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f-DIVERGENCE FUNCTIONAL OF OPERATOR LOG-CONVEX
FUNCTIONS

MOHSEN KIAN AND S. S. DRAGOMIR

ABSTRACT. We investigate the non-commutative f-divergence functional © of operator
log-convex functions. In particular, we show that a continuous function f : (0,00) — (0,00)

is operator log-convex if and only if

e (Zvé, B’Vf)) < (@ (Z, E) ve (Z, f))) 4 (e (6, E) Ve (5, f)))
for all continuous fields A = (At)teT,E = (Bt)teT,é = (C¢)ter and D = (D¢)ter of
strictly positive operators in 2l. Moreover, We define operator (-convex functions and

investigate some of its properties. In particular, we show that this class contains operator

convex functions and operator log-convex functions.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, assume that B(.#) is the C*-algebra of all bounded linear
operators on a Hilbert space .77 and I denotes the identity operator. An operator A €
B(s7) is called positive (denoted by A > 0) if (Az,x) > 0 for every x € . If A is
positive and invertible, then it is called strictly positive (denoted by A > 0). A linear
map ® on B(s7) is said to be positive if ®(A) > 0 whenever A > 0 and is called unital if
O(I)=1.

A continuous real function f defined on an interval J is said to be operator convex if
fOA+ (1 =NB) <Af(A)+ (1 - f(B)

for all self-adjoint operators A, B with spectra contained in J and every A € [0,1]. If —f
is operator convex, then f is said to be operator concave. If f : J — R is operator convex,
then the celebrated Hansen-Pedersen—Jensen operator inequality (see [0]) f(C*AC) <
C* f(A)C holds true for every self-adjoint operator A with spectrum contained in J and
every isometry C. Another variant of this inequality, the Choi—Davis—Jensen inequality
asserts that f is operator convex if and only if

f(@(4)) < o(f(A)) (1)

for all unital positive linear maps ® on B(7#) and all self-adjoint operators A with spec-
trum in J (see e.g. [0]). The reader is referred to [0, 7, 8, 10, 12] and references therein

for more information about operator convex functions and the Jensen operator inequality.
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Let 2 and B be C*-algebras of Hilbert space operators and T be a locally compact
Hausdorff space with a bounded Radon measure u. A field (A¢)ier of operators in 2 is
said to be continuous if the function ¢ — A; is norm continuous on T'. Moreover, if the
function ¢ — A, is integrable on T', then the Bochner integral [ Aydu(t) is defined to be
the unique element of 2 for which

p( /T Atdu(t)) = /T p(Az)dpu(t),

for every linear functional p in the norm dual 2* of L.

A field (®¢)ier : A — B of positive linear mappings is said to be continuous if the
function ¢ — ®4(A) is continuous on T for every A € 2. If the C*-algebras 2 and B are
unital and the function ¢ — ®,([) is integrable on T" with integral I, then we say that the
field (®¢)¢er is unital.

By the well-known Kubo—Ando theory [9], an operator mean ¢ is a binary operation on
the set of strictly positive operators which satisfies the following conditions:

(1) monotonicity: if A< C and B < D, then AcB < CoD;

(2) Transformer inequality: C(AoB)C < (CAC)o(CBC).

(3) Continuity: if A, and B, are two decreasing sequences of positive operators
which are converging respectively to A and B in the strong operator topology,

then A,oB,, converges to AcB.

Kubo and Ando [9] showed that for every operator mean o there exists an operator mono-
tone function f : (0,00) — (0, 00) such that

AoB = B3 f (B%IAB%I> B3 2)

for all strictly positive operators A, B. Conversely, they proved that if f : (0,00) —

(0,00) is operator monotone, the binary operation defined by (2) is an operator mean.

A+B (
2

Some of the most familiar operator means are AVB = arithmetic mean), AfB =

- “1\ 3 PR |
B2 (BTIABTI> * B2 (geometric mean) and A!B = (%) (harmonic mean).

A continuous real function f : (0,00) — (0,00) is called operator log-convex if

f(AVB) < f(A)if(B) (3)

for all positive operators A and B. Inequality (3) was considered by Aujla et. all [3].
The operator arithmetic-geometric mean inequality f(A)ff(B) < w shows that
the class of operator log-convex functions contains the class of operator convex functions.
The converse is not true. To see this consider f(xz) =z [3]. Ando and Hiai [1] established
various characterizations for operator log-convex functions. They presented the following
result.

Theorem A.[l, Theorem 2.1] Let f : (0,00) — (0,00) be continuous. The following

conditions are equivalent:

(1) f is operator monotone decreasing;
(2) f is operator log-convex;
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(3) f(AVB) < f(A)o f(B) for all positive operators A and B and every operator mean
o;

(4) f(AVB) < f(A)o f(B) for all positive operators A and B and some operator mean
o#V.

If f is operator convex, then (2) defines [4, 5] the perspective of f denoted by g, i.e.,
1 —1 -1 1
g(A,B) = B3 f (BTABT> B3.

It is known that f is operator convex if and only if g is jointly operator convex [1, 5]. A
more general version of g, the non-commutative f-divergence functional © was defined in
[11] to be

O(A, B) = /

1 1 1 1
By f (Bt ‘A B, 2) B du(t),
T

where A = (Ay)ter and B= (B¢)ter are continuous fields of strictly positive operators in
2.

In Section 2, we study the non-commutative f-divergence functional © of operator log-
convex functions. In particular, we prove that f : (0,00) — (0 00) is operator log-convex if
and only if © is operator log-convex in its first variable and operator convex in its second
variable.

In Section 3, we define operator ¢-convex functions, which contains operator convex
and operator log-convex functions and give some of their properties. Various examples are
also presented. .

2. THE NON-COMMUTATIVE f—DIVERGENCE FUNCTIONAL

Let Xq,---,X, and Y7,---,Y, be n-tuples of positive operators on 7. If follows from

the jointly operator concavity of the operator geometric mean that

DXty < (Z Xi> # (Z Y) : (4)
=1 =1 =1

This inequality is known as the operator version of the Cauchy—Schwarz inequality.

To achieve our result, we need a more general version of (4). Assume that (A;)ier and
(B¢)ter are continuous fields of strictly positive operators in 2. We can generalize (4) as
follows.

Lemma 2.1. If (A¢)ier and (By)ier are continuous fields of strictly positive operators in

A, then
[ apau < ([ aauo)z( [ Ban).
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Proof. Put A = [ Aydu(t) and B = [ Bidp(t). we have

(B—éAB—é); — ((/TBsdu(s)yé/TAtdu(t) </TBsd#(5)>_
_ ( L(f Bsdms))_; B (B 4B, *)B

2

= < /T Cr (B2 A,B] 5)Ctdu(t)> : (5)
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where C' = B? ([ Bsdu(s)) ? so that [ C;Cydu(t) = I. It follows from the operator
concavity of the function t3 that

1
_1 2
2

( /T CH(B AB,] )Ctdu(t)>

1
_1 _1\ 2
> / Cy <Bt *A B, 2) Cydu(t) (by the operator Jensen inequality )
T

_ ( /T Bsdu(s)>_; /T B? (Bt_ PAB %>%Bt§du(t) ( /T Bsdu(s)>_ . (6)

It follows that from (5) and (6) that

1
(B—%AB—%)2 > B3 </TB

from which we get the desired result. O
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Now we present a property of the non-commutative f-divergence functional of an oper-
ator log-convex function.

Theorem 2.2. A continuous function f : (0,00) — (0,00) is operator log-convex function
if and only if

o (Evé, Evﬁ) < (@ (Z, E) Vo (E, 5)) ¢ (@ (5, E) Vo (5,5)) (7)
for all continuous fields A= (At)teT,E = (Bt)teT,é' = (Cy)ter and D = (Dy)ier of

strictly positive operators in 2.

Proof. First we show that if f is operator log-convex on (0,00), then © is operator log-
convex in its first variable. Assume that A = (A¢)er, B = (Bi)ier, C = (Ct)ier and
D = (Dy)ter are continuous fields of strictly positive operators in . For every ¢t € T

f (Bt_é(AtVCt)Bt_é) =f <<B{§AtB[5> \V4 (B;%CtBlt_é))

< (BtéAtBt 5) 4f (BtéctBﬁ) , (8)



f-DIVERGENCE FUNCTIONAL 5

(NI

where we use the operator log-convexity of f. Multiplying both sides of (8) by B we get

ser (B awes ) st < g (1 (B00am e (80as ) ) BE )

1 _1 1 1 _1 _1 1
—BQf<B 2 A,B, 2>Bt2ﬁBff<Bt 2C,B, ? | B.

The last equality follows from the property of (geometric) means. Integrating (9) over T

and using Lemma 2.1 we obtain

/B f( (A VC) B, §>Bédu(t)

ie.,
o (Avé, E) <o (Z, E) e (5, E) . (10)
Therefore
o (Zvé, Evﬁ) <O (Z, Evﬁ) 4O (5, Evﬁ) (by (10))
<(e(4B)ve(4,D))t(e(C.B)ve (C.D)).
The last inequality follows from the joint operator convexity of © [11] and monotonicity

of operator means.
Assume for the converse that O satisfies (7). Let T' = {1} and u be the counting
measure on T. Let A and C be strictly positive operators in 2. Then

which means that f is operator log-convex. ]

Remark 2.3. In fact Theorem 2.2 assert that f is operator log-convex if and only if the
non-commutative f-divergence functional © is operator log-convex in its first variable and

operator convex in its second variable.

Corollary 2.4. A continuous non-negative function f is operator log-convex function if
and only if the associated perspective function g is operator log-convex function in its first
variable and operator conver in its second variable.

The next theorem provides a Choi—Davis—Jensen type inequality for perspectives of

operator log-convex functions.
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Theorem 2.5. Let f : (0,00) — (0,00) be a continuous function and g be the associated
perspective function. Then f is operator log-convex if and only if

g(ééxmvammmlpx&mmw)s(ﬁ@Mﬁ%Bmmeu(L@@«a&»ww)
(1)

for all unital fields o= (Pt)ier : A — B of positive linear maps and all continuous fields
A= (Ap)ter, B = (Bi)ter and C = (Cp)ier of strictly positive operators in 2.

Proof. Assume that f is operator log convex. Then f is operator convex and so g is jointly
operator convex [5, 4]. Put X = [ ®,(B;)du(s) and let the continuous filed of positive
linear mappings (¥¢)ier : A — B be defined by

_ 1 1 _
T,(Y) = X2 &, <Bt2 YB,E) Xz

so that [ Wy(I)du(t) = I. Therefore

(NI

g( T‘I’t(AtVCt)dM(t)7/T@t(Bt)du(t)> _ xif (X; /T‘Pt(ANCt)d,,L(t)X;) .
(/T Ve <Bt_ “(AVC)B, * d,u(t)> x4

f
_1 _1
2 (/ v, <f <Bt *(AVCy) B, 2)) dp(t) Xz ( by the Jensen operator inequality)
T
B

§/®MMMMMQBMM@ (by Corollary 2.4)

< / Dy (g(A, By)) i@ (g(Cy, By))dpu(t) (by operator concavity of )

N

< ([ #utotanmnano) 2 ([ oot Bjau) - oy Lemma 2.1,

For the converse, put 7" = {1} and let u be the counting measure on 7. If A and C are
strictly positive, then with ®(A) = A and B = I, inequality (11) implies the operator
log-convexity of f. O

Example 2.6. Let the operator log-convex function f : (0,00) — (0,00) be defined by
f(t) =t~L Tt follows from Theorem 2.5 that

9(2(AVC), ©(B)) < ©(9(A, B))i®(9(C, B))
or equivalently

®(B)®(AVC)™'®(B) < ®(BA™'B)t®(BC'B).
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Therefore

(B)"! ((BA™'B)§®(BC'B)) ®(B) ! (12)
(B)"'®(BA™'B)®(B) '4®(B)"'®(BC'B)®(B)"".

Note that it follows from the operator convexity of f that

B(AVC)~L = <<1>(A)+<I>(C)> o

2
A1+ dp(O) !
< (A) ‘; (©) (by operator convexity of f(t) =t71)
d(A )+ (C !
< ( ) "2' ( ) (by operator convexity of f(t) = t1),

while with B = I, inequality (12) provides a sharper inequality:

(A H+o(Ch
5 .
Corollary 2.7. Let A, B,C be strictly positive operators. If f is an operator log-convex

PAVO) T <o (AR (CTh) <

function and g 1is its perspective function, then

g<<A;Cx,x> Bxx) g, Bz 2){g(C. Bz, )

for every unit vector x.

Example 2.8. Applying Corollary 2.7 to the operator log-convex function f(t) = ¢!

defined on (0, 00) we get

-1
(Bzx, ) <A—;Cl’,l‘> (Bz,z) < \/(BA='Bz,z)(BC~!Bz,z)

() o)

3. OPERATOR (p-CONVEX FUNCTIONS

IA

for every unit vector x.

Let ¢ be a continuous one to one real function. Assume that
Ao,B = ¢~ (p(A)Ve(B))
for all self-adjoint operators A, B with spectra in domain of .

Definition 3.1. Let f : J — R be a continuous real function and ¢ be a continuous one
to one real function defined on an interval containing f(J). We say that f is operator

p-convex if

f(AVB) < f(A)o, f(B) (13)

for all self-adjoint operators A, B with spectra in J.
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We remark that if o, is an operator mean, then every operator ¢-convex function
belongs to the class of operator log-convex functions verified by Ando and Hiai [1]. If

©(t) = t, then Definition 3.1 gives operator convex functions.

Example 3.2. Let p(t) = logt. If f:(0,00) — (0,00) is operator p-convex, then for all
positive operators A and B we have

F(258) < 101 (B) = eap (2L LRI,

Since logt is operator monotone, we get

log f <A—|2—B> < log f(A) —;—logf(B)'

Therefore, if ¢(t) = logt, then Definition 3.1 reduces to the notion of operator log-

convexity.

Example 3.3. Let ¢(t) = 1. If f : (0,00) — (0, 00) is operator ¢-convex, then

-1 —1\ —1
(557 = svarm = (P IE) = s

for all strictly positive operators A, B. So, f is operator log-convex in this case too.

Lemma 3.4. If ¢! is operator decreasing, then every operator p-convex function is

operator log-convex.

1

1'is operator decreasing, then 7T is operator

Proof. Let f be operator p-convex. If ¢~

concave and so

o <s0(f(A)) : cp(f(B)))_l . (f<A>-1 : f(B)—1> |

which implies that f is operator log-convex. (]

Example 3.5. Let p € R. The power mean of positive operators A and B is defined by
(%)%. Operator arithmetic mean and operator Harmonic mean are special case of
power means with p = 1 and p = —1, respectively. It is known that power mean is an
operator mean only if —1 < p < 1, while power means with p > 1 have many applications
for example in mathematical physics and theory of operator spaces [2].

Assume that ¢ : (0,00) — (0, 00) is defined by ¢(t) =t"P (p >1). Then ¢~ 1(t) = t_%,
which is operator decreasing. Therefore, if f : (0,00) — (0,00) is operator ¢-convex, then
it is operator log-convex. It means that if

—1

ATBY _ (fAP 4 (BTN

f <
2 2

for all strictly positive operator A, B, then f is operator log-convex and

; (A;B) . <f(A)‘“2rf(B)‘1>_1_
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If f is operator ¢-convex, then a variant of the Jensen operator inequality holds true.
The proof of the next lemma is based on that of [6, Theorem 1.9].

Lemma 3.6. Let ¢ be a continuous one-to-one function. If f : J — R is an operator

p-convex function, then
F(C*AC) < o7 (CTp(f(A))C)
for every self-adjoint operator A with spectrum in J and every isometry C.

A 0
Proof. If A and B are two self-adjoint operators in B(7¢), then X = ( 0 B ) can be

regarded as a self-adjoint operator in B(J# @ ). Set D = /I — C'C* so that operators
U and V defined by

U:CD,V:C_D,
0 —-C* 0o

are unitary operators in B(J¢ & J¢) and

sexo - [ CAC C*AD  pexy_ [ €A —CaD |
DAC DAD + CBC* —~DAC DAD + CBC*

Therefore

F(C*AC) 0
0 f(DAD + CBC¥)

_; C*AC 0
n 0 DAD + CBC*

iy <U*XU + V*XV)

2
o1 < e(f(U*XU)) + 2 FV*XV)) ) (since f is operator ¢-convex)
_ <U*¢ )HU ; V* V)
C’*go 0
¢ ( D@(f(A))D +Cp(f(B))C > ’
Hence f(C*AC) < o 1( (f(A)C). =

Remark 3.7. Note that if o~! is operator convex, then every operator (-convex is operator
convex:

FICTAC) < o™ HC"p(f(A))C) < C* f(A)C.

Corollary 3.8. If f : J — R is an operator p-convex function and Aq,--- , A, are self-

adjoint operators with spectra in J, then

f (Z c;‘A,-Ci> <t (Z Cro( f(Ai))C,)
=1

i=1
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for all operators C; (i =1,--- ,n) with Y ;| CFC; = 1.

Proof. Apply Lemma 3.6 to the operator A = A; & --- & A, and the isometry C' =
Cq
: O
Cr
We can present the following characterization of operator y-convex functions using
positive linear mappings.

Theorem 3.9. A continuous function f :J — R is operator p-convex if and only if

F(2(A)) < o™ (@ (p(f(A))) (14)

for every unital positive linear map ® and every self-adjoint operator A with spectrum in

J.

Proof. Suppose that A is a self-adjoint operator on a finite dimensional Hilbert space J#
with the spectral decomposition A = """ | A\;P;. If ® is a unital positive linear map on
B(), then ®(A) = >, ®(P;) and > | ®(P;) = I. Therefore

F(@(A) = f (Z w(a)) =f (Z @(aﬁwmﬁ)
=1

=1

<yl (Z <1><Pi>%so<f<Ai>>q><Pi>%> (by Corollary 3.8)

i=1

If A is a self-adjoint operator on an infinite dimensional Hilbert space, then (14) follows
by using a continuity argument.
For the converse assume that (14) holds true. put

A O

aoran-{(4 2

); A,BEJB%(%)}.

Then ©( @ ) is a unital closed *-subalgebra of B(# @ ). Let the unital positive
linear map ¥ be defined on © (57 @ ) by

(22
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Now if A and B are two self-adjoint operators on . with spectra in J, then it follows
from (14) that

f<AVB>—f<‘I’<<E1 g))) <y (‘I’ (*Dof(gl Ef)))

Y AT L (A + el (B)
¢ (q’< 0 so(f((B))))‘“’ ( 2 )

= f(A)o,f(B),

which implies that f is operator ¢-convex. O

Example 3.10. Let ¢(t) = t~!. Then Theorem 3.9 implies that f : (0,00) — (0, 00) is
operator log-convex if and only if
C1y—1
F(@(A)) <@ (f(A)T) (15)
for every strictly positive operator A and every unital positive linear map ®. Inequality

(15) implies that % is operator concave and so f is operator decreasing. This ensures that
f is operator log-convex if and only if it is operator decreasing.

Example 3.11. The function f(z) = 273 is operator log-convex on (0, 00). Assume that
the unital positive linear map ® : M3(C) — Mz(C) is defined by

®((aij)) = (aij)2<i,j<s-

If A e M3(C) is the positive matrix

A=

= O N
_ = O
W = =

then by a simple calculation we have

1.1945 —0.2706 1\ L 1.2192 —0.2933
f((4) ( —0.2706  0.6533 ) ’ (f( ) ) ( —0.2933  0.6760 )

1.2420 —0.3261
O(f(A)) =
(F(A) ( —0.3261 0.7234 )

and so .
f@A) s (F(A)7) £ e(f(4).

Corollary 3.12. If ® is a unital positive linear map and A is a strictly positive operator,
then

(1) B(A) <D (A ' <P(A™) forall0<a<1.

1 _

(2) ®(A)a < B (A ' <D(A)  foralla< 1.
Proof. (1): follows from the operator log-convexity of ¢t~.
(2): the function t — ta is operator log-convex. So it follows from Theorem 3.9 that

Ziny L
@(A)é < <<I> (A71>> . Replacing A by A% we get desired inequality. O
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Corollary 3.13. Let @1, - - , ®, be positive linear mappings on B() such thaty ;" | ®;(I) =
I. If f:(0,00) = (0,00) is an operator log-convex function, then

f (Zn: ‘I’z’(Ai)> < <z”: ®; (f(Ai)_l))_

for all strictly positive operators Ay, --- , Ap.

Proof. Apply Theorem 3.9 to the strictly positive operator A = A; @ --- ® A,, and the
unital positive linear map ® : B( @ --- @ ) — B(#) defined by ®(4;1 & --- B A,) =
i1 Pi(Ag). -

The next result shows that every operator log-convex function is sub-additive.

Proposition 3.14. If f : (0,00) — (0,00) is an operator log-convex function, then f is

sub-additive. More precisely

f(A+B) < f(Af(B) < f(4) + f(B)
for all strictly positive operators A, B.

Proof. Assume that A and B are strictly positive operators. Then

(

(A)tf(B) (by (1) of Theorem A)
< f(A)Vf(B) (by the A-G inequality)

(A)

O
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