F(x e A+ X/14) =1

r

X&' -T(x)+A(e -1,
in which
rcr)=[tetdt  (r,x>0),

denotes the incomplete gamma function.
The mentioned remark also holds for finding upped dwer bounds of some classical

integral transforms whenu(X)-MX=4>0. For example, if vi{¥e* for s>0,
uit)=A+€e* (1>0) and[a,b] = [0, ), then

F(x f,A+e™, e%[0,00))=A f(R+ £ ( { P)-(1+A) 10),
where
L(fe) =], e H(} dx (s0),

shows the Laplace integral transform.

12



4. Applications in numerical integration

A general fi+ )-point weighted quadrature formula is denoted by
b n
J W09 (9 dx=3 w (%) + Rl 1, (4.1)
k=0

where w(x ) is a positive function ofia,b ,¥x,}:., and{w,}_., are respectively nodes and
weight coefficients andR ,,[ f ik the corresponding error [12].

Let IT, be the set of algebraic polynomials of degree @dtoh The quadrature formula (4.1)
has degree of exactnesdd for every pLII, we haveR ,[p] = 0In addition, ifR ,,[p] # O
for somell ,,,, formula (4.1) has precise degree of exactdess

The convergence order of quadrature rule (4.1) mdpen the smoothness of the functibn
as well as on its degree of exactness. It is wabthvkn that for givenn+ Imutually different
nodes{x,}.., we can always achieve a degree of exactmess by interpolating at these

nodes and integrating the interpolated polynomiatead of f . Namely, taking the node
polynomial

Woa(x) = H (X=%),
by integrating the Lagrange interpolation formula

0= 3 )L K * (£,

where
W (X)
L(x; %) =——"2 (k = 04,...,n),
WL ()X %)
we obtain (4.1), with
1 W, (WX
W, =— : dx (k=01...,n),
CWL) I X=X, ( )

and
Roal 1] 1120 w00 o

Itis clear thatiff OII, thenr,,,(f;Xx) = Oand thereforeR ,,[f]= O

13



Quadrature formulae obtained in this way are knawinterpolatory. If a quadrature is not of
the interpolatory type, i.e. if it does not folldtve concept of the degree of exactness, then it
would be a nonstandard quadrature rule.

Usually the simplest interpolatory quadrature folaaf type (4.1) with pre-determined nodes

{x}rz O[a,b] is called a weighted Newton-Cotes formula. Regx) = arid the equidistant

nodes {x} 1., { a+ khi, with h=(b-a)/n, the classical Newton-Cotes formulas are

derived.
In this section, we introduce a general three pguatdrature formula of the form

[7H09AxOA f(@+(b- a(h+A4,) (3+4, (B, 4.2)

where A, A, are two free parameters aedl[a B . It is clear that the error value of the rule
(4.2) can be written as

Fc f.t-a-A,t-b+ A [al)=A (3+(b- a(L+A)) (3+4, (p-[ € di (43)

According to theorems 1, 2 and 3, relation (4.8¢aly gives the following corollaries.

Corollary 1. Let f OC'[a . If a(x)< f'(X) < B(X) for any xO[a,b] and a,50C[a,b],
then

-A c-b+A,

o (2‘24,3(24, a+/11)+2+2?a(z+ a+/11)J dz [ * (222,3( # b)l2)+i2%r( £ b)lz)j d
<A, f(a)+(b-a—(A,+1) f(Q+A, f(b)-jb f() dt<

jcaﬂl(z M,B(z+a+)l)+ ?O'(Z+a+/])JdZ|'J‘

_/11

( H,@(zr bA)+ Ha( zb- )Iz)j

c-b+A,

Corollary 2. Let f OC'[a . If a(x) < f'(X) for all xO[a,b] and a OC[a,b] then

j (t-a=A)a(t) di+ | Cb(t— b+ A,)a(1) di-max{

A |- aAf ] & bm;}( f(by- f(a—j:a(po)t
<A F(@)+(b-a-(4+4,) f(9+A, f(H-[ () dis

j (t-a-A)a(t) dt+jcb(t— b+ A,)a(1) dt+ max{ |A] |A

- a Al | a bm;}( f(by- f(a)—j:a(p d)(.

Corollary 3. Let f OC'[a . If f'(x) < B(x) for all xO[a,b] and S0OC[a,b] then
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j:(t—a—/il)ﬁ(t)dt+j:(t—b+/12)/;(t) dt-max{ |A] |4 |- a2 | & b A} (J:ﬂ(t) dt f(B+ f(ag
<A f(@)+(b-a-(4,+A,) ((9+4, f(h-[  f(} dis

[t-a-A)BW dt+[ (t- b+ A,)B(9 dtemax| |4] |4,] [b- a- A | & br A} (Lbﬁ(t) de f(B+ K ag

Many classical quadrature rules and some nonstdmdkes such as

j:f(x)dxm(—% a+ x—()l——;) B fa+A(b 2 ():+((,1——;) a ) x—; b )

which is studied in [12] in detail, are particuses of the general quadrature (4.2) and their
corresponding errors are therefore particular syueseces of corollaries 1, 2 and 3. Here we
consider a few of them.

) If a(X)=ax+a,70 and B(x)=pBx+[,20, then by choosingd, =A4,=0 and
c—aTbD[a, B in (4.2) and applying corollary 1 we can finalligtain a new bound for the
error of midpoint rule as

(b-a)°
4

a,+aa;, (B, tbp)
2
(b a)’
4

js(b—a) f(a—;b)—j: £(1) dt
,80+a,81—(0'0+b0'1)j
, .

(—( +131)+

(——w+@+

i) Ifin (4.2) A, =4, :b;za’ then by applying corollary 1, a new bound cardéeved for the
trapezoidal rule error eventually as follows
b-a 7—
I@[|4u+ + 2 kﬂm
_7 2
A(t(a)+ f(b)- j f(t) dt<
b-a
= a+b b z+
L@(Z a(z+ 22 HZﬂ(+ tﬂu

2

provided thata(x) < f'(x) < B(x ) for any xO[a,b] and a,f0C[a,b]. For instance, if
a(x)=a,z0 and B(x)=/4,#0, the above inequality is reduced to the well known
inequality

15



b- b
Ta(f(a)+ f(0) -] f()dt

< (b= 8°(8,-)

ii) If a(x)=ax+a,#0 and B(x)=Fx+5,#0, then by choosing/h:/]z:—b;;a and

c:a—;bD[a B in (4.2) and applying corollary 1 we can finalligtain a new bound for the

error of Simpson rule as

5(b-6)(

1aa \Bima)(@t 205~ a,))-

‘J-:f(t)dt—bT(f()+4f( )+f(b)j

In particular, replacingr, = 8, =0 in the above inequality leads to one of the reseiif14] as

‘j:f(t)dt—bT(f( a)+af )+ f(b)j s%(b— 9 (B, - a,).

Moreover, if only the conditionr(x) = a;x+a,# 0 is considered, then applying corollary 2
for the error of Simpson rule yields

‘j f(t)dt——(f() 412 )+f(b)j

(l%a)(f(b—f(a_(aJri%D
3 b-a ° 2 Y

In particular, replacingy, =0 in the above inequality leads to theorem 1, retae{4) of [18]
as

‘j:f(t)dt—b;;‘(f(a)wf(%b) f(b)j

(b—é) ( (- Ka_aj
b-a °)

Similarly if only B(x) = B x+ 5, %0, then applying corollary 3 for this case yields

(b—a)( b_(b-(ﬁj_

‘j f(t)dt——(f()+4f(—)+f(b)j Bot— B

In particular, replacing3, =0 in the above inequality leads to theorem 1, reta{b) of [18]
as

P~

SCIE -

(b—a)( f(f)-f(«’)j.

‘j:f(t)dt——(f( a)+4f
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