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TRACE INEQUALITIES OF LIPSCHITZ TYPE FOR POWER
SERIES OF OPERATORS ON HILBERT SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Let f(2) = > 02 j anz™ be a function defined by power series with
complex coefficients and convergent on the open disk D (0,R) C C, R > 0.
We show, amongst other that, if T,V € By (H), the Banach space of all
trace operators on H, are such that [|T[|;,||V|l; < R, then f(V), f(T),
F(A=t)T+¢V) e Bi(H) for any t € [0,1] and

1
tr [f (V)] = tr [f (T)] :/0 (V= T) £ (1— )T + £V)) dt.

Several trace inequalities are established. Applications for some elementary
functions of interest are also given.

1. INTRODUCTION

Let B (H) be the Banach algebra of bounded linear operators on a separable com-
plex Hilbert space H. The absolute value of an operator A is the positive operator
|A| defined as |A] := (A*A)Y/?.

It is known that [4] in the infinite-dimensional case the map f(A) := |A] is
not Lipschitz continuous on B (H) with the usual operator norm, i.e. there is no
constant L > 0 such that

Al =Bl < L||A - B

for any A,B € B(H).
However, as shown by Farforovskaya in [17], [18] and Kato in [22], the following
inequality holds

2 ||A||+||B||>>
1.1 Al —-|Bl| < —-||A—-B 2+10g<
(11) i - 1511 < 2 14 51 e

for any A, B € B(H) with A # B.
If the operator norm is replaced with Hilbert-Schmidt norm ||C|| ¢ := (tr C’*C’)l/2
of an operator C, then the following inequality is true [2]

(1.2) 1Al = [Blll zs < V2IIA = Bllys

for any A,B € B(H).
The coefficient v/2 is best possible for a general A and B. If A and B are restricted
to be selfadjoint, then the best coefficient is 1.
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2 S.S. DRAGOMIRY2

It has been shown in [4] that, if A is an invertible operator, then for all operators
B in a neighborhood of A we have

(13)  NAI-IBll e lA- Bl +a|a-BI*+0 (|a-BI*)

where
ar = AT Al and @y = (|47 + |47 Al
In [3] the author also obtained the following Lipschitz type inequality

(1.4) If (A) = f(B)| < ' (a) A - B

where f is an operator monotone function on (0,00) and A, B > aly > 0.
One of the central problems in perturbation theory is to find bounds for

1 (A) = F (B

in terms of ||A — B|| for different classes of measurable functions f for which the
function of operator can be defined. For some results on this topic, see [5], [19] and
the references therein.

By the help of power series f (z) = ZZO:O anz™ we can naturally construct an-
other power series which will have as coefficients the absolute values of the coefficient
of the original series, namely, f, (z) := > .o |an|z". It is obvious that this new
power series will have the same radius of convergence as the original series. We also
notice that if all coefficients a,, > 0, then f, = f.

We notice that if

(1.5) flz)=>" (_1)nz":1n%, z€ D(0,1);

oo _1 n

g(z) = Z ((Qn;! 2*" =cosz, z € C;
n=0

h(z)= Z (2(n—|—)1)!22 T —sinz, z€C;

n=0
oo

1z =Y ()" = 1 2€ D)5

n=0

where D (0, 1) is the open disk centered in 0 and of radius 1, then the corresponding
functions constructed by the use of the absolute values of the coefficients are

(1.6) fa(z):2$z”:1n 1Z, zeD(0,1);

1_
n=1
— - 1 2n _ h C:
ga (2) = Z (2n)!z =coshz, z € C;
n=0
he (2) = ZO WZ%H =sinhz, z € C;
O_o 1

n=0
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Other important examples of functions as power series representations with non-
negative coefficients are:

oo
1
(1.7) exp(z) = Z Ez", z € C;
n=0 """
1, (142 S
= = n D(0,1);
2n(1—z> ;Qn—lz , 2€ D0, 1);

= T (nJr l)
sin~! (2) = E 2L 2 e D(0,1);
o VT (2n+1)n!

—1 _ 1 2n—1 .
tanh (z)—;%lilz , 2€ D(0,1);
T'(n+a)T(n+6)T(y)
F (avﬁ?77z): Zn7a767’y>07
o 2 nT (@) T (B)T (n+7)
z€D(0,1);

where I' is Gamma function.
We recall the following result that provides a quasi-Lipschitzian condition for
functions defined by power series and operator norm ||-|| [14]:

Theorem 1. Let f(z) := Y " an,z" be a power series with complex coefficients

and convergent on the open disk D (0,R),R > 0. If T,V € B(H) are such that
1T VIl < R, then

(1.8) 1£(T) = F ) < fo (max {| T [VID T = V.-
If |7, V]| £ M < R, then from (1.8) we have the simpler inequality
(1.9) If(T) = f W < fo AD)|IT = V||

In the recent paper [13] we improved the inequality (1.8) as follows:

Theorem 2. Let f(z) := ZZO:() anz™ be a power series with complex coefficients

and convergent on the open disk D (0,R),R > 0. If T,V € B(H) are such that
1TVl < R, then

1
(1.10) 1F(T) = f I <IT - VH/O fa (I =) T+ V) dt.

In order to obtain similar results for the trace of bounded linear operators on
complex infinite dimensional Hilbert spaces we need some preparations as follows.

2. SOME PRELIMINARY FACTS ON TRACE FOR OPERATORS

Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

(2.1) > e < oo

iel
It is well know that, if {e;};.; and {f;},c; are orthonormal bases for H and A €
B (H) then

(2.2) Do lAeill* =Y IAL1 =141

iel jer jeI
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showing that the definition (2.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.

Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
(23) Al = (ZAeiF)
iel
for {e;},c; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in [ (I), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A] := (A*A)l/Q.

Because |||A4]z|| = ||Az]|| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and || 4|, = [||A]|l5. From (2.2) we have that if A € By (H), then A* €
By (H) and [ A]l, = [ 4°]l,-

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 3. We have:
(i) (B2 (H), ||-l5) s a Hilbert space with inner product

(24) <A, B>2 = Z <A6i, B€Z> = Z <B*A€Z‘, €i>
i€l el

and the definition does not depend on the choice of the orthonormal basis {e;}

iel’
(ii) We have the inequalities
(2.5) IAI < 1Al
for any A € By (H) and
(2.6) IAT Iy, (ITAlly < 1T 1Al

forany A€ By (H) and T € B(H);
(1ii) By (H) is an operator ideal in B(H), i.e.
B(H) By (H)B(H) C By (H);
(1v) Byin, (H) , the space of operators of finite rank, is a dense subspace of By (H);

(v) Bo(H) C K(H), where IC(H) denotes the algebra of compact operators on
H.

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if
(2.7) Al = Z (|A] e, e;) < 0.

iel
The definition of [|Al|; does not depend on the choice of the orthonormal basis
{ei};cr - We denote by By (H) the set of trace class operators in B (H) .
The following proposition holds:

Proposition 1. If A € B(H), then the following are equivalent:
(i) Ae B (H);
(ii) |A]"? € By (H);
(i) A (or |A]) is the product of two elements of By (H) .
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The following properties are also well known:

Theorem 4. With the above notations:
(i) We have

(2.8) 1Al = 1A%, and (Al < [[A]l,
for any A€ By (H);
(i) By (H) is an operator ideal in B(H), i.e.
B(H)B: (H)B(H) C By (H);
(i1i) We have
By (H) By (H) = Bi (H);
(iv) We have
1Al = sup {(A, B), | B € By (H), |Bl <1};
(v) (B1 (H),||ly) s a Banach space.
(iv) We have the following isometric isomorphisms
B (H)~ K(H)" and By (H)" 2B (H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .
We define the trace of a trace class operator A € By (H) to be
(2.9) tr(A) == (Aej,ei),
iel
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (2.9)

converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 5. We have:
(i) If A € By (H) then A* € By (H) and

(2.10) tr (A*) = tr (A);
(i) If Ae By (H) and T € B(H), then AT, TA € By (H) and
(2.11) tr (AT) = tr (T4) and |ox (AT)| < ||A], |

(111) tr (+) is a bounded linear functional on By (H) with |tr|| = 1,
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H).

Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [|A]? = tr (A*A) = tr (|A|2)
for any A, B € By (H).
The following Hélder’s type inequality has been obtained by Ruskai in [28]

(212) tr (4B)| < tr(jAB)) < [tr (JA17*)]" [ (1170 7)]

l—a

where a € (0,1) and A, B € B(H) with |A]"*, |B|""~%) ¢ B, (H).

In particular, for o = % we get the Schwarz inequality

(2.13) tr (AB)| < tr (JAB|) < [tr (|A|2)}1/2 [tr (\3‘2)}1/2
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with A, B e By (H)

If A>0and P € By (H) with P > 0, then
(2.14) 0 <tr(PA) < ||A|tr(P).

Indeed, since A > 0, then (Az,z) > 0 for any « € H. If {ei}iel is an orthonormal
basis of H, then

2
0 < (APY2e;, P12e;) < ||A|L|PY2ei]|” = 1Al (Pei,e:)
for any ¢ € I. Summing over i € I we get
0<> <AP1/2eZ-, P1/26i> < [AIY (Pey,ei) = || Al tr (P)
i€l icl

and since

iezj <AP1/2ei, P1/2ei> = 7; <p1/2AP1/QeZ-, ei> — tr (P“QAPW) _ (P4,

we obtain the desired result (2.14).
This obviously imply the fact that, if A and B are selfadjoint operators with
A< Band P e By (H) with P > 0, then

(2.15) tr (PA) <tr(PB).
Now, if A is a selfadjoint operator, then we know that
[(Az,z)| < (|A|z,z) for any x € H.

This inequality follows by Jensen’s inequality for the convex function f (¢) = |t|
defined on a closed interval containing the spectrum of A.
If {e;};c; is an orthonormal basis of H, then

Z <AP1/2€Z',P1/261'>

S Z ‘<14.P1/2€i7 P1/2€7;>‘
i€l i€l

<y <|A\ Pl/zei,Pl/Zei> —tr (PA]),

iel

(2.16) Itr (PA)| =

for any A a selfadjoint operator and P € By (H) with P > 0.

For the theory of trace functionals and their applications the reader is referred
to [31].

For some classical trace inequalities see [9], [11], [26] and [35], which are contin-
uations of the work of Bellman [7]. For related works the reader can refer to [1],
8], 19], [20], [23], [24], [25), [29] and [32].

3. TRACE INEQUALITIES
We have the following representation result:

Theorem 6. Let f(z) := Y " a,z" be a power series with complex coefficients
and convergent on the open disk D (0,R),R > 0. If T,V € By (H) are such that
tr (|T)) ,tr (|V]) < R, then f(V), f(T), f'(1—=t)T +tV) € By (H) for any t €

[0,1] and

(3.1) tr[f (V)] —tr[f (T)] = /0 tr(V=T)f ((1—t)T +tV))dt.
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Proof. We use the identity (see for instance [6, p. 254])
n—1
(3.2) A" —B" =Y A""'J(A-B)B
=0
that holds for any A, B € B(H) and n > 1.
For T,V € B(H) we consider the function ¢ : [0,1] — B(H) defined by ¢ (t) =
[(1—t)T+tV]". For t € (0,1) and € # 0 with ¢t + & € (0,1) we have from (3.2)
that

AS)

t+e)—p(t)
(1—t—e)T+({t+e)V]"—[1—t)T +tV]"

n

|
—

(I—t—e)T+(t+e)V]" "I (V-T)[(A=t) T +tV} .
0

J
Dividing with € # 0 and taking the limit over &€ — 0 we have in the norm
topology of B that

(3-3) ' ()

=)
m | =

[o(t+e)—w ()]

li
g

!
= o

n—

(L= T+tV]" "7 (V=T)[(1—t) T +tV].

<.
o

Integrating on [0, 1] we get from (3.3) that

/1 £ dt = Z/ (1= )T + V" (V — T)[(1— ) T + V] dt
0

and since

/ o (W)t = (1) — o (0) = V"~ T"

0
then we get the following equality of interest in itself

(34) VrP-T"= nZ/ (=T +tV]" " (V=) [(1=t) T+ tV) dt

for any T,V € B(H) and n > 1.
If T,V € By (H) and we take the trace in (3.4) we get

(3.5) tr (V") —tr (T7)
/ (=) T+ etV (v - T)[(l—t)T+tV}j>dt
7=0
e / (-0 + v (v - 1)) at

7=0

1
= /tr (1=t T +tV]" " (V — T))d
0

ltr T)[(1—t)T +tV]"~ )dt

:
S~
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for any n > 1.
Let m > 1. Then by (3.5) we have have

(3.6) tr (i anV”> —tr <i anT")

n=0 n=0

=Y an [tr (V") = tr (T")]

3
I
=

ap, [tr (V™) — tr (T™)]

I
NE

3
Il
—

I
NE

1
nan/o tr((V—T)[(l—t)T—f—tV] )dt

3
Il
_

I
S—

1 tr ((V -T) i na, [(1 —t)T + tV]"1> dt

n=1

for any T,V € By (H) .

Since tr (|T]),tr (JV|) < R with T,V € By (H) then the series >~ a,V",

S ya,T" and 30 na, [(1—t)T +tV]" " are convergent in By (H) and

Y aVr=F(V), > a1 = f(T)

n=0 n=0

and

inan (=0T +tV]" = f (1 —t)T +tV)

where ¢ € [0,1]. Moreover, we have
FOV), AT, F(A-1)T+1V) € By (H)

for any t € [0,1].
By taking the limit over m — oo in (3.6) we get the desired result (3.1).

In addition to the power identity (3.5) we have other equalities as follows

(3.7) tr[exp (V)] — tr[exp (T)] = /0 tr ((V—T)exp ((1 —¢t)T +tV))dt,

1
(3.8) tr [sin (V)] — tr [sin (T)] = /0 tr (V—T)cos((1—-t)T +tV))dt,
and
(3.9) tr [sinh (V)] — tr [sinh (T)] = / tr ((V —T)cosh ((1 —¢)T +¢V))dt.
0

for any T,V € By (H).
If T,V € By (H) with tr (|T|),tr (|[V]) < 1 then

(3.10) tr [(1H - V)*l} —tr {(1H - T)’l}

_/Oltr ((va) (1H7(1—t)TftV)_2) dt,

O
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and

(3.11) tr [ln(lH—V)—l] s —tr [ln(lH—T)_l}

1
_ / o (V=) (g = (=) T =)™ d.
0
We have the following result:

Corollary 1. With the assumptions in Theorem 6 we have the inequalities

(3.12) [tr [f (V)] = tr [f (T)]]

1
<min{||V—T||/0 I (L= 8) T + V)|, dt,
1
W=l [ 17 -7+l
1
<mm{||V—T||/o £ =0T+ V] d,

I A —t>T+tvu>dt},

where ||-|| is the operator norm and ||-||; is the 1-norm introduced for trace class
operators.

Proof. From (3.1), we have by taking the modulus

(3.13) [tr[f (V)] = tr [f (T)]] < /0 tr (V =T) f' (1 =8) T+ V)| dt.
Utilising the inequality (2.11) twice, we get

tr (V=) f (A=) T +tV))| <[V =T f (A=) T +tV)],
and

ftr (V=T)f (L=) T+ V)| < [V =T, [/ (A=) T + V)]
for any ¢t € [0,1].

By integrating these inequalities, we get the first part of (3.12).
We have, by the use of |-||; properties that

I (A=t T +tV)|, = nan [(1—6)T +tV]"!
n=1 1
<3 nladl |1 —t)T+tV]"*1H1
n=1

n—1
<Y nlanl (1= T + V|

n=1
= fa (A=) T +tV],)

for any T,V € By (H) with ||T||,, ||V, < R.

This proves the first part of the second inequality.

Since || X[ < [|X||; for any X € By (H) then |[(1 —¢)T +tV| < R for any
T,V € By (H) with |T||;, |V]l; < R which shows that f; (||(1 —t) T +tV])) is well
defined.
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The second part of the second inequality follows in a similar way and the details
are omitted. ([l

Remark 1. We observe that f! is monotonic nondecreasing and convexr on the
interval [0, R) and since the function ¢ (t) := |[(1 —t) T + tV|| is convex on [0, 1] we
have that f! o is also convex on [0,1]. Utilising the Hermite-Hadamard inequality
for convex functions (see for instance [16, p. 2]) we have the sequence of inequalities

(3.14) /Of;(||(1—t)T+tV||)dt
1 (| T+V fa AT + fo AIVID
<l ()
< % [fa AT + fo (IVID] < max {fo (1T, fa (IVID}-

We also have
1
(3.15) / =T +tv]) dt
0

g/o £ =) [T] + ¢ [V]]) at

Ll (1T 1V L Lo AITID + fa AIVID
<ale ()
< % [fa (1T + fo (VD] < max {fg (ITI]), fa (IVI)} -

We observe that if |V|| # ||T||, then by the change of variable s = (1 —t)||T| +
t |V we have

) 1 . i V1| d
/ —t t t = /
/0 £ =) [T] + V] ||VH Tl / iy 12848

fa (VI = fa (1T
VI =17

IFIVIE=ITI, then

1
/0 fa (A=) TI+ VI dt = fo (IT1) -

Utilising these observations we then get the following divided difference inequality

forT #V

1 Ll LD vy # 1),
3.16 fa(lt =T +tV])dt <
@16 [ fa-nT )

fa (TN iAVIE= 1Tl

Similar comments apply for the 1-norm |-||; when T,V € By (H).



TRACE INEQUALITIES OF LIPSCHITZ TYPE 11

If we use the first part in the inequalities (3.12) and the above remarks, then we
get the following string of inequalities

(3.17) te [f (V)] = tr [f (T)]

1
< v —T||/0 1 (L= )T+ V)], dt

1
<|Iv ‘T”/o FQ =0T + V], de

1 {f{l (HT-‘,Q—VHl) n f;(I\THl);rfé(HVHl) ,

<V =T x fa(IVIL) ~£a(ITN,)
( HVHE,HT(HI ) if ||V||1 # ||T||1a
fa (ITN1,) if VI =171,

IN

% IV =T e (1Tl + fa (V)]
IV =T max {f; (ITl,), fo (IVII)}

IN

provided T,V € By (H) with |T||,,||[V]; < R.
IfFIT|,,IVIly £ M < R, then we have from (8.17) the simple inequality

tr [f (V)] = e [f (D] < [V =Tl fo, (M).

A similar sequence of inequalities can also be stated by swapping the norm ||-||
with ||-||; in (8.17). We omit the details.

If we use the inequality (3.17) for the exponential function, then we have the
inequalities

(3.18) [tr [exp (V)] — tr [exp (T)]]

1
<V =T [ flexp (1= T+ 1))
0

1
<|v-T] / exp([(1— )T +tV|,) dt
0

exp (|17, ) +exp IVl
e (|72, + 20l (eL)],

<V =T x exp(IVIl,)—exp(ITIl,) .
eI ee(Th) ¢ ), # 7,
exp ([|T[],) it VI, =71,
1
< S IV =Tl {exp (I1T]1,) +exp (IV[1,)]

IN

|V = T|| max {exp (| T[,) , exp ([[V,)}

for any T,V € By (H) .
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If [T, , IV]l; <1, then we have the inequalities

(3.19)

tr [ln (1g — V)_l] —tr [ln (1g — T)_l] ’
1
<=7l [ an-a-nr-w) o

1
<|v- TH/O (- |l(1— )T+ V]|~ dt

g L

IN

[V =T x n(1-||V]l,) " = (1—|7,) "
VT, =T7TT,

it [Vl 171y

(=7~ it VI, = I, ,
1 _ _
SV =T [a=TI) " +a= iy

IV = Tlmax {0~ |T0,) ", (0= VI ™}

IN

IN

The following result for the Hilbert-Schmidt norm |||, also holds:

Theorem 7. Let f(z) :== Y oo anz" be a power series with complex coefficients

and convergent on the open disk D (0,R),R > 0. If T,V € By (H) are such that
tr (|T|2) tr (|V|2) < R%, then f(V), f(T), f'(1—t)T +tV) € By (H) for any
t€10,1] and

1
(3.20) te[f (V)] —tr[f(T)] = /0 tr(V—=T)f (1 —=t)T +tV))dt.
Moreover, we have the inequalities

(3.21) [tr [f (V)] = tr [f (T)]]

1
<V - T||2/0 1 (1= )T + V)], de,

1
< ||va||2/O P = 8T + V], de

: [f‘; (|1 ) + =0T+ (Vl) |

<||V-T _
SV Tl [ UL iy, £ 7y,
£ITh) i IVl = 7,
1
< 3 IV =Tl 7 (T + £ (V1)

IN

IV =Ty max {f; (ITlly), fo (IVIl2)} -

Proof. The proof of the first part of the theorem follows in a similar manner to the
one from Theorem 6.
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Taking the modulus in (3.20) and using the Schwarz inequality for trace (2.13)
we have

(3.22) hﬂﬂﬂ%%ﬂﬂﬂHSAHMWFTNWO—ﬂT+WMﬁ
1
S/IWfTMWW@f0T+WMﬁt
0

The rest follows in a similar manner as in the case of 1-norm and the details are
omitted. O

We notice that similar examples to (3.18) and (3.19) may be stated where both
norms ||| and ||-||; are replaced by ||| -

We also observe that, if T,V € By (H) with || T[], ,[|V|, < K < R, then we have
from (3.17) the simple inequality

te[f (V)] =t [f (D] < IV =Tl £ (K).

4. NORM INEQUALITIES
We have the following norm inequalities:
Theorem 8. Let f(z) := ZZOZO anz™ be a power series with complex coefficients
and convergent on the open disk D (0, R), R > 0.

(i) If T,V € By (H) are such that tr (|T]) ,tr (|V]) < R, then we have the norm
inequalities

IV =T, o fo(l(L—t)T +tV])dt

(4.1) IF (V)= F (Dl < 1
V=T Jy fo (I(1 =) T+ tV]]) dt.

) If T,V € Bo (H) are such that tr (|T 2 ,tr (|V %) < R2, then we also have
(i) If T,

the norm inequalities
1
IV =TI, fy fo (I =) T +tV])dt,

(4.2) 1F (V)= F (D), < :
V=T Jy fo (I(1 =) T+ tV]],) dt.

Proof. We use the equality
n—1 1 ) ]
(43)  VroTn = Z/ (1= )T+ V] Y9 (V = T) [(1— ) T+ £V} d,
j=0 "0

for any T,V € B(H) and n > 1.
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(i) If T,V € By (H) are such that tr (|T]),tr (|V|) < R, then by taking the |||,
norm and using its properties we have successively

(4.4) V=1,

n—1 .1
< Z/O H[(1 ST +tV] IV - T) (14T + tV]jH1 dt

<3 [[fo-orear=wn] fo-orswpa

n—1
<Z/ = T||1H[(1—t)T+tV}" 1= H [(1—t)T + V)
n—1 ‘ '
<V =T, DA =T +tV|" A=) T+ V| dt
=0

1
=n||V —T||1/ [(L—t)T +¢V|" " dt
0

for any n > 1.
Let m > 1. By (4.4) we have

m m

Z a, V"™ — Z a,T™
= = 1

(4.5)

Ms

n=1

Z lanl [V =T"]l;

1

3

<|v -1, Z|an|n/ (1=t)T +¢V|" " at

n=1
1 m
n—1
=V - T||1/ (Zn lan|[[(1 =) T +tV| ) di.
0 n=1
Also, we observe that
[A=)T+tV[ <[[QA=)T+tV], <A =) T, +t[|V], <R
for any ¢ € [0,1], which implies that the series S-°° n|a,|[[(1 — ) T +¢V|" "' is
convergent and

oo

n—1
onlanl[(L=O)T + V" = fo (L= )T +tV]])
n=1
for any ¢ € [0,1].
Since the series Y ja,V"™ and >~ a,T" are convergent in (By (H), |[|,),
then by letting m — oo in the inequality (4.5) we get the first inequality in (4.1).
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We also have

v =1

n—-1 .1 ' |

< jzo/o H[(l )T +tV]" (V=T [(1-t) T + tV]Jul dt
n—1 ,1 A |

<5 [ -0 w -] fa-or @

< nzl/l v -1 H[(1 )T+ tV]"**jH H[(1 - t)T+th'H1 dt
=00

n—1
<V =TID A=) T+ V" (1 =) T + ¢V dt
7=0
n—1
n—1—j j
<V =TI =T +eV[{ A=) T + V| dt
7=0

1
—nlV-T]| / 11— 8T + v dt
0

15

for any n > 1, which by a similar argument produces the second inequality in (4.1).
(ii) Follows in a similar way by utilizing the inequality || T'Al|, < ||T||||A]|, that

holds for T' € B(H) and A € By (H). The details are omitted.

O

Remark 2. From the first inequality in (4.1) we have the sequence of inequalities

(4.6) 1 V)~ £,
1
<v- T||1/ £ =0T+ tV]) di
0

3 [f(i (1552 + fL(HTH)JQrfL(HvH)} |

IN

IV =17l x {f('rv'ﬁlfTﬁ'T') if IVI£ T,

fa AT #AVIE= 1T,
% V=T, [fa AT + fo (VD]
IV =Ty max {f; (IT]1), fo (IVID}

IN

IN

for T,V € By (H) such that tr (|T]),tr (|]V]) < R and a similar result by swapping

in the right hand side of (4.6) the norm ||-|| with |||, .

In particular, if tr (|T']) ,tr (|V]) < M < R, then we have the simpler inequality

(4.7) If (V)= f (@D, < fa OV =T,
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If T,V € By (H) are such that tr (\T|2> ,tr (\V\Q) < R?, then we have the norm
inequalities

(48) 1F V)= £ (D)l
snv—TmAQamu—wT+wmw

(1 (125 + SUrbsnavh)

IV =Tl x § ( LUDLATD if v 2 |,
A i IVl =7,

IN

% IV =T, [fa AT + £2 (VD]
IV =Ty max {f, (1), fo (IVID}

IA

and a similar result by swapping in the right hand side of (4.6) the norm ||-|| with
1l -

In particular, if tr (|T|2) ,tr (|V|2) < K? < R?, then we have the simpler in-
equality

(4.9) LF (V)= £ (D)lly < fo (K IV =T,

5. APPLICATIONS FOR JENSEN’S DIFFERENCE

We have the following representation:

Lemma 1. Let f(z) := ZZOZO anz™ be a power series with complex coefficients
and convergent on the open disk D (0,R),R > 0. If either T,V € By (H) with
IT], VI, < Ry or T,V € By (H) with [Tll,. VI, < R then f(V), £ (T),
f(EL)eBi(H) or f(V), f(T), f(XEL) € By (H), respectively and

2 2
:i/oltr<(v_:r) [f’ ((1—t)V;FT+tV) - f ((1—t)VJ2rT+tT>Ddt.

Proof. The first part of the theorem follows by Theorem 6.
From the identity (3.1) we have

62 wlml-ul (7]
zfoltr(<v—V;LT> £ ((1—t)v;’T+tv>>dt

:;/Oltr<(V—T)f’ ((1—t)V;T+tV>)dt

51y SO+ @] [f (m)}
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and

(5.3 wlf ) - o1 (S50 )]

(( V+T>f’((1—t)V;T+tT>)dt
_%/0 <(T V) f ((1—t)V;T+tT))dt
:—;/Oltr((V—T)f’ <(1—t)V;_T+tT>>dt

for T,V € By (H) with ||T||,, ||V, < R.

If we add the above inequalities (5.2) and (5.3) and divide by 2 we get the desired
result (5.1). O

Theorem 9. Let f(z) := > .~ anz" be a power series with complex coefficients
and convergent on the open disk D (0, R) , R > 0. If T,V € By (H) with |T||, , ||V, <
R, then

(5.4)

2 2

1
<gwv-ri [ |-

1 V+T
< V- Tn["ﬂ .

<

wuwn+ww@n_UP(V+Tﬂ’

Q=0T +tV],)dt

) L L (VI + fa (i)
. 2

[\

ol =

S IV =TI 1 (VL) + 72 (T )]

— =

< <1V =TI max {£; (IVI,) . £ (IT],)} -

(=]

Proof. Taking the modulus in (5.1), we have

(5.5) . .

3411/01 tr((V—T) [f’ ((1—t)V;T+tV> —f ((1—t)V;T+tT>]>’dt

for T,V € By (H) with ||T||,, ||V, < R.
Using the properties of trace we have

tr((V—T) {f’ ((1—t)v—2|—T+tV> _y ((1—t)V;T+tT>D‘

<V -1 H{f ((lt)V;T+tV> _y ((1t)V;FT+tT>}

for T,V € By (H) with ||T]|,, |V, < R and ¢ € [0,1].

nIWL D] [ (VD)

(5.6)

1
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From (4.1) we have
(5.7) If (A) — f (B,
<|A-B] /01 £2(1(1 =) B +tA]),) dt

%”A B”{ <HA+B 1) o Ja (1AL + o (1BI1)

2
%IIA B[ [fe (1All,) + fa (IBI,)]
< [[A = Bllmax {f; (141l,), f (I1Bll)}

for A,B S Bl (H) with ||A||1 ’ HB”l < R.
Applying the second and third inequalities in (5.7) for f and A = (1 —¢) 4L +
tV’B:(l—t)%—i—tTweget

(5.8) H[f’((lt)v;rTthV)f’<(1t)V+T+tT)”

2
1

+fé’ (16 -2 % +tVH1) +fa (|0 =) 5E +47] ) |
2

1
<=t|\V-T
< StV -T]

ooty o) (oo 52

)
for T,V € By (H) with ||T]|,,[|V]l; < Rand t € [0,1].

Since f;/ is convex and monotonic nondecreasing and ||-||; is convex, then

59) Ll =0 ] + g (10 -0 T +er),)
’ 2
e (|V T LUV + £ A7)
<=1 f <H2 1>+t 5

for T,V € By (H) with ||T||,,||V]l; < Rand t € [0,1].
From (5.8) and (5.9) we get

(5.10) H{f’ ((1—t)V;T+tV>—f’ ((1—t)V;LT+tT>}

1
<—t|V-T
< StV -1

(a0 T o] Yo (a0 T ver
1
ngnqu@g(ij’>+tﬁmWM+

1

2
for T,V € By (H) with ||T]|,, |V, < R and ¢ € [0,1].

1

)

féZ(IITlh)]
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Integrating (5.10) over ¢ on [0, 1] we get

Lf P«G—QV;T+ﬂ0—f<ﬂ—wV;T+ﬁﬂ

1
<-|\WV-T
<SIvV-T]

L V4T v V4T
X{At@dk 0 +WE)&+Atﬁdkﬂ ! +ﬁ1ﬁﬂ
I V+T ! SV + £ AT [, }
—t)d d
<|Iv- ﬂﬂ Q‘ 1>Atﬂ £ dt + : Att
1 ||V 7 { Y (HVJFT ) n fa UVIL) + fa (||T|1)}
1

2
which together with (5.5) and (5.6) produce the inequality

dt
1

)

(5.10) uu1vn;u [ (V+T>H
<glIv-7°
1
x{/tﬂd%—ﬂv+T+W’)ﬁ+ tﬂQ‘ V;T ﬁ”
0 1
1 s (|V+T fd AV + fa AITIL)
< g (|57 ) - 000 0]

Now, observe that

(5.12) /Oltf;’<'(1t) V;T+tv

1
>ﬁ/tﬂ(‘7‘1+%’>ﬁ
1 0 2 1
and

! T ! 1-— 1
(5.13) /‘ug 1—@‘/+ +tT dt:i/tﬂf ——IV+AjjT do.
0 2 L 0 2 2 L

Using the change of variable u = #, then we get

1
(5.14) [;UZQFQtT+1+tV1>

1
:2[ Qu—1)f' (|1 —uw) T +uV|)du

2

—~

Also, by changing the variable v = %, we get

! 1—¢ 1+4+¢
(5.15) /tﬂ@‘v+ R
o 2 2

)
1

:gﬁ(17%)gwufmT+vam.
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Utilising the equalities (5.12)-(5.15) we obtain

1 1
/tf,;’((lt)v+T+tV )dt+/tf,;’<(1t)v+T+tT
0 2 1 0 2

:2[ 2 — 1) £ (|1 =) T + V) dt

2

+2/§ (1= 26) £ (|(1 = )T+ tV])) dt

)
1

0
1
—o [ -1 (A — 0T+ V) de
0
!
—4 [ Je- g -oT v a
0

for T,V € By (H) with ||T||,, ||V, < R.
Making use of (5.11) we deduce the first two inequalities in (5.4).
The rest is obvious. (]

Corollary 2. Let f(z) := Y.~ anz" be a power series with complex coeffi-
cients and convergent on the open disk D (0,R),R > 0. If T,V € By (H) with
1Ty, VI, < M < R, then

(5.16)

b W+l O], [f <V;T>” < LIV =TI 2 ().

The constant & is best possible in (5.16).

Proof. From the first inequality in (5.4) we have

wlf (V) +ulf (1) {f <V+T>H

2 2
1 5 [t
vt [
0

1
< b= S =T + v de
1 2 1 ! 1 1 2 1
<GV =TI gr o [ |- 5lde= IV =TI 2 0
0

for T,V € By (H) with ||T||,,||V]|l; £ M < R, and the inequality is proved.
If we consider the scalar case and take f(z) = 22, V = a, T = b with a,b € R
then we get in both sides of (5.16) the same quantity 1 (b — a)’. O

Remark 3. A similar result holds by swapping the norm ||-|| with ||-||; in the right
hand side of (5.4). The case of Hilbert-Schmidt norm may also be stated, however
the details are not presented here.
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If we write the inequality (5.4) for the exponential function, then we get

wlew (V) ulew (@), {exp <v : Tﬂ

1 5 [1
v [
0

1
i IV =71 [exo

% IV =TI [exp (IV]l,) + exp (IT1],)]

(5.17)

IN

1
t—5|ep (L—DT+tv],)dt

> L e (Vi) + eXP(IITlll)}

IA

V+T
2 2

A

IA

1
gV - T||* max {exp ([|V]],) ,exp (| Tl,)}

for any for T,V € By (H) .
If T,V € By (H) with [|V],, |T]|, < M, then

trfexp (V)] + trfexp (T)] [exp (V+T>

(5.18) . .

1
< S IV =T)Pexp ().

If we write the inequality (5.4) for the function f (z) = (1 — 2)", then we get

(5.19) tr (1~ V)] Ztr (-1 —tr _<1H - V;T>_l
<= [ fe-3a-na-oran)
< IV -7

X

(-]

LIV =TI [ = Vi) - )Y

)3 LA - ||T||1>—3]

IN

IN

1 _ _
SV =TI max { (1= V)~ (1= 7)) 7

for any for T,V € By (H) with [|[V||;,[|T]; < 1.
Moreover, if [|[V||,,||T|l; < M < 1, then

o [Pl o] vy

2 2

1 —
< IV =TI (1-M)7°

The interested reader may choose other examples of power series to get similar
results. However, the details are not presented here.
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