
INEQUALITIES FOR RIEMANN-STIELTJES INTEGRAL WITH
APPLICATIONS FOR SELFADJOINT OPERATORS AND

QUANTUM DIVERGENCE MEASURES

S.S. DRAGOMIR1;2

Abstract. Some inequalities for Riemann-Stieltjes integral that provide weighted
reverses of Jensen�s inequality are obtained. Applications for functions of self-
adjoint operators and quantum f -divergence measures are also given.

1. Introduction

Let A be a selfadjoint operator on the complex Hilbert space (H; h:; :i) with the
spectrum Sp (A) included in the interval [m;M ] for some real numbers m < M and
let fE�g� be its spectral family. Then for any continuous function f : [m;M ]! R,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral (see for instance [21, p. 257]):

(1.1) hf (A)x; yi =
Z M

m�0
f (�) d (hE�x; yi) ;

and

kf (A)xk2 =
Z M

m�0
jf (�)j2 d kE�xk2 ;

for any x; y 2 H:
The function gx;y (�) := hE�x; yi is of bounded variation on the interval [m;M ]

and
gx;y (m� 0) = 0 while gx;y (M) = hx; yi

for any x; y 2 H: It is also well known that gx (�) := hE�x; xi is monotonic nonde-
creasing and right continuous on [m;M ] for any x 2 H.
The following result that provides an operator version for the Jensen inequality

is well known [28] (see also [20, p. 5]):

Theorem 1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m;M with m < M: If h is a convex function
on [m;M ] ; then

(1.2) h (hAx; xi) � hh (A)x; xi
for each x 2 H with kxk = 1:

As a special case of Theorem 1 we have the following Hölder-McCarthy inequal-
ity:
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Theorem 2 (Hölder-McCarthy, 1967, [25]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then for all x 2 H with kxk = 1;
(i) hArx; xi � hAx; xir for all r > 1;
(ii) hArx; xi � hAx; xir for all 0 < r < 1;
(iii) If A is invertible, then hArx; xi � hAx; xir for all r < 0:

The following reverse of (1.2) inequality that generalizes the scalar Lah-Ribaríc
inequality for convex functions is well known, see for instance [20, p. 57]:

Theorem 3. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m;M with m < M: If h is a convex function
on [m;M ] ; then

(1.3) hh (A)x; xi � M � hAx; xi
M �m h (m) +

hAx; xi �m
M �m h (M)

for each x 2 H with kxk = 1:

We can state the following result concerning the weighted Jensen�s inequality for
continuous functions of selfadjoint operators [17]:

Theorem 4. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [a; b] for some scalars a; b with a < b: If � : [m;M ] � R! R is
a continuous convex function on the interval [m;M ] ; f : [a; b] � R ! R is a
continuous function on the interval [a; b] and with the property that

(1.4) m � f (t) �M for any t 2 [a; b]

and w : [a; b]! [0;1) is continuos on [a; b], then

�

�
hw (A) f (A)x; xi
hw (A)x; xi

�
(1.5)

� hw (A) (� � f) (A)x; xi
hw (A)x; xi

�
� (m)

�
M � hw(A)f(A)x;xi

hw(A)x;xi

�
+�(M)

�
hw(A)f(A)x;xi
hw(A)x;xi �m

�
M �m ;

for any x 2 H with kxk = 1 and hw (A)x; xi 6= 0:

We proved the above result by employing the following weighted inequality for
the Riemann-Stieltjes integral [17]:

Theorem 5. Let � : [m;M ] � R! R be a continuous convex function on the
interval [m;M ] ; f : [a; b] � R ! R be a continuous function on the interval [a; b]
and with the property (1.4) and w : [a; b]! [0;1) be continuos on [a; b]. Then for
each monotonic nondecreasing function u : [a; b] ! R such that

R b
a
w (t) du (t) > 0
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we have the inequalities

�

 R b
a
w (t) f (t) du (t)R b
a
w (t) du (t)

!
(1.6)

�
R b
a
w (t) (� � f) (t) du (t)R b

a
w (t) du (t)

�
� (m)

�
M �

R b
a
w(t)f(t)du(t)R b
a
w(t)du(t)

�
+�(M)

� R b
a
w(t)f(t)du(t)R b
a
w(t)du(t)

�m
�

M �m :

Following [18], we introduce the following class of complex valued functions:

De�nition 1. A function � : [m;M ] � R ! C is called square-convex on [m;M ]
if the associated function ' : [m;M ]! [0;1), ' (t) = j� (t)j2 is convex on [m;M ] :

A simple example of such a function is the concave power function � : [m;M ] �
[0;1) ! [0;1); � (t) = tr with r 2

�
1
2 ; 1
�
: Also, if h : [m;M ] ! [0;1) is convex

then the complex valued function � : [m;M ] � R! C given by � (t) = h1=2 (t) eit
is square-convex on [m;M ] :
Consider the function f (t) = ln (t+ 1) : We observe that it is concave and posi-

tive on (0;1) and if we de�ne ' (t) = [ln (t+ 1)]2 ; then we have that

'00 (t) =
2

(t+ 1)
2 [1� ln (t+ 1)] ; t > �1;

showing that f is square-convex on the interval [0; e� 1] :
Another example for trigonometric functions is for instance f (t) = cos t; t 2�

�
4 ;

�
2

�
: The function ' (t) = cos2 t has the second derivative '00 (t) = �2 cos (2t)

which is positive for t 2
�
�
4 ;

�
2

�
: Therefore f is square-convex on the interval

�
�
4 ;

�
2

�
:

It is obvious that if � (t) = h (t) + i` (t) and h and ` are square-convex on an
interval, then � is square-convex on that interval.
However, there are square-convex functions for which the components are not.

Consider, for instance, the complex valued function � (t) = (ln t)
1=2

+ i [g (t)]
1=2
;

de�ned for t � 1 and a twice di¤erentiable nonnegative function g : [1;1)! [0;1):
Then

' (t) = j� (t)j2 = ln t+ g (t) ; t � 1
and

'00 (t) = g00 (t)� 1

t2
; t � 1:

If we take g such that

g00 (t) � 1

t2
; t � 1

then � is square-convex on [1;1):
As a simple particular example, if we take g (t) = 1

6 t
3; then

'00 (t) = t� 1

t2
=
t3 � 1
t2

� 0

showing that � is square-convex on [1;1):
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Theorem 6. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [a; b] for some scalars a; b with a < b: If � : [m;M ] � R ! C is a
continuous square-convex function on the interval [m;M ] ; f : [a; b] � R ! R is a
continuous function on the interval [a; b] and with the property that

(1.7) m � f (t) �M for any t 2 [a; b]
and w : [a; b]! [0;1) is continuos on [a; b], then������ hw (A) f (A)x; xihw (A)x; xi

�����(1.8)

�

24
D
w (A)

�
j�j2 � f

�
(A)x; x

E
hw (A)x; xi

351=2

�

24 j� (m)j2
�
M � hw(A)f(A)x;xi

hw(A)x;xi

�
+ j� (M)j2

�
hw(A)f(A)x;xi
hw(A)x;xi �m

�
M �m

351=2 ;
for any x 2 H with kxk = 1 and hw (A)x; xi 6= 0:

The proof follows from Theorem 7 applied for the function j� (�)j2 that is con-
tinuous convex on [m;M ]. The details are omitted.

Remark 1. If w (t) = 1; then we get from (1.8) the following simpler result

j� (hf (A)x; xi)j(1.9)

� k(� � f) (A)xk

�
"
j� (m)j2 h(M1H � f (A))x; xi+ j� (M)j2 h(f (A)� 1Hm)x; xi

M �m

#1=2
;

for any x 2 H with kxk = 1:

2. Some Reverses for Riemann-Stieltjes Integral

It is well known that, if u : [a; b] ! R is continuous and v : [a; b] ! R is
monotonic nondecreasing, then the Riemann-Stieltjes integral

R b
a
u (t) dv (t) exists

and we have the inequality

(2.1)

�����
Z b

a

u (t) dv (t)

����� �
Z b

a

ju (t)j dv (t) :

We observe that for any constant � 2 R and positive continuous weight function
w : [a; b]! [0;1) we have the Sonin type identity (see [35], or [27, p. 246]),R b

a
u (t)h (t)w (t) dv (t)R b

a
w (t) dv (t)

�
R b
a
u (t)w (t) dv (t)R b
a
w (t) dv (t)

R b
a
h (t)w (t) dv (t)R b
a
w (t) dv (t)

(2.2)

=
1R b

a
w (t) dv (t)

Z b

a

[u (t)� �]
"
h (t)�

R b
a
h (s)w (s) dv (s)R b
a
w (s) dv (s)

#
w (t) dv (t) ;

where u; h : [a; b]! R are continuous and v : [a; b]! R is monotonic nondecreasing.
If u is bounded below and above by the constants m;M; namely

(2.3) m � u (x) �M for any x 2 [a; b] ;
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then, obviously ����u (x)� m+M2
���� � 1

2
(M �m) for any x 2 [a; b]

and by taking the modulus in (2.2) and utilizing the property (2.1) we get the
following Grüss�type inequality�����

R b
a
u (t)h (t)w (t) dv (t)R b

a
w (t) dv (t)

�
R b
a
u (t)w (t) dv (t)R b
a
w (t) dv (t)

R b
a
h (t)w (t) dv (t)R b
a
w (t) dv (t)

�����(2.4)

� 1

2
(M �m) 1R b

a
w (t) dv (t)

�
Z b

a

�����h (t)� 1R b
a
w (s) dv (s)

Z b

a

h (s)w (s) dv (s)

�����w (t) dv (t) :
If we use the Cauchy-Bunyakovsky-Schwarz inequality for the Riemann-Stieltjes
integral with monotonic nondecreasing integrators

(2.5)

�����
R b
a
g (t)w (t) dv (t)R b
a
w (t) dv (t)

����� �
"R b

a
g2 (t)w (t) dv (t)R b
a
w (t) dv (t)

#1=2
where g; w : [a; b]! R are continuous, w is nonnegative on [a; b] and v : [a; b]! R
is monotonic nondecreasing, then we also have

1R b
a
w (t) dv (t)

Z b

a

�����h (t)�
R b
a
h (s)w (s) dv (s)R b
a
w (s) dv (s)

�����w (t) dv (t)(2.6)

�

24 1R b
a
w (t) dv (t)

Z b

a

 
h (t)�

R b
a
h (s)w (s) dv (s)R b
a
w (s) dv (s)

!2
w (t) dv (t)

351=2

=

R b
a
h2 (t)w (t) dv (t)R b
a
w (t) dv (t)

�
 R b

a
h (s)w (s) dv (s)R b
a
w (s) dv (s)

!2
;

for h : [a; b]! R continuous.
Now, if we use (2.4) and (2.6) for the function h = u satisfying the condition

(2.3) then we get the string of inequalities:R b
a
u2 (t)w (t) dv (t)R b
a
w (t) dv (t)

�
 R b

a
u (s)w (s) dv (s)R b
a
w (s) dv (s)

!2
(2.7)

� 1

2
(M �m)

� 1R b
a
w (t) dv (t)

Z b

a

�����u (t)�
R b
a
u (s)w (s) dv (s)R b
a
w (s) dv (s)

�����w (t) dv (t)
� 1

2
(M �m)

�

24R ba u2 (t)w (t) dv (t)R b
a
w (t) dv (t)

�
 R b

a
u (s)w (s) dv (s)R b
a
w (s) dv (s)

!2351=2 ;
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which also implies that

(2.8)

24R ba u2 (t)w (t) dv (t)R b
a
w (t) dv (t)

�
 R b

a
u (s)w (s) dv (s)R b
a
w (s) dv (s)

!2351=2 � 1

2
(M �m) :

For a real function g : [m;M ] ! R and two distinct points �; � 2 [m;M ] we
recall that the divided di¤erence of g in these points is de�ned by

[�; �; g] :=
g (�)� g (�)
� � � :

Theorem 7. Let � : I ! R be a continuous convex function on the interval
of real numbers I and a; b 2 R; a < b with [a; b] � �I, �I the interior of I: If
f; w : [a; b] ! R are continuous, w (t) � 0 for any t 2 [a; b] ; g : [a; b] ! R is
monotonic nondecreasing with g (b) > g (a) ;

(2.9) m � f (x) �M for any x 2 [a; b]

and

fw;g :=
1R b

a
w (x) dg (x)

Z b

a

w (x) f (x) dg (x) 2 [m;M ]

then, by assuming that fw;g 6= m;M; we have

1R b
a
w (x) dg (x)

�����
Z b

a

��� (f (x))� � �fw;g��� sgn �f (x)� fw;g�w (x) dg (x)
�����(2.10)

� 1R b
a
w (x) dg (x)

Z b

a

� (f (x))w (x) dg (x)� �
�
fw;g

�
� 1

2

��
fw;g;M ; �

�
�
�
m; fw;g; �

��
Dw;g (f)

� 1

2

��
fw;g;M ; �

�
�
�
m; fw;g; �

��
Dw;g;2 (f)

� 1

4

��
fw;g;M ; �

�
�
�
m; fw;g; �

��
(M �m) ;

where

Dw;g (f) =
1R b

a
w (y) dg (y)

Z b

a

��f (y)� fw;g��w (y) dg (y)
and

D2
w;g;2 (f) =

1R b
a
w (y) dg (y)

Z b

a

�
f (y)� fw;g

�2
w (y) dg (y)

=
1R b

a
w (y) dg (y)

Z b

a

f2 (y)w (y) dg (y)

�
 

1R b
a
w (y) dg (y)

Z b

a

f (y)w (y) dg (y)

!2
:

The constant 12 in the second inequality from (2.10) is best possible.
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Proof. We observe that all the Riemann-Stieltjes integrals above exist since the
integrands are continuous and the integrator is monotonic nondecreasing on [a; b] :
Since the class of di¤erentiable convex functions on �I is dense in the class of all

continuous convex functions on �I, we may assume without loosing the generality
that � is di¤erentiable on �I:
For � 2 �I observe that the divided di¤erence function �� : I n f�g ! R,

�� (t) := [�; t; �] :=
� (t)� � (�)

t� �

is monotonic nondecreasing and continuous on I n f�g :
We can extend it by continuity in � on choosing

�� (�) := lim
t!�

� (t)� � (�)
t� � = �0 (�) :

For f as considered in the statement of the theorem we can assume that it is not
constant, since for that case the inequality (2.10) is trivially satis�ed.
For fw;g 2 (m;M), we consider now the function de�ned on [a; b] by

�fw;g (x) :=
� (f (x))� �

�
fw;g

�
f (x)� fw;g

:

We will show that �fw;g and h := f � fw;g are synchronous on [a; b] :
Let x; y 2 [a; b] with f (x) ; f (y) 6= fw;g: Assume that f (x) � f (y) ; then

�fw;g (x) =
� (f (x))� �

�
fw;g

�
f (x)� fw;g

(2.11)

�
� (f (y))� �

�
fw;g

�
f (y)� fw;g

= �fw;g (y)

and

(2.12) h (x) � h (y) ;

which shows that

(2.13)
h
�fw;g (x)� �fw;g (y)

i
[h (x)� h (y)] � 0:

If f (x) < f (y) ; then the inequalities (2.11) and (2.12) reverse but the inequality
(2.13) still holds true.
Utilising the continuity property of the modulus we have���h����fw;g (x)���� ����fw;g (y)���i [h (x)� h (y)]���

�
���h�fw;g (x)� �fw;g (y)i [h (x)� h (y)]���

=
h
�fw;g (x)� �fw;g (y)

i
[h (x)� h (y)]

for x; y 2 [a; b] :
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Multiplying with w (x) ; w (y) � 0 and integrating over g (x) and g (y) we have�����
Z b

a

Z b

a

h����fw;g (x)���� ����fw;g (y)���i [h (x)� h (y)]w (x)w (y) dg (x) dg (y)
�����(2.14)

�
Z b

a

Z b

a

h
�fw;g (x)� �fw;g (y)

i
[h (x)� h (y)]w (x)w (y) dg (x) dg (y) :

A simple calculation shows that

1

2

Z b

a

Z b

a

h����fw;g (x)���� ����fw;g (y)���i(2.15)

� [h (x)� h (y)]w (x)w (y) dg (x) dg (y)

=

Z b

a

����fw;g (x)���h (x)w (x) dg (x)
�
Z b

a

����fw;g (x)���w (x) dg (x)Z b

a

w (x)h (x) dg (x)

=

Z b

a

������ (f (x))� �
�
fw;g

�
f (x)� fw;g

����� �f (x)� fw;g�w (x) dg (x)
=

Z b

a

��� (f (x))� � �fw;g��� sgn �f (x)� fw;g�w (x) dg (x)
and

1

2

Z b

a

Z b

a

h
�fw;g (x)� �fw;g (y)

i
(2.16)

� [h (x)� h (y)]w (x)w (y) dg (x) dg (y)

=

Z b

a

�fw;g (x)h (x)w (x) dg (x)

�
Z b

a

�fw;g (x)w (x) dg (x)

Z b

a

h (x)w (x) dg (x)

=

Z b

a

� (f (x))� �
�
fw;g

�
f (x)� fw;g

�
f (x)� fw;g

�
w (x) dg (x)

=

Z b

a

�
� (f (x))� �

�
fw;g

��
w (x) dg (x)

=

Z b

a

� (f (x))w (x) dg (x)� �
�
fw;g

� Z b

a

w (x) dg (x) :

On making use of the identities (2.15) and (2.16) we obtain from (2.14) the �rst
inequality in (2.10).
Now, since f satis�es the condition (2.9) then we have that�

m; fw;g; �
�
=
�
�
fw;g

�
� � (m)

fw;g �m
� �fw;g (x)(2.17)

�
� (M)� �

�
fw;g

�
M � fw;g

=
�
fw;g;M ; �

�
for x 2 [a; b] :
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Applying now the Grüss�type inequality (2.4) and taking into account the second
part of the equality in (2.15) we have thatZ b

a

� (f (x))w (x) dg (x)� �
�
fw;g

� Z b

a

w (x) dg (x)

� 1

2

��
fw;g;M ; �

�
�
�
m; fw;g; �

�� Z b

a

w (x)
��f (x)� fw;g�� dg (x) ;

which proves the second inequality in (2.10).
The other two bounds are obvious from the comments at the beginning of the

section.
It is obvious that from (2.10) we get the following reverse of the �rst Hermite-

Hadamard inequality for the convex function � : [a; b]! R

(2.18)
1

b� a

Z b

a

� (t) dt� �
�
a+ b

2

�
� 1

2

��
a+ b

2
; b; �

�
�
�
a;
a+ b

2
;�

��
Dw (e)

where e (t) = t; t 2 [a; b] :
Since a simple calculation shows that

1

2

��
a+ b

2
; b; �

�
�
�
a;
a+ b

2
;�

��
=

2

b� a

�
� (a) + � (b)

2
� �

�
a+ b

2

��
and

Dw (e) =
1

b� a

Z b

a

����t� a+ b2
���� dt = 1

4
(b� a) ;

and we get from (2.18) that

(2.19) 0 � 1

b� a

Z b

a

� (t) dt� �
�
a+ b

2

�
� 1

2

�
� (a) + � (b)

2
� �

�
a+ b

2

��
:

To prove the sharpness of the constant 12 in the second inequality from (2.10) we
need now only to show that the equality case in (2.19) is realized.
If we take, for instance � (t) =

��t� a+b
2

�� ; t 2 [a; b] ; then we observe that � is
convex and we get in both sides of (2.19) the same quantity 1

4 (b� a) : �
Corollary 1. With the assumptions in Theorem 7 and if the lateral derivatives
�0+ (m) and �

0
� (M) are �nite, then we have the inequalities

0 � 1R b
a
w (x) dg (x)

Z b

a

� (f (x))w (x) dg (x)� �
�
fw;g

�
(2.20)

� 1

2

��
fw;g;M ; �

�
�
�
m; fw;g; �

��
Dw;g (f)

� 1

2

�
�0� (M)� �0+ (m)

�
Dw;g (f) �

1

2

�
�0� (M)� �0+ (m)

�
Dw;g;2 (f)

� 1

4

�
�0� (M)� �0+ (m)

�
(M �m) :

The constant 12 in the second and third inequality from (2.20) is best possible.

Proof. We need to prove only the third inequality.
By the convexity of � we have the gradient inequalities

� (M)� �
�
fw;g

�
M � fw;g

� �0� (M)
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and
�
�
fw;g

�
� � (m)

fw;g �m
� �0+ (m) :

These imply that�
fw;g;M ; �

�
�
�
m; fw;g; �

�
� �0� (M)� �0+ (m)

and the proof is concluded.
We observe that from (2.20) we get the following reverse of the Hermite-Hadamard

inequality for the convex function � : [a; b] ! R having �nite lateral derivative
�0+ (a) and �

0
� (b)

1

b� a

Z b

a

� (t) dt� �
�
a+ b

2

�
(2.21)

� 1

2

�
� (a) + � (b)

2
� �

�
a+ b

2

��
� 1

8

�
�0� (b)� �0+ (a)

�
(b� a) :

We observe that the convex function � (t) =
��t� a+b

2

�� has �nite lateral derivatives
�0� (b) = 1 and �

0
+ (a) = �1

and replacing this function in (2.21) we get in all terms the same quantity 1
4 (b� a) :

This proves that the constant 1
2 in the second and third inequality from (2.20)

is best possible. �

3. Inequalities for Selfadjoint Operators

We have the following Grüss�type weighted inequality:

Theorem 8. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [a; b] for some scalars a; b with a < b: Assume that u; h : R! R are
continuous function on the interval [a; b] and with the property that

(3.1) m � u (t) �M , n � h (t) � N for any t 2 [a; b]

for some real numbers m;M;n;N and w : [a; b]! [0;1) is continuos on [a; b], then���� hu (A)h (A)w (A)x; xihw (A)x; xi � hu (A)w (A)x; xihw (A)x; xi
hh (A)w (A)x; xi
hw (A)x; xi

����(3.2)

� 1

2
(M �m) 1

hw (A)x; xi

�����h (A)� hh (A)w (A)x; xihw (A)x; xi 1H

����w (A)x; x�

� 1

2
(M �m)

"

h2 (A)w (A)x; x

�
hw (A)x; xi �

�
hh (A)w (A)x; xi
hw (A)x; xi

�2#1=2
� 1

4
(M �m) (N � n)

for any x 2 H with kxk = 1 and hw (A)x; xi 6= 0:

Proof. Let fE�g� be the spectral family of the selfadjoint operator A and x 2 H
with kxk = 1 and hw (A)x; xi 6= 0: Assume that " > 0. If we use the inequalities
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(2.4) and (2.7) for the monotonic function v (t) = hEtx; xi on the interval [a� "; b]
we have �����

R b
a�" u (t)h (t)w (t) d hEtx; xiR b

a�" w (t) d hEtx; xi
(3.3)

�
R b
a�" u (t)w (t) d hEtx; xiR b
a�" w (t) d hEtx; xi

R b
a�" h (t)w (t) d hEtx; xiR b
a�" w (t) d hEtx; xi

�����
� 1

2
(M �m) 1R b

a�" w (t) d hEtx; xi

�
Z b

a�"

�����h (t)� 1R b
a�" w (s) d hEsx; xi

Z b

a�"
h (s)w (s) d hEsx; xi

�����
� w (t) dv hEtx; xi

� 1

2
(M �m)

�

24R ba�" h2 (t)w (t) d hEtx; xiR b
a�" w (t) d hEtx; xi

�
 R b

a�" h (t)w (t) d hEtx; xiR b
a�" w (t) d hEtx; xi

!2351=2

� 1

4
(M �m) (N � n) :

Letting "! 0+ in (3.3) and utilizing the spectral representation theorem (1.1) we
deduce the desired result (3.2). �

Remark 2. The unweighted case, namely when w (t) = 1 is as follows:

jhu (A)h (A)x; xi � hu (A)x; xi hh (A)x; xij(3.4)

� 1

2
(M �m) hjh (A)� hh (A)x; xi 1H jx; xi

� 1

2
(M �m)

h

h2 (A)x; x

�
� hh (A)x; xi2

i1=2
� 1

4
(M �m) (N � n)

for any x 2 H with kxk = 1:

Example 1. 1) Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [
;�] for some scalars 
;� with 
 < �: If 
 > 0; then for any
p; q; r > 0 we have the power inequalities���� hAp+q+rx; xihArx; xi � hA

p+rx; xi
hArx; xi

hAq+rx; xi
hArx; xi

����(3.5)

� 1

2
(�p � 
p) 1

hArx; xi

�����Aq � hAq+rx; xihArx; xi 1H
����Arx; x�

� 1

2
(�p � 
p)

"

A2q+rx; x

�
hArx; xi �

�
hAq+rx; xi
hArx; xi

�2#1=2
� 1

4
(�p � 
p) (�q � 
q)



12 S.S. DRAGOMIR1;2

for any x 2 H with kxk = 1:
2) With the assumptions of 1) we have���� hAq+r lnAx; xihArx; xi � hA

q lnAx; xi
hArx; xi

hAq+rx; xi
hArx; xi

����(3.6)

� 1

hArx; xi

�����Aq � hAq+rx; xihArx; xi 1H
����Arx; x� ln

 s
�




!

�
"

A2q+rx; x

�
hArx; xi �

�
hAq+rx; xi
hArx; xi

�2#1=2
ln

 s
�




!

� 1

2
(�q � 
q) ln

 s
�




!
for any x 2 H with kxk = 1:
3) With the assumptions of 1) we have

0 �


A2x; x

�
hAx; xi2

� 1(3.7)

� �� 

2�


1

hAx; xi

*�����A�


A2x; x

�
hAx; xi 1H

�����Ax; x
+

� �� 

2�


24
A3x; x�
hAx; xi �

 

A2x; x

�
hAx; xi

!2351=2 � (�� 
)2

4�


for any x 2 H with kxk = 1:
4) With the assumptions of 1) we have����� hAx; xihA�1x; xi �

1

hA�1x; xi2

�����(3.8)

� 1

2
(�� 
) 1

hA�1x; xi

�����A� 1

hA�1x; xi1H
����A�1x; x�

� 1

2
(�� 
)

"
hAx; xi
hA�1x; xi �

1

hA�1x; xi2

#1=2
� 1

4
(�� 
)2

for any x 2 H with kxk = 1:

We have:

Theorem 9. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [a; b] for some scalars a; b with a < b: If � : [m;M ] � R! R is
a continuous convex function on the interval [m;M ] ; f : [a; b] � R ! R is a
continuous function on the interval [a; b] and with the property that

(3.9) m � f (t) �M for any t 2 [a; b]
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and w : [a; b]! [0;1) is continuos on [a; b], then

0 � hw (A) (� � f) (A)x; xi
hw (A)x; xi � �

�
hw (A) f (A)x; xi
hw (A)x; xi

�
(3.10)

� 1

2

��
hw (A) f (A)x; xi
hw (A)x; xi ;M ; �

�
�
�
m;
hw (A) f (A)x; xi
hw (A)x; xi ; �

��
� 1

hw (A)x; xi

�����f (A)� hf (A)w (A)x; xihw (A)x; xi 1H

����w (A)x; x�
� 1

2

��
hw (A) f (A)x; xi
hw (A)x; xi ;M ; �

�
�
�
m;
hw (A) f (A)x; xi
hw (A)x; xi ; �

��

�
"

f2 (A)w (A)x; x

�
hw (A)x; xi �

�
hf (A)w (A)x; xi
hw (A)x; xi

�2#1=2
� 1

4

��
hw (A) f (A)x; xi
hw (A)x; xi ;M ; �

�
�
�
m;
hw (A) f (A)x; xi
hw (A)x; xi ; �

��
(M �m)

for any x 2 H with kxk = 1 and hw (A)x; xi 6= 0:

The proof is similar to the one from Theorem 8 on utilizing the spectral represen-
tation theorem and the integral inequality for the Riemann-Stieltjes from Theorem
7 and the details are omitted.

Corollary 2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [a; b] for some scalars a; b with a < b: If � : [m;M ] � R! C is a
continuous square-convex function on the interval [m;M ] ; f : [a; b] � R ! R is a
continuous function on the interval [a; b] with the property that (3.9) is true and
w : [a; b]! [0;1) is continuos on [a; b], then

0 �

D
w (A) j� (f (A))j2 x; x

E
hw (A)x; xi �

������ hw (A) f (A)x; xihw (A)x; xi

�����2(3.11)

� 1

2

��
hw (A) f (A)x; xi
hw (A)x; xi ;M ; j�j2

�
�
�
m;
hw (A) f (A)x; xi
hw (A)x; xi ; j�j2

��
� 1

hw (A)x; xi

�����f (A)� hf (A)w (A)x; xihw (A)x; xi 1H

����w (A)x; x�
� 1

2

��
hw (A) f (A)x; xi
hw (A)x; xi ;M ; j�j2

�
�
�
m;
hw (A) f (A)x; xi
hw (A)x; xi ; j�j2

��

�
"

f2 (A)w (A)x; x

�
hw (A)x; xi �

�
hf (A)w (A)x; xi
hw (A)x; xi

�2#1=2
� 1

4

��
hw (A) f (A)x; xi
hw (A)x; xi ;M ; j�j2

�
�
�
m;
hw (A) f (A)x; xi
hw (A)x; xi ; j�j2

��
� (M �m)

for any x 2 H with kxk = 1 and hw (A)x; xi 6= 0:
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Remark 3. If we take f (t) = t in (3.10) then we get

0 � hw (A) � (A)x; xi
hw (A)x; xi � �

�
hw (A)Ax; xi
hw (A)x; xi

�
(3.12)

� 1

2

��
hw (A)Ax; xi
hw (A)x; xi ;M ; �

�
�
�
m;
hw (A)Ax; xi
hw (A)x; xi ; �

��
� 1

hw (A)x; xi

�����A� hw (A)Ax; xihw (A)x; xi 1H
����w (A)x; x�

� 1

2

��
hw (A)Ax; xi
hw (A)x; xi ;M ; �

�
�
�
m;
hw (A)Ax; xi
hw (A)x; xi ; �

��

�
"

w (A)A2x; x

�
hw (A)x; xi �

�
hw (A)Ax; xi
hw (A)x; xi

�2#1=2
� 1

4

��
hw (A)Ax; xi
hw (A)x; xi ;M ; �

�
�
�
m;
hw (A)Ax; xi
hw (A)x; xi ; �

��
� (M �m)

for any x 2 H with kxk = 1 and hw (A)x; xi 6= 0, hw(A)Ax;xihw(A)x;xi 6= m;M:
In particular, by taking w (t) = 1 in (3.12) we get the simple reverse of Jensen�s

inequality:

0 � h� (A)x; xi � � (hAx; xi)(3.13)

� 1

2
([hAx; xi ;M ; �]� [m; hAx; xi ; �]) hjA� hAx; xi 1H jx; xi

� 1

2
([hAx; xi ;M ; �]� [m; hAx; xi ; �])

h

A2x; x

�
� hAx; xi2

i1=2
� 1

4
([hAx; xi ;M ; �]� [m; hAx; xi ; �]) (M �m)

for any x 2 H with kxk = 1 and hAx; xi 6= m;M:

Similar comments can be made for square-convex functions. However the details
are omitted.

4. Applications for Quantum f-Divergence

Let (H; h�; �i) be a complex Hilbert space and feigi2I an orthonormal basis of H:
We say that A 2 B (H) is a Hilbert-Schmidt operator if

(4.1)
X
i2I

kAeik2 <1:

It is well know that, if feigi2I and ffjgj2J are orthonormal bases for H and A 2
B (H) then

(4.2)
X
i2I

kAeik2 =
X
j2I

kAfjk2 =
X
j2I

kA�fjk2

showing that the de�nition (4.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator i¤ A� is a Hilbert-Schmidt operator.
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Let B2 (H) the set of Hilbert-Schmidt operators in B (H) : For A 2 B2 (H) we
de�ne

(4.3) kAk2 :=
 X
i2I

kAeik2
!1=2

for feigi2I an orthonormal basis of H: This de�nition does not depend on the choice
of the orthonormal basis.
On complex Hilbert space (B2 (H) ; h�; �i2) ; where the Hilbert-Schmidt inner

product is de�ned by

hU; V i2 := tr (V
�U) ; U; V 2 B2 (H) ;

for A; B 2 B+ (H) consider the operators LA : B2 (H) ! B2 (H) and RB :
B2 (H)! B2 (H) de�ned by

LAT := AT and RBT := TB:

We observe that they are well de�ned and since

hLAT; T i2 = hAT; T i2 = tr (T
�AT ) = tr

�
jT �j2A

�
� 0

and
hRBT; T i2 = hTB; T i2 = tr (T

�TB) = tr
�
jT j2B

�
� 0

for any T 2 B2 (H) ; they are also positive in the operator order of B (B2 (H)) ;
the Banach algebra of all bounded operators on B2 (H) with the norm k�k2 where
kTk2 = tr

�
jT j2

�
; T 2 B2 (H) :

Since tr
�
jX�j2

�
= tr

�
jXj2

�
for any X 2 B2 (H) ; then also

tr (T �AT ) = tr
�
T �A1=2A1=2T

�
= tr

��
A1=2T

��
A1=2T

�
= tr

����A1=2T ���2� = tr�����A1=2T�����2� = tr����T �A1=2���2�
for A � 0 and T 2 B2 (H) :
We observe that LA and RB are commutative, therefore the product LARB is a

selfadjoint positive operator in B (B2 (H)) for any positive operators A;B 2 B (H) :
For A;B 2 B+ (H) with B invertible, we de�ne the Araki transform AA;B :

B2 (H) ! B2 (H) by AA;B := LARB�1 : We observe that for T 2 B2 (H) we have
AA;BT = ATB

�1 and

hAA;BT; T i2 =


ATB�1; T

�
2
= tr

�
T �ATB�1

�
:

Observe also, by the properties of trace, that

tr
�
T �ATB�1

�
= tr

�
B�1=2T �A1=2A1=2TB�1=2

�
= tr

��
A1=2TB�1=2

�� �
A1=2TB�1=2

��
= tr

����A1=2TB�1=2���2�
giving that

(4.4) hAA;BT; T i2 = tr
����A1=2TB�1=2���2� � 0

for any T 2 B2 (H) :
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We observe that, by the de�nition of operator order and by (4.4) we have
r1B2(H) � AA;B � R1B2(H) for some R � r � 0 if and only if

(4.5) r tr
�
jT j2

�
� tr

����A1=2TB�1=2���2� � R tr�jT j2�
for any T 2 B2 (H) :
We also notice that a su¢ cient condition for (4.5) to hold is that the following

inequality in the operator order of B (H) is satis�ed

(4.6) r jT j2 �
���A1=2TB�1=2���2 � R jT j2

for any T 2 B2 (H) :
Let U be a selfadjoint linear operator on a complex Hilbert space (K; h�; �i) :

The Gelfand map establishes a �-isometrically isomorphism � between the set
C (Sp (U)) of all continuous functions de�ned on the spectrum of U; denoted Sp (U) ;
and the C�-algebra C� (U) generated by U and the identity operator 1K on K as
follows:
For any f; g 2 C (Sp (U)) and any �; � 2 C we have
(i) � (�f + �g) = �� (f) + �� (g) ;
(ii) � (fg) = � (f) � (g) and �

�
�f
�
= �(f)

�
;

(iii) k� (f)k = kfk := supt2Sp(U) jf (t)j ;
(iv) � (f0) = 1K and � (f1) = U; where f0 (t) = 1 and f1 (t) = t; for t 2 Sp (U) :
With this notation we de�ne

f (U) := � (f) for all f 2 C (Sp (U))
and we call it the continuous functional calculus for a selfadjoint operator U:
If U is a selfadjoint operator and f is a real valued continuous function on Sp (U),

then f (t) � 0 for any t 2 Sp (U) implies that f (U) � 0; i.e. f (U) is a positive
operator on K: Moreover, if both f and g are real valued functions on Sp (U) then
the following important property holds:

(P) f (t) � g (t) for any t 2 Sp (U) implies that f (U) � g (U)
in the operator order of B (K) :
Let f : [0;1)! R be a continuous function. Utilising the continuous functional

calculus for the Araki selfadjoint operator AQ;P 2 B (B2 (H)) we can de�ne the
quantum f-divergence forQ;P 2 S1 (H) := fP 2 B1 (H) ; P � 0 with tr (P ) = 1 g
and P invertible, by

Sf (Q;P ) :=
D
f (AQ;P )P

1=2; P 1=2
E
2
= tr

�
P 1=2f (AQ;P )P

1=2
�
:

If we consider the continuous convex function f : [0;1) ! R, with f (0) := 0
and f (t) = t ln t for t > 0 then for Q;P 2 S1 (H) and Q;P invertible we have

Sf (Q;P ) = tr [Q (lnQ� lnP )] =: U (Q;P ) ;
which is the Umegaki relative entropy.
If we take the continuous convex function f : [0;1)! R, f (t) = jt� 1j for t � 0

then for Q;P 2 S1 (H) with P invertible we have
Sf (Q;P ) = tr (jQ� P j) =: V (Q;P ) ;

where V (Q;P ) is the variational distance.
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If we take f : [0;1)! R, f (t) = t2 � 1 for t � 0 then for Q;P 2 S1 (H) with P
invertible we have

Sf (Q;P ) = tr
�
Q2P�1

�
� 1 =: �2 (Q;P ) ;

which is called the �2-distance
Let q 2 (0; 1) and de�ne the convex function fq : [0;1) ! R by fq (t) = 1�tq

1�q :

Then

Sfq (Q;P ) =
1� tr

�
QqP 1�q

�
1� q ;

which is Tsallis relative entropy.
If we consider the convex function f : [0;1)! R by f (t) = 1

2

�p
t� 1

�2
; then

Sf (Q;P ) = 1� tr
�
Q1=2P 1=2

�
=: h2 (Q;P ) ;

which is known as Hellinger discrimination.
If we take f : (0;1) ! R, f (t) = � ln t then for Q;P 2 S1 (H) and Q;P

invertible we have

Sf (Q;P ) = tr [P (lnP � lnQ)] = U (P;Q) :
In the important case of �nite dimensional space H and the generalized inverse

P�1; numerous properties of the quantum f -divergence have been obtained in the
recent papers [22], [23], [32], [33] and in the references therein.

Theorem 10. Let f : [0;1) ! R be a continuous convex function that is nor-
malized, namely f (0) = 1: If Q;P 2 S1 (H) ; with P invertible, and there exists
R � 1 � r � 0 such that

(4.7) r tr
�
jT j2

�
� tr

����Q1=2TP�1=2���2� � R tr�jT j2�
for any T 2 B2 (H) ; then

(0 �)Sf (Q;P ) � (1� r) f (R) + (R� 1) f (r)
2 (R� 1) (1� r) V (Q;P )(4.8)

� (1� r) f (R) + (R� 1) f (r)
2 (R� 1) (1� r) � (Q;P )

� (1� r) f (R) + (R� 1) f (r)
2 (R� 1) (1� r) (R� r) :

Proof. From the inequality (3.13) applied for the convex function f and the selfad-
joint operator AQ;P we have

0 � hf (AQ;P )T; T i2 � f
�
hAQ;PT; T i2

�
(4.9)

� 1

2

��
hAQ;PT; T i2 ; R; f

�
�
�
r; hAQ;PT; T i2 ; f

��
�

��AQ;P � hAQ;PT; T i2 1B2(H)��T; T�2

� 1

2

��
hAQ;PT; T i2 ; R; f

�
�
�
r; hAQ;PT; T i2 ; f

��
�
h

A2Q;PT; T

�
2
� hAQ;PT; T i22

i1=2
� 1

4

��
hAQ;PT; T i2 ; R; f

�
�
�
r; hAQ;PT; T i2 ; f

��
(R� r)
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for any T 2 B2 (H) :
If we chose in (4.9) T = P 1=2 and take into account thatD

AQ;PP
1=2; P 1=2

E
2
= 1;D���AQ;P � DAQ;PP 1=2; P 1=2E

2
1B2(H)

���P 1=2; P 1=2E
2
= V (Q;P )

and 

A2Q;PT; T

�
2
� hAQ;PT; T i22 = �

2 (Q;P ) ;

then by (4.9) we obtain

(0 �)Sf (Q;P ) � 1

2
([1; R; f ]� [r; 1; f ])V (Q;P )

� 1

2
([1; R; f ]� [r; 1; f ])� (Q;P )

� 1

4
([1; R; f ]� [r; 1; f ]) (R� r) ;

which is equivalent to the desired result (4.7). �

Example 2. 1) If we take in (4.8) f (t) = t2 � 1; then we get

(0 �)�2 (Q;P ) � 1

2
(R� r)V (Q;P ) � 1

2
(R� r)� (Q;P )(4.10)

� 1

4
(R� r)2

for Q;P 2 S1 (H) ; with P invertible and satisfying the condition (4.7).
2) If we take in (4.8) f (t) = t ln t; then we get

(0 �)U (Q;P ) � 1

2
ln
�
R

R
R�1 r

r
1�r

�
V (Q;P )(4.11)

� 1

2
ln
�
R

R
R�1 r

r
1�r

�
� (Q;P )

� 1

4
(R� r) ln

�
R

R
R�1 r

r
1�r

�
for Q;P 2 S1 (H) ; with P invertible and satisfying the condition (4.7).
3) If we take in (4.8) f (t) = � ln t; then we get

(0 �)U (P;Q) � 1

2
ln
�
R

1
1�R r

1
r�1

�
V (Q;P )

� 1

2
ln
�
R

1
1�R r

1
r�1

�
� (Q;P )

� 1

4
(R� r) ln

�
R

R
R�1 r

r
1�r

�
for Q;P 2 S1 (H) ; with P invertible and satisfying the condition (4.7).

The following result also holds:

Theorem 11. Let Q;P 2 S1 (H) ; with P invertible, and there exists R � 1 � r � 0
such that (4.7) holds for any T 2 B2 (H) : Assume that u; h : [0;1) ! R are
continuous function on the interval [0;1) and with the property that

(4.12) m � u (t) �M , n � h (t) � N for any t 2 [r;R]
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for some real numbers m;M;n;N , then

jSuh (Q;P )� Su (Q;P )Sh (Q;P )j(4.13)

� 1

2
(M �m)B (Q;P ) � 1

2
(M �m)

�
Sh2 (Q;P )� S2h (Q;P )

�1=2
� 1

4
(M �m) (N � n)

where

B (Q;P ) =
D���h (AQ;P )� Dh (AQ;P )P 1=2; P 1=2E

2
1B2(H)

���P 1=2; P 1=2E
2
:

Proof. Utilising the inequality (3.2) for the functions u; h and w (t) = 1 and the
selfadjoint operator AQ;P we have��hu (AQ;P )h (AQ;P )T; T i2 � hu (AQ;P )T; T i2 hh (AQ;P )T; T i2��(4.14)

� 1

2
(M �m)


��h (AQ;P )� hh (AQ;P )T; T i2 1B2(H)��T; T�2
� 1

2
(M �m)

h

h2 (AQ;P )T; T

�
2
�
�
hh (AQ;P )T; T i2

�2i1=2
� 1

4
(M �m) (N � n)

for any T 2 B2 (H) :
If we take T = P 1=2 in (4.14), then we get the desired result (4.13). �

On choosing some particular examples for u and h like

�� (t) := jt� 1j� ; t 2 [0;1)

or

�� (t) :=
j1� tj�

(t+ 1)
��1 ; t 2 [0;1)

for � 2 [1;1); one can get various inequalities of interest.
The details are omitted
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