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INEQUALITIES FOR RIEMANN-STIELTJES INTEGRAL WITH
APPLICATIONS FOR SELFADJOINT OPERATORS AND
QUANTUM DIVERGENCE MEASURES

S.S. DRAGOMIR1:2

ABSTRACT. Some inequalities for Riemann-Stieltjes integral that provide weighted
reverses of Jensen’s inequality are obtained. Applications for functions of self-
adjoint operators and quantum f-divergence measures are also given.

1. INTRODUCTION

Let A be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (A) included in the interval [m, M] for some real numbers m < M and
let {Ex}, be its spectral family. Then for any continuous function f : [m, M] — R,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral (see for instance [21, p. 257]):

M
(1.1) G Wz = [ Fd(Ea)).
and u
If el = [ QP dIE,

for any xz,y € H.

The function g, , (A) := (Exzxz,y) is of bounded variation on the interval [m, M|
and

Gz,y (m —0) = 0 while g, (M) = (z,y)

for any z,y € H. It is also well known that g, (A) := (Exz, ) is monotonic nonde-
creasing and right continuous on [m, M| for any = € H.

The following result that provides an operator version for the Jensen inequality
is well known [28] (see also [20, p. 5]):

Theorem 1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M| for some scalars m, M with m < M. If h is a convex function
on [m, M|, then

(1.2) h({(Az,z)) < (h(A)z,z)
for each x € H with ||z|| = 1.

As a special case of Theorem 1 we have the following Holder-McCarthy inequal-
ity:
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Theorem 2 (Holder-McCarthy, 1967, [25]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then for all x € H with ||z|| = 1,

(i) (ATz,z) > (Az,z)" for all v > 1;

(ii) (ATz,z) < (Az,z)" for all 0 <1 < 1;

(iii) If A is invertible, then (A"x,x) > (Ax,z)" for all r < 0.

The following reverse of (1.2) inequality that generalizes the scalar Lah-Ribarié¢
inequality for convex functions is well known, see for instance [20, p. 57]:

Theorem 3. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M| for some scalars m, M with m < M. If h is a convez function
on [m, M], then

M — <Aa:,a:>h . (Az,z) —m

(1.3) (h(A)z,2) < —F—="h(m) + ————

h (M)

for each x € H with ||z|| = 1.

We can state the following result concerning the weighted Jensen’s inequality for
continuous functions of selfadjoint operators [17]:

Theorem 4. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [a,b] for some scalars a,b with a < b. If ® : [m,M] C R—R s

a continuous convex function on the interval [m,M], f : [a,b] C R — R is a
continuous function on the interval [a,b] and with the property that

(1.4) m < f(t) <M for any t € [a, b

and w : [a,b] — [0,00) is continuos on [a,b], then

(w(A) f (A)z,z)
(1.5) <I>< o () )
(w(A)(®@o f)(A)z,x)
a (w(A) z,x)
< @ (m) (M—%) + & (M) (W—m)

— M_m b
for any x € H with ||z|]| = 1 and (w (A) z,z) # 0.

We proved the above result by employing the following weighted inequality for
the Riemann-Stieltjes integral [17]:

Theorem 5. Let ® : [m,M] C R — R be a continuous convex function on the
interval [m, M], f : [a,b] C R — R be a continuous function on the interval [a,d]
and with the property (1.4) and w : [a,b] — [0,00) be continuos on |a,b]. Then for

each monotonic nondecreasing function u : [a,b] — R such that ffw (t)du(t) >0
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we have the inequalities

(1.6) q><ffw(t)f(t)du(t)>
7w (t) du (2)
Juw (8) (o ) (t) du (t)
I w (t) du (1)
® (m) (Mf%) + (M) (%ﬂn)
M—m

<

IN

Following [18], we introduce the following class of complex valued functions:

Definition 1. A function ® : [m, M] C R — C is called square-convex on [m, M]
if the associated function ¢ : [m, M] — [0,00), ¢ (t) = |® (t)|* is convex on [m, M].

A simple example of such a function is the concave power function @ : [m, M] C
[0,00) — [0,00), ®(¢) = t" with r € [,1]. Also, if h : [m, M] — [0,00) is convex
then the complex valued function ® : [m, M] C R — C given by ® (t) = h'/2 (t) &'
is square-convex on [m, M].

Consider the function f (t) = In (¢ 4+ 1) . We observe that it is concave and posi-
tive on (0,00) and if we define ¢ () = [In (¢ + 1)]?, then we have that

2
4
@ (t) =
(t+1)°
showing that f is square-convex on the interval [0,e — 1].

Another example for trigonometric functions is for instance f (t) = cost,t €
[Z,Z]. The function ¢ (¢t) = cos®¢ has the second derivative ¢” (t) = —2cos (2t)
which is positive for ¢ € [ T 2] Therefore f is square-convex on the interval [ T 2}

It is obvious that if ® (t) = h(t) +i£(t) and h and ¢ are square-convex on an
interval, then ® is square-convex on that interval.

However, there are square-convex functions for which the components are not.
Consider, for instance, the complex valued function ® (¢) = (In t)1/2 +ilg (t)]l/Q,

defined for ¢ > 1 and a twice differentiable nonnegative function g : [1,00) — [0, c0).
Then

S —In(t+1)], t>—1,

o) =B ) =Int+gt), t>1

and
1
P () =g ()~ t2 1.
If we take g such that
1
g”(t) 2 ﬁ? tZl

then ® is square-convex on [1,00).
As a simple particular example, if we take g (t) = #¢°, then

1 tP—1
1
¥ (t):t*tfz——TZO

showing that ® is square-convex on [1, 00).
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Theorem 6. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [a,b] for some scalars a,b with a < b. If ® : [m,M] CR — C is a
continuous square-convex function on the interval [m, M|, f :[a,b] CR - R is a
continuous function on the interval [a,b] and with the property that

(1.7) m < f(t) <M for any t € [a, b
and w : [a,b] — [0,00) is continuos on [a,b], then
(w(A) f(A)z,x)
oo o (o)
_ /2
(w(a) (1o o 1) (4) 2,2
<
- (w(A) 2, )
_ 1/2
_ 1 om (v - s ) + 12 0P (U - m)
— M —m 7

for any x € H with ||z]| =1 and (w (A) z,x) # 0.
The proof follows from Theorem 7 applied for the function |® ()|2 that is con-
tinuous convex on [m, M]. The details are omitted.
Remark 1. If w(t) = 1, then we get from (1.8) the following simpler result
(L9) @ ((f(A)z,z))]
< [[(®o f)(A) |l

)
- l@ (m)* (M1 = f (A) &, 2) +|® (M)[* ((f (A) = 1am) 7, 2)
M—m ’

1/2

for any x € H with ||z|| = 1.

2. SOME REVERSES FOR RIEMANN-STIELTJES INTEGRAL

It is well known that, if v : [a,b] — R is continuous and v : [a,b] — R is

monotonic nondecreasing, then the Riemann-Stieltjes integral fab u(t) dv (t) exists
and we have the inequality

b b
/u(t)dv(t) §/ lu (t)] dv ().

We observe that for any constant A € R and positive continuous weight function
w : [a,b] — [0,00) we have the Sonin type identity (see [35], or [27, p. 246]),

Su@h@®w@ydo(t)  [Lult)wt)do() [Dh(E)w()do(t)

(2.1)

2.2 -
22) [P w (t) do (1) Loy dv(t)  [lw(t)dv(t)
| b Ji h(s)w (s) do (s)
= u ﬁ —)\ h t — =@ w (t dT} t )
fjw(t)dv(t)/a ) ][ “ J2w () dv (s) e

where u, h : [a,b] — R are continuous and v : [a, b] — R is monotonic nondecreasing.
If w is bounded below and above by the constants m, M, namely

(2.3) m < wu(zx) < M for any z € [a,b],
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then, obviously

ulo) -

and by taking the modulus in (2. 2) and utilizing the property (2.1) we get the
following Griiss’ type inequality

Juh@w @) dv ) [Lu)wt)do () [ h()wt)do ()
[Pw () do (t) [Pwydo ()  [Pw(t)do(t)
(M —m)
1

X )ht—i bhswsdvs
/a (1) f;w(s)dv(s)/a (5)w () do (5)

If we use the Cauchy-Bunyakovsky-Schwarz inequality for the Riemann-Stieltjes
integral with monotonic nondecreasing integrators

g w [f 7 dv()}m
ffw(t)dv() JPw <>dv<>

where g, w : [a,b] — R are continuous, w is nonnegative on [a,b] and v : [a,b] — R
is monotonic nondecreasing, then we also have

1 : f h(s s)dv (s)
2.6 S
(26) fabw(t)dv(t)/a fj ()dv()

1/2
1 b JPh(s)w (s)dv (s)\
S[ffw(t)dv@)/a (h(t) JTw () dv (s) )w(t)dv(t)]

R EOTIONA0 (fh dv<>>2
o w <>dv<> JLw(s)dv(s) )

for h : [a,b] — R continuous.
Now, if we use (2.4) and (2.6) for the function h = u satisfying the condition
(2.3) then we get the string of inequalities:

b o b 2
on L Ou@d@ (fau<s>w<s> dv <s>>

m+M

(M —m) for any z € [a, D]

(2.4)

S w () do (1)

N)\)—l

w (t)do (t).

(2.5)

h(t) —

w (t) dv (t)

S w () do (t) [Pw (s) dv (s)
S%(M—m)
1 b [P (s)w (s)dv (s)
t) — == w (t) do (t
g <>dv<>/ v TP w (s) du (s) (£) do ()
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which also implies that

b o b 2
(2.8) |:fa u” (H)w(t) dv (1) B (fa u(s)w(s) dv)(s)) ]

1/2

<5 (M-m).

N —

[P w (t)do () JPw (s) do (s

For a real function g : [m, M] — R and two distinct points a, 8 € [m, M] we
recall that the divided difference of g in these points is defined by

9(B)—g(a)

B—a
Theorem 7. Let ® : I — R be a continuous convex function on the interval
of real numbers I and a,b € R, a < b with [a,b] C I, I the interior of I. If

fow : [a,b] — R are continuous, w(t) > 0 for any t € [a,b], ¢g : [a,b] — R is
monotonic nondecreasing with g (b) > g (a),

(2.9) m < f(z) <M for any x € [a,b]

[, B; g] ==

and
- 1

fuwg = b
Y fJw @) dg (o)
then, by assuming that fw,g % m, M, we have

b
/wwﬂ@@wemM]

(2.10)

where

and

=——— [ Py w(y)dg(y)

1 b 9
N o |
<fo)(y) dg (y)/a Fyw g(y))

The constant % in the second inequality from (2.10) is best possible.
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Proof. We observe that all the Riemann-Stieltjes integrals above exist since the
integrands are continuous and the integrator is monotonic nondecreasing on [a, b] .

Since the class of differentiable convex functions on I is dense in the class of all
continuous convex functions on I , we may assume without loosing the generality
that @ is differentiable on I.

For o € I observe that the divided difference function ®,, : I'\ {a} — R,
D(t)—P

@ (1) = o 0] = T =20
-

is monotonic nondecreasing and continuous on I \ {a}.
We can extend it by continuity in « on choosing

D, (o) := lim M) =)

t—a t— «

=9 (a).

For f as considered in the statement of the theorem we can assume that it is not
constant, since for that case the inequality (2.10) is trivially satisfied.
For f,, , € (m, M), we consider now the function defined on [a, b] by

¢ (f () = @ (fu,)
f(.’li) fwg .

We will show that &7 and h:= f— f . are synchronous on [a, b] .
Let z,y € [a,b] with f (), f (y) # ?wy. Assume that f (z) > f (y), then

@) -2,
(2.11) 7, (@)= F @)= Fug
(W) =@ (Fug) _ 4
= fy)— ?wg e v
and
(2.12) h(x)>h(y),

which shows that
(2.13) @7, @) -5 @]h@-r@]=o0

If f(z) < f(y), then the inequalities (2.11) and (2.12) reverse but the inequality
(2.13) still holds true.
Utilising the continuity property of the modulus we have

7., @]~ for._ )] b -n]
<|[#7,, @25, W] B -]
= [27. @)~ 5 @)] @) —h)

for z,y € [a,].
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Multiplying with w (z) ,w (y) > 0 and integrating over g (z) and g (y) we have

INALES

< /ab /ab (25, @)= @)] 1) —h)]wE) wy)dg @) dg ).

A simple calculation shows that

(2.15) /a /a » ’_) H
( Nw (z)w(y )dg(x)dg(y)
b
- / 2, @] h@)w @) dg (0)
/ab
. /ab 2 @) = (Fuy)
a f(z)— fw,g
= [ @) -8 Fu)lson [f @)~ T w@do @)

(2.14)

(@) = |27, , )] (@) = A W) w (@) w(y) dg (@) dg (1)

b
Fus (:v>‘ w (z) dg (z) / w (z) h(z) dg ()

[f (@) = fug) w(2) dg (2)

b
— o7, @h@w@ds @

f
— [2@) -2 (Fu)] v @)

- / & (f (o)) w(x)dg (2) —  (Fo,) / w () dg (z).

a

On making use of the identities (2.15) and (2.16) we obtain from (2.14) the first
inequality in (2.10).
Now, since f satisfies the condition (2.9) then we have that

(2.17) [m, fugi ®] = 2 (f;,,g) i(m) <o, (@)

<@( ) ?(fﬂg):
B — fug

for z € [a,b].
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Applying now the Griiss’ type inequality (2.4) and taking into account the second
part of the equality in (2.15) we have that

b B b
/ & (f (o) w () dg () — @ (o) / w(z) dg (z)
b

< 5 ([Fu M) = [1.7,0,0]) [ 0(@)|F2) = Fuy| do (@),

which proves the second inequality in (2.10).

The other two bounds are obvious from the comments at the beginning of the
section.

It is obvious that from (2.10) we get the following reverse of the first Hermite-
Hadamard inequality for the convex function @ : [a,b] — R

(2.18) b_la/abqwt)dt—@(“;b) < % ([a;b,b;é} . [a,a;’b@DDw(e)

where e (t) =t,t € [a,b].
Since a simple calculation shows that

(b))

1 b
Dw(e):b_a/

and we get from (2.18) that

1 b a+b 1[®(a)+ (D) a+b
2.1 < ) - o <= - o .
(2.19) O—b—a/a (6) di <2>—2[ 2 <2>]

To prove the sharpness of the constant % in the second inequality from (2.10) we
need now only to show that the equality case in (2.19) is realized.

If we take, for instance ® (t) = |t — “E|, ¢ € [a,b], then we observe that ® is
convex and we get in both sides of (2.19) the same quantity ; (b — a). O

and

t—=|dt = (b—a),

4

aer‘ 1

Corollary 1. With the assumptions in Theorem 7 and if the lateral derivatives
@' (m) and @' (M) are finite, then we have the inequalities

(220 0< @ (f (@) w(e)dg (@) — @ (T,,)

1 b
Y w (z) dg (z) /
(gw,g’ M; (I)] - [m, Fw,g; (I)]) Du)7g (f)

< 5 [0 (M)~ ®L ()] Doy () < 1 [#1 (M) — @' ()] Dug ()

IA
=N =

= N

< 7 [0L () = @ (m)] (M —m).

The constant % in the second and third inequality from (2.20) is best possible.

Proof. We need to prove only the third inequality.
By the convexity of ® we have the gradient inequalities

N\ (M) - (?w,g)
M _?w,g

<o’ (M)
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and

These imply that

[Fugs M5 ®] = [m, T, s @] < L (M) — &, (m)

and the proof is concluded.

We observe that from (2.20) we get the following reverse of the Hermite-Hadamard
inequality for the convex function ® : [a,b] — R having finite lateral derivative
@/, (a) and @’ (b)

(2.21) bia/abq»(t)dt—@(a;b)

S;[@(a);—q)(b) _(I)(a—2|—b

ﬂ 5 (2L () =2 ()] (b—a).

We observe that the convex function @ (t) = ‘t a‘{b| has finite lateral derivatives
®" (b) =1 and (I>ﬁ,_ (a) =-1

and replacing this function in (2.21) we get in all terms the same quantity 1 (b —a).
This proves that the constant % in the second and third inequality from (2.20)
is best possible. O

3. INEQUALITIES FOR SELFADJOINT OPERATORS

We have the following Griiss’ type weighted inequality:

Theorem 8. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [a,b] for some scalars a,b with a < b. Assume that u,h: R — R are
continuous function on the interval [a,b] and with the property that

(3.1) m<u(t) <M, n<h(t)<N foranyt € [a,b]
for some real numbers m, M,n, N and w : [a,b] — [0, 00) is continuos on [a,b], then

(wAh(Aw(A)z,z) (u(A)w(A) ) (h(A)w(d)z,z)
(w(A) z, ) (w(A) 2, ) (w(A) 2, z)

(3.2)

m 1 (h(Aw(A)z,z) w(A) 1z 2

<500 )<w<A>w,w><'h(‘4} (w(A)7.7) 1H‘ ) >
1 JEE@e@e  (h@w @’ i

<y 0-m | (et o ”

IN

i(M—m)(N—n)

for any x € H with ||z]| =1 and (w (A) z,x) # 0.

Proof. Let {E\}, be the spectral family of the selfadjoint operator A and x € H
with ||z = 1 and (w (A) z,z) # 0. Assume that € > 0. If we use the inequalities
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(2.4) and (2.7) for the monotonic function v (¢t) = (Eyx,x) on the interval [a — &, b]
we have

b
(3.3) Joe Ub(t) h(t)w(t)d(Ex, x)
[, w(t)d(Ezx,x)
e u®w®)d(Baa) [} h(#)w @) d(Ba, )
[P wt)d(Ba,z) [0 w(t)d(Eu,x)
1 1
= 2 (M —m) f;ﬁ; w (t) d{(Ezx, x)
b 1 b
y / |ror- ) dEe ] / e ()d(Be.)
x w (t) dv (Eyx, x)
<3 (M —m)
b b o7 1/2
y I, h? (t)w (t) d Bz, x) - (fae h(t)w (t)d{Ex, z>>
[P _w(t)d(E,z) [P _w(t)d(B,z)
Si(M—m)(N—n).
Letting ¢ — 0+ in (3.3) and utilizing the spectral representation theorem (1.1) we
deduce the desired result (3.2). O
Remark 2. The unweighted case, namely when w (t) = 1 is as follows:
(3-4) [(u(A) h(A) z, ) — (u(A) 2, z) (h (A) z, 7)]
< 5 (M = m) (1 (A) ~ (h(A)2,) L |z, 2)
1 911/2
<3O —m) [(h? (A)z,z) — (h(A)z,z) ]
<I—my(v-n)

4
for any x € H with ||z|| = 1.

Example 1. 1) Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [v,T] for some scalars v, T with v < T'. If v > 0, then for any
p,q,r > 0 we have the power inequalities

(APTtTy ) (AP x) (AT, )
(3.5) ‘ (Arz, z) N (Arz,z)  (Arz,x)
1 o .p q __ M "v.x
§2(F ’Y)<A'r'x7$> <‘A (Arzx, x) L A >
o <A2q+rl‘,$> - <AQ+Tx,x> 971/2
< 5 TP =9") (Arz, ) ( (Arz, z) >

IN
== N =

(7 = %) (T = 71)
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for any x € H with ||z| = 1.
2) With the assumptions of 1) we have

(Arz, x) (Arz,z)  (ATz,x)

SO Nt
(A0t z) ((sz,@)Q i " ( \/S)

(Arx, x) (Arzx, x)

9 _ A% ]n r
(r ’v)l< 7)

for any x € H with ||z| = 1.
3) With the assumptions of 1) we have

(3.6)

‘ (A9 In Az, z)  (A9In Az, x) (A9 x, x)

IN
DN =

(3.7) 0< @42756,32 _
(Az, )
-~ 1 (A%z,z)
: mm,@d“m,@lﬂ A>
1/2
< I —~ <A3x,x> B <<A2x,x>>2] < (T 77)2
— 2Ty | (Az,z) (Az, ) ATy

for any x € H with ||z|| = 1.
4) With the assumptions of 1) we have

(Az,z) 1
(3.8) (A To,z)  (Ala, )2

1 1 1 -1

<30 Ty (4~ ey o 22)

1/2

1 (Az, ) 1

< §(F_7) <A_11‘,$> - <A1:E,{E>2‘|

< i (T —7)°

for any x € H with ||z| = 1.
We have:

Theorem 9. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [a,b] for some scalars a,b with a < b. If ® : [m,M] C R —R is
a continuous convex function on the interval [m,M], f : [a,b] C R — R is a
continuous function on the interval [a,b] and with the property that

(3.9) m < f(t) <M for any t € [a, b
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and w : [a,b] — [0,00) is continuos on [a,b], then

(w(A) (@0 f)(A)z,z)  ((w(A)f(A)z,2)
(3:10) 0= =0 @) 2,2) @< (w(A) 7. 2) )
1 Tw(A) f(A)z,2) [ @) (e
§2( w@zz T w () e) ‘I))

L[ W) T [ (w(A) ()
Sz(_ w Dz e " w(A) 7, ) "I))
Y <f2<A>w<A>xw>_<<f<A>w<A>w>>2 .
(w () z,7) (w(A) z,1)
1 ([(w(A) f(A)z,a) [ wA () o
§4({ (w(A)z.7) ’M"I’] [ (w (A) 7. ) "I’D(M )

for any x € H with ||z|]| = 1 and (w (A) z,z) # 0.

The proof is similar to the one from Theorem 8 on utilizing the spectral represen-
tation theorem and the integral inequality for the Riemann-Stieltjes from Theorem
7 and the details are omitted.

Corollary 2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [a,b] for some scalars a,b with a < b. If ® : [m,M] CR—C is a
continuous square-convex function on the interval [m, M|, f :[a,b] CR - R is a
continuous function on the interval a,b] with the property that (3.9) is true and
w : [a,b] — [0,00) is continuos on [a,b], then

R
([ - [ 2]
Gataraa - | )
([ ]
[ ()]
<3 ([ o] - [ S0AED o))
x (M —m)

for any x € H with ||z|| =1 and (w (A) z,z) # 0.
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Remark 3. If we take f (t) =t in (3.10) then we get
(wA)e(d)zz) o (( w(A) Az, 93>)

(3.12) 0<

(w(A)xz) A)x x) I

1 x,x) T, T

S2<[<<w(< Mﬂ e )
STep >§A e ’ (A>>
1 w ( T,T z,T
1 (] o)
y 12)(1?1)4142%‘.%‘ (w((l Axa:)
<5 ([Tims e - o))
X (M —m)

for any x € H with ||z|| =1 and (w (A) z,z) # 0, <w(é‘##mM

In particular, by taking w (t) =1 in (3.12) we get the simple reverse of Jensen’s
inequality:

(3.13)  0< (®(A)z,z) - ((Az, )
< 3 (A7, 2), M;®] ~ m, (A, 2); ®]) | A ~ (Az,2) 1] 7, 7)
< & ((Az.2), 23 9] [, (Az.2); @)) [(A%.2) — (Az2)?]
< 3 ({Az,2), M &) — m, (Az,2); @) (M —m)

for any x € H with ||z|| = 1 and (Az,x) # m, M.

Similar comments can be made for square-convex functions. However the details
are omitted.

4. APPLICATIONS FOR QUANTUM f-DIVERGENCE

Let (H, (,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator 1f

(4.1) > e < oo
iel
It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €
B(H) then
(4.2) Do lell® =Y 1A =141
i€l jEI JEI

showing that the definition (4.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.
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Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
2
(4.3) lAll, = (ZAez'I)
i€l

for {e;},; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

On complex Hilbert space (B2 (H),(:,)5), where the Hilbert-Schmidt inner
product is defined by

(U, V), =tr (V*U), U, VeBy(H),

for A, B € BT (H) consider the operators £4 : By (H) — B2 (H) and Rp :
By (H) — By (H) defined by

LAT .= AT and RgT :=TB.
We observe that they are well defined and since
(CAT,T), = (AT, T), = tr (T*AT) = tr (|T*\2 A) >0
and
(RpT,T), = (TB,T), = tr (T*"TB) = tr (|T\2 B) >0

for any T € By (H), they are also positive in the operator order of B (B (H)),
the Banach algebra of all bounded operators on By (H) with the norm ||-||, where

17l = tx (I71%) . T € B2 (1)
Since tr (|X*|2> =tr (\X|2) for any X € By (H), then also

tr (T7AT) = tx (T*AV2 AT = 1x ((AWT)* AV2T)

. (‘AWT‘Z) — 4 () (A1/2T>*‘2> —tr (’T*A1/2‘2>

for A>0and T € By (H).
We observe that £4 and RRp are commutative, therefore the product £49Rp is a
selfadjoint positive operator in B (Bz (H)) for any positive operators A, B € B (H).
For A,B € Bt (H) with B invertible, we define the Araki transform s p :
By (H) — By (H) by %45 := £4Rp-1. We observe that for T' € By (H) we have
QIA,BT = ATB~! and

(Aa,BT,T), = (ATB™',T), = tr (T*ATB™").
Observe also, by the properties of trace, that
tr (T"ATB™") = tx (BT 42412131 2)
—tr ((Al/zTB—l/z)* (A1/2T3—1/2)) . (‘A1/2TB—1/2‘2)
giving that
(4.4) (Aa, 5T, T), = tr (’A1/2T31/2’2> >0

for any T' € By (H) .
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We observe that, by the definition of operator order and by (4.4) we have
rlg, ) < Aap < Rle(H) for some R > r > 0 if and only if

(4.5) rtr (|T\2) < tr (‘Al/QTB—l/Q‘z) < Rtr (|T\2>

for any T' € By (H) .
We also notice that a sufficient condition for (4.5) to hold is that the following
inequality in the operator order of B (H) is satisfied

2
(4.6) r|T)? < ‘AWTB*/?‘ < R|T|?

for any T' € By (H) .

Let U be a selfadjoint linear operator on a complex Hilbert space (K;(-,)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (U)) of all continuous functions defined on the spectrum of U, denoted Sp (U) ,
and the C*-algebra C* (U) generated by U and the identity operator 1x on K as
follows:

For any f,g€ C(Sp(U)) and any «, 8 € C we have

() (s +59) 2o (f) + 50 (g)

(i) (fg)=® (/)@ (g) and @ (f) — @ (f)";

) 18 ()l = 171 = supresyn 17 (0]

(iv) ®(fo) =1k and @ (f1) = U, where fo (t) = 1and f; (t) = ¢, for t € Sp (U).

With this notation we define

fU):=d(f) forall feC(Sp(U))

and we call it the continuous functional calculus for a selfadjoint operator U.

If U is a selfadjoint operator and f is a real valued continuous function on Sp (U),
then f(¢t) > 0 for any ¢ € Sp (U) implies that f(U) > 0, i.e. f(U) is a positive
operator on K. Moreover, if both f and g are real valued functions on Sp (U) then
the following important property holds:

(P) f(@)>g(t) forany teSp(U) impliesthat f(U)>g(U)

in the operator order of B (K).

Let f :[0,00) — R be a continuous function. Utilising the continuous functional
calculus for the Araki selfadjoint operator g p € B (B2 (H)) we can define the
quantum f-divergence for Q,P € S; (H) :={P € By (H), P> 0 with tr (P) =1}
and P invertible, by

S (Q.P) = (f Qg.p) P2 PV2) = tx (PV2f (o) PV2).

If we consider the continuous convex function f : [0,00) — R, with f(0) := 0
and f (t) = tlnt for ¢ > 0 then for Q, P € S; (H) and @, P invertible we have

Sp(@Q,P)=tr[Q(InQ-InP)] = U(Q,P),

which is the Umegaki relative entropy.
If we take the continuous convex function f : [0,00) = R, f (t) = |t — 1| for ¢ > 0
then for Q, P € Sy (H) with P invertible we have

Sp(@,P)=tr(|Q - P|) =V (Q,P),
where V' (Q, P) is the variational distance.
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If we take f:[0,00) — R, f(t) =t2—1for t > 0 then for Q, P € S; (H) with P
invertible we have
Sp(Q,P)=tr (Q*P71) —1=:x*(Q, P),
which is called the x2-distance

Let ¢ € (0,1) and define the convex function f; : [0,00) — R by f, (t) = 11__t;.
Then

1 tr (Q1P'~9)

St, (Q, P) = -

which is Tsallis relative entropy.
If we consider the convex function f : [0,00) — R by f (t) = 3 (vt — 1)2 , then
S1(Q.P)=1-tr (Q2P'2) = % (Q,P),

which is known as Hellinger discrimination.
If we take f : (0,00) — R, f(t) = —Int then for Q,P € S1(H) and Q, P
invertible we have

)

S¢(Q,P)=tr[P(InP —1nQ)] =U (P,Q).

In the important case of finite dimensional space H and the generalized inverse
P~!, numerous properties of the quantum f-divergence have been obtained in the
recent papers [22], [23], [32], [33] and in the references therein.

Theorem 10. Let f : [0,00) — R be a continuous convex function that is nor-
malized, namely f(0) = 1. If Q,P € Sy (H), with P invertible, and there exists
R>12>r >0 such that

(4.7) rtr (|T|2) < tr <’Q1/2TP1/2‘2) < Rtr (|T|2>

for any T € By (H), then

ay  09s@p < L0y g p)
T S A
TRk P

Proof. From the inequality (3.13) applied for the convex function f and the selfad-
joint operator g p we have

(4.9) 0<(f(Aq.p)T,T),— f ((Aq.pT,T),)

< 5 ([T, T), B 1] ~ [, (2, T, T), : f])
X <}Q[Q7p — <91Q,pT, T>2 182(H)| T, T>2
< L ([@orT 1), B f] - [ @0 pT T, 1)

X

IN

2
) ,11/2
(23, pT.T), — (ApT.T)3]
1
1

([(UPT.T), R f] — [, Ao pT.T)y: f]) (R — 1)
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for any T' € By (H) .
If we chose in (4.9) T = P'/2? and take into account that

<91Q,PP1/2,P1/2> —1,
2

([ta.r = (0. P2 PV2) 1, | P2 PVZ) =V (Q,P)
2
and
(2%.pT,T), = (Ao pT,T); =x*(Q, P),
then by (4.9) we obtain

08 (@.P) < (LRS- [LAVQP)
< SOLR =11 )X (QP)
< TOLR A= ) (R=),
which is equivalent to the desired result (4.7). O

Example 2. 1) If we take in (4.8) f (t) = t> — 1, then we get

1 1
(4.10) 0<)x*(Q,P) < 5 B=r1)V(Q.P)< S (R-7)x(Q,P)
1 2
< (B=7)
for Q,P € Sy (H), with P invertible and satisfying the condition (4.7).

2) If we take in (4.8) f(t) =tlnt, then we get

(4.11) 0<)U(Q,P) < %m (R%rﬁ) V(Q,P)
1 R r

2

1

IN

—1In (Rﬁrlw) x (@, P)

~(R—r)In (R%rﬁ)

IN
~

for Q,P € Sy (H), with P invertible and satisfying the condition (4.7).
3) If we take in (4.8) f (t) = —Int, then we get

(0<)U(P,Q) < %m (Rﬁwlﬁ) V(Q, P)

In (leRrrfl) x (@, P)

(R—7r)ln (R%rﬁ)

IA

1
2
1
< =
— 4

for Q,P € Sy (H), with P invertible and satisfying the condition (4.7).
The following result also holds:

Theorem 11. Let Q, P € Sy (H), with P invertible, and there exists R >1>r >0
such that (4.7) holds for any T € Bo(H). Assume that u,h : [0,00) — R are
continuous function on the interval [0,00) and with the property that

(4.12) m<u(t) <M, n<h(t)<N foranyt € [r, R
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for some real numbers m, M,n, N, then

(113) 15 (Q.P) ~ 5.(Q.P) 51 Q. P)
< SOF—m)BQP) < 5 (M—m) [Si2 (@, P) - 5} (@ P)] '
< 3 (M —m) (N — )

4
where

B(Q,P)= <(h(%,p) — <h(2tQ,p)Pl/2,Pl/2>2 132(H)) P1/2’p1/2>2

Proof. Utilising the inequality (3.2) for the functions u,h and w (t) = 1 and the
selfadjoint operator 2lg p we have

(4.14) [(u(™Aq,p) h (Aq,p) T, T)y — (u(Aq,p) T, T)y (h (Aq,p) T, T),|
S % (M — m) <|h (Q[Qyp) — <h (QlQJD) T, T>2 132(H)| T, T>2
< %(M —m) {<h2 @e.p) T,T), = ((h (Ao.r) T, T>2)2]1/2

1
Z(M—m)(N—n)

for any T € By (H) .
If we take T = P'/2 in (4.14), then we get the desired result (4.13). O

IN

On choosing some particular examples for u and h like
X (t) = [t —1|", t €[0,00)

or

1—t|*

oo (t) = =1
(t+1)

for a € [1,00), one can get various inequalities of interest.
The details are omitted

t €[0,00)

REFERENCES

[1] S.S. Dragomir, A converse result for Jensen’s discrete inequality via Gruss’ inequality and
applications in information theory. An. Univ. Oradea Fasc. Mat. 7 (1999/2000), 178-189.

[2] S.S. Dragomir, On a reverse of Jessen’s inequality for isotonic linear functionals, J. Ineq. Pure
& Appl. Math., 2(2001), No. 3, Article 36.

[3] S.S. Dragomir, A Griiss type inequality for isotonic linear functionals and applications.
Demonstratio Math. 36 (2003), no. 3, 551-562. Preprint RGMIA Res. Rep. Coll. 5(2002),
Suplement, Art. 12. [ONLINE:http://rgmia.org/v5(E) .php].

[4] S.S. Dragomir, Bounds for the normalized Jensen functional, Bull. Austral. Math. Soc.
74(3)(2006), 471-476.

[5] S.S. Dragomir, Bounds for the deviation of a function from the chord generated by its ex-
tremities. Bull. Aust. Math. Soc. 78 (2008), no. 2, 225-248.

[6] S.S. Dragomir, Griiss’ type inequalities for functions of selfadjoint operators in
Hilbert spaces, Preprint, RGMIA Res. Rep. Coll., 11(e) (2008), Art. 11. [ONLINE:
http://rgmia.org/v1i1(E) .php].

[7] S.S. Dragomir, Some inequalities for convex functions of selfadjoint operators in Hilbert
spaces, Filomat 23(2009), No. 3, 81-92. Preprint RGMIA Res. Rep. Coll., 11(e) (2008), Art.
10.



20

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
18]

[19]

S.S. DRAGOMIR "2

S.S. Dragomir, Some Jensen’s type inequalities for twice differentiable functions of selfadjoint
operators in Hilbert spaces, Filomat 23(2009), No. 3, 211-222. Preprint RGMIA Res. Rep.
Coll., 11(e) (2008), Art. 13.

S.S. Dragomir, Some new Griiss’ type inequalities for functions of selfadjoint operators in
Hilbert spaces, Sarajevo J. Math. 6(18), (2010), No. 1, 89-107. Preprint RGMIA Res. Rep.
Coll., 11(e) (2008), Art. 12. [ONLINE: http://rgmia.org/v11(E).php].

S.S. Dragomir, New bounds for the Cebysev functional of two functions of selfadjoint opera-
tors in Hilbert spaces, Filomat 24(2010), No. 2, 27-39.

S.S. Dragomir, Some Jensen’s type inequalities for log-convex functions of selfadjoint opera-
tors in Hilbert spaces, Bull. Malays. Math. Sci. Soc. 34(2011), No. 3. Preprint RGMIA Res.
Rep. Coll., 13(2010), Sup. Art. 2.

S.S. Dragomir, Some reverses of the Jensen inequality for functions of selfadjoint operators in
Hilbert spaces, J. Ineq. €& Appl., Vol. 2010, Article ID 496821. Preprint RGMIA Res. Rep.
Coll., 11(e) (2008), Art. 15. [ONLINE: http://rgmia.org/v11(E).php].

S.S. Dragomir, Some Slater’s type inequalities for convex functions of selfadjoint operators
in Hilbert spaces, Rev. Un. Mat. Argentina, 52(2011), No.1, 109-120. Preprint RGMIA Res.
Rep. Coll., 11(e) (2008), Art. 7.

S.S. Dragomir, Hermite-Hadamard’s type inequalities for operator convex functions, Appl.
Math. Comp. 218(2011), 766-772. Preprint RGMIA Res. Rep. Coll., 13(2010), No. 1, Art.
7.

S.S. Dragomir, Hermite-Hadamard’s type inequalities for convex functions of selfadjoint op-
erators in Hilbert spaces, Preprint RGMIA Res. Rep. Coll., 13(2010), No. 2, Art 1.

S.S. Dragomir, New Jensen’s type inequalities for differentiable log-convex functions of selfad-
joint operators in Hilbert spaces, Sarajevo J. Math. 19(2011), No. 1, 67-80. Preprint RGMIA
Res. Rep. Coll., 13(2010), Sup. Art. 2.

S.S. Dragomir, Jensen type weighted inequalities for functions of selfadjoint and unitary
operators, Italian Journal of Pure and Applied Mathematics 32 (2014), 247-264.

S.S. Dragomir, Some Jensen type inequalities for square-convex functions of selfadjoint oper-
ators in Hilbert spaces. Commun. Math. Anal. 14 (2013), no. 1, 42-58.

S.S. Dragomir and N.M. Ionescu, Some converse of Jensen’s inequality and applications. Rev.
Anal. Numér. Théor. Approz. 23 (1994), no. 1, 71-78. MR:1325895 (96¢:26012).

T. Furuta, J. Mi¢i¢ Hot, J. Pecari¢ and Y. Seo, Mond-Pecari¢c Method in Operator Inequal-
ities. Inequalities for Bounded Selfadjoint Operators on a Hilbert Space, Element, Zagreb,
2005.

G. Helmberg, Introduction to Spectral Theory in Hilbert Space, John Wiley, New York, 1969.
F. Hiai, Fumio and D. Petz, From quasi-entropy to various quantum information quantities.
Publ. Res. Inst. Math. Sci. 48 (2012), no. 3, 525-542.

F. Hiai, M. Mosonyi, D. Petz and C. Bény, Quantum f-divergences and error correction. Rev.
Math. Phys. 23 (2011), no. 7, 691-747.

A. Matkovi¢, J. Pecari¢ and I. Peri¢, A variant of Jensen’s inequality of Mercer’s type for
operators with applications. Linear Algebra Appl. 418 (2006), no. 2-3, 551-564.

C.A. McCarthy, cp, Israel J. Math., 5(1967), 249-271.

J. Mi¢i¢, Y. Seo, S.-E. Takahasi and M. Tominaga, Inequalities of Furuta and Mond-Pecari¢,
Math. Ineq. Appl., 2(1999), 83-111.

D. S. Mitrinovi¢, J. E. Pec¢ri¢ and A. M. Fink, Classical and New Inequalities in Analysis,
Kluwer Academic Publishers, Dordrecht, 1993.

B. Mond and J. Pecari¢, Convex inequalities in Hilbert space, Houston J. Math., 19(1993),
405-420.

B. Mond and J. Pe¢ari¢, On some operator inequalities, Indian J. Math., 35(1993), 221-232.
B. Mond and J. Pecari¢, Classical inequalities for matrix functions, Utilitas Math., 46(1994),
155-166.

C.P. Niculescu, An extension of Chebyshev’s inequality and its connection with Jensen’s
inequality. J. Inequal. Appl. 6 (2001), no. 4, 451-462.

D. Petz, From quasi-entropy. Ann. Univ. Sci. Budapest. Edtvis Sect. Math. 55 (2012), 81-92.
D. Petz, From f-divergence to quantum quasi-entropies and their use. Entropy 12 (2010),
no. 3, 304-325.

S. Simic, On a global upper bound for Jensen’s inequality, J. Math. Anal. Appl. 343(2008),
414-419.



INEQUALITIES FOR RIEMANN-STIELTJES INTEGRAL 21

[35] N. Ja. Sonin, O nekotoryh neravenstvah, otnosjscihsja k opredelennym integralam,

Zap. Imp. Akad. Nauk. po Fiziko-Matem. Otd., 6(1898), 1-54.

IMATHEMATICS, SCHOOL OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTYy, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2ScHoOL OF COMPUTATIONAL & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA



