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Abstract

Here we start by proving the Riesz representation theorem for positive
linear functionals on the space of continuous functions over a time scale.
Then we prove further properties for the related Riemann-Stieltjes integral
on time scales and we prove the related Holder’s inequality. Next we
prove the Hélder’s inequality for general positive linear functionals on
time scales. We introduce basic concepts of Approximation theory on time
scales and we discuss some limitations of the modulus of continuity there.
Next we prove the famous Korovkin theorem on time scales, regarding the
approximation of unit operator by sequences of positive linear operators
on the space of continuity functions defined on a compact interval of a
time scale.

Then we produce several Shisha-Mond type inequalities related to Ko-
rovkin’s theorem, putting the convergence of positive linear operators and
positive linear functionals in a quantitative form and giving rates of con-
vergence, all operating on Lipschitz functions on a time scale. At the end
we present an example of a concrete and genuine positive linear operator
on time scales and we give its approximation and interpolation properties
over continuous functions.
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1 Introduction

Denote by C ([a, b]), the space of continuous real valued functions on [a,b] C R.
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Definition 1 Let L be a linear operator mapping C ([a,b]) into itself. L is
called positive iff whenever f > g; f,g € C([a,b]), we have that L (f) > L(g).

We mention the famous Korovkin’s Theorem

Theorem 2 (Korovkin [10] (1960), p. 14). Let [a,b] be a compact interval in R
and (Ly),,cy be a sequence of positive linear operators L,, mapping C ([a, b]) into
itself. Suppose that (L, f) converges uniformly to f for the three test functions
f = 1,z,2%. Then (L,f) converges uniformly to f on [a,b] for all functions

f el ([ad]).
We need

Definition 3 Let f € C ([a,b]) and 0 < h <b—a. Call

wi (fih) = sup [f(z) = f ()l (1)

all z,y
le—y|<h

the first moduus of continuity of f at h.
We also mention the famous theorem

Theorem 4 (Shisha and Mond [12] (1968)). Let [a,b] C R be a compact inter-
val. Let {Lyn}, oy be a sequence of positive linear operators acting on C ([a, b])
into itself. Forn =1,2,..., suppose L, (1) is bounded. Let f € C ([a,b]). Then
forn=1,2, ..., we have

[onf = Flloo < flloo - 1n = Hiog + 1 L0 (1) + Ul g i (fs ), (2)

where
3
Ly ((t=2)*) (a)
o0
and |||, stands for the sup-norm over [a,b]. In particular, if L, (1) =1 then
(2) reduces to

)

/’LTL = )

1L (f) = flloo < 201 (f i) - 3)

Note 5 (i) In forming p2, = is kept fized, however t forms the functions t, t>
on which L,, acts.
(i) One can easliy see, for n =1,2, ...

i < |[(Ln (7)) (@) = 27| + 2¢[/(Za () (2) = 2l + * [[(Ln (1)) (@) = 1|T3
4

where ¢ := max (|al,|b|) .



So if the assumptions of Korovkin’s Theorem 2 are fulfilled then p,, — 0,
therefore wy (f, p,,) — 0, as n — 400, and we obtain from (2) that || L, f — f||
0, as n — +oo, which is Korovkin’s conclusion!!! I.e., Korovkin’s result has been

l

recast in a quantitative form.
Next we mention from [1].
We need

Definition 6 Let B : R — Ry, be a bell-shaped function of compact support
[T, T], T > 0. We assume it is even, non-decreasing for x < 0 and non-
increasing for x > 0. Suppose also that B (0) =: B* > 0 is the global mazimum
of B. The function B may have jump discontinuities and it is measurable.

Assume further that B (£T) = 0.
An example for B can be the hat function

142, —-1<z2<0,
Bx)=<K1-2z, 0<z<1, (5)
0, elsewhere,

etc.

Definition 7 Let f : [a,b] — R, a,b € R, a < b, a bounded and measurable
function, n €N, h:= 2% g :=a+kh, k=0,1,...,n, z € [a,]].

n ’
We define the interpolation neural network operator

> f (i) B (i)
Hy (f,2) i= 1= (©
U gty

k=0

This is a positive linear operator.
We state the interpolation result.

Theorem 8 ([1]) Let f : [a,b] — R be a bounded and measurable function.
Then
H, (fvxi) :f(xz): i=0,1,...,n, (7)

where x; *= a+ih, h:= =2 neN.

n ’

We state the related approximation result at Jackson speed of convergence
1
ot

Theorem 9 (/1)) Let f € C([a,b]). Then

2

Mo () = fll.. < ;f;)wl (£222). vaen ®)



The above results motivated this paper.

In this article we prove similar to the above approximation theorems on time
scales and we expand around, also treating related Functional Analysis topics.

To our knowledge this is the first article of study about classical approxima-
tion by positive linear operators on time scales.

The author would like to thank Professor Martin Bohner of Missouri Univer-
sity of Science and Technology, for his encouragement to conduct such research.

2 Time Scales Basics (see [4])

Since a time scale T is a closed subset of the real numnbers R, it is a complete
metric space with the metric (distance)

d(t,s)=1t—s|, fort,s eT. (9)

Consequently, according to basic theory of general metric spaces we have for
T fundamental concepts such as open ball (intervals), neighborhoods of points,
open sets, closed sets, compact sets and so on. In particular, for a given § > 0,
the d-neighborhood Us (t) of a given point ¢ € T is the set of all points s €
T such that d(t,s) < §. By a neighborhood of a point ¢ € T we mean an
arbitrary set in T containing a J-neighborhood of the point ¢. Also we have
for functions f : T — R the concepts of limit, continuity, and the properties of
continuous functions on general complete metric spaces (note that, in particular,
any function f :Z — R is continuous at each point of Z).
Let T be a time scale. We define the forward jump operator o : T — T by

o(t)=inf{seT:s>t} forteT,
while the backward jump operator p : T — T is defined by
p(t)=sup{seT:s<t} forteT.

In this definition we set in addition o (maxT) = max T if there exists a finite
max T, and p (minT) = min T if there exists a finite min T.

Obviously both o (¢) and p(¢) are in T when ¢ € T. This is because T is a
closed subset of R.

Let t € T. If o (¢) > ¢, we say that t is right-scattered, while if p (t) < ¢,
we say that ¢ is left-scattered. Also, if ¢ < maxT and o (t) = ¢, then ¢ is
called right-dense, while if ¢ > minT and p (¢) = ¢, then ¢ is caled left-dense.
Points that are right-dense and left-dense are called dense and points that are
right-scattered and left-scattered at the same time are called isolated.

IT=R,theno (t)=p(t) =t T =hZ, theno (t) = t+hand p (t) = t—h.
But if T = ¢ (¢ > 1), Ng = NU{0}, then o (t) = qt and p(1) =1, p(t) = ¢~ 't
for t > 1.



Let T* denote Hilger’s truncated above set consisting of T except for a
possitive left-scattered maximal point. Now we consider a function f : T — R
and define the so-called delta (or Hilger) derivative of f at a point ¢ € T*.

Assume f : T — R is a function and ¢t € T*. Then we define f2 () to be
the number (provided it exists) with the property that given any £ > 0, there
is a neighborhood U (in T) of ¢ such that

|f (o) —f(s)— Ao ) — s]| <elo(t)—s| forallseU. (10)

We call f2 (t) the delta (or Hilger) derivative of f at t.

If t € T\T*, then f2 (t) is not uniquely defined, since for such a point ¢,
small neighborhoods U of ¢ consist only of ¢, and besides, we have o (t) = ¢.
Therefore (10) holds for an arbitrary number f2 (¢).

Note that for the calculation of the delta derivative it is convenient to use
its definition in the limit form

2 ) = tim LRI, (11)

s—t o (

where the limit is taken in T with the metric (9) and in the limit we suppose
s#£o(t).

Using (11) we get the following. If T = R, then f2 (t) = f’(t), the ordinary
derivative of f at t. If T = hZ (h > 0), then

J@+h) = F ()

R = h

In particular, in the case T = Z, we have

A=+ -1@).
If T =g (¢ > 1), then

flqt)— ()
(-1t ~

For the Riemann-Stieltjes integral on time scales and properties we follow
[9]. We write "f € R () on [a,b]”, if f is Riemann-Stieltjes integrable with
respect to a function « on [a, by .

We mention

A1) =

Proposition 10 (/9]) If f : [a,b]; — R is continuous on [a,bly and if o :
[a,bly — R is of bounded variation on [a,bly, then f € R () on [a,b]y, i.e. it
exists the Riemann-Stieltjes (R-S) integral on [a, by, denoted by f; f(t) Aa(t)
or by f; fAa.



The description of (R-S) integral and properties on time scales parallels to
the one on R of the ordinary case.

Example 11 For many interesting examples of time scales see [4].

We give here some important related examples:

(i) Let 0 < r < 1 fized. The set K := {r" :n € N} U{0} is a time scale.

(it) The set 6 := {1 :n e N} U{0} is a time scale.

Call Ty, :== m + 0, where m € Z, then T,, is a time scale.

Set W := UmezTm, then W is a time scale.

Call By, :=m — 0, m € Z, which is a time scale.

Set A := UpezBm, then A is a time scale. Also W UA is another time scale.

Notice the above sets K,0,T,,,W, By, A,W U A contain all of their limit
points, where near them the elements of these sets can be arbitrarily close to
each other.

We need
Definition 12 Let T be a time scale and f : T — R. If
f@) = f@I<Mlz—y”. 0<p<TL, (12)
M >0,V z,y €T, we call f a Lipschitz function of order 5 and we denote it
as f € Lip(B).
We make

Remark 13 Let f : [a,bl; — R be continuous on [a,bly, with f> existing
and bounded on [a,b)y, ie. |fA ()] < A, V t € [a,b)r, where A > 0. Let
a <c<d<b. By the mean-value theorem on time scales ([7]), we have

2 < DT gy, (13)

where 7,€ € [¢,d)r.
Then it follows from (13) that

If(d) = fle) < A(d—c), (14)
thus f € Lip (1) on [a,b]y.

3 More on Riemann-Stieltjes integral on Time
Scales

Denote by C ([a,b];) the Banach space of all functions f : [a,bl; — R which
are continuous (in the metric of the time scale) on [a, p (b)]; and such that
f () = f(p(b)), equipped with the norm

[flloe = max|f ()], t € [a,blg,



where p is the backward jump operator in T.
By B ([a,b];) we denote the Banach space of all bounded real-valued func-
tions on [a, b]; with norm defined by || f||., = sup|f (t)|, t € [a,b]}.

We need

Fundamental Lemma A ([5, p. 120]) For every ¢ > 0 there exists at least
one partition P = {a = tg,1,...,t, = b} of [a,b]y (to < t1 < ... <t,) such that
for each k € {1,2,...,n} either t;, —ty_1 <0 or ty —tr—1 > ¢ and p (tx) = tg—1.

For given 6 > 0 we denote by Ps ([a,b];) the set of all partitions P =
{to,t1,....tn} of [a,b]y that possess the property of Fundamental Lemma A.

We present the Riesz representation theorem for positive linear functionals
on C ([a,b]y).

Theorem 14 Every positive linear functional F on C ([a,bly) can be repre-
sented by a Riemann-Stieltjes A-integral in the form

b
F(f) = / £ () Aa(t), (15)

vV f e C(la,bly), where a is an increasing function on [a, by with |[F| = F (1) =
a(b), and a(a) = 0.

Proof. Let F' be a positive linear functional on C ([a,b];), which is a sub-
space of B ([a, b]p). By the extension theorem on positive linear functional ([11]),
there exists a positive linear functional on B ([a, b];), denoted by F such that

F= f|c([a’b]1r). (16)
We consider the functions x, defined for each fixed ¢ € [a, b]; by
1, for &€ a,t)r,
X (6) = {0, for € € [t,b]r, a7

(for t € [a,b)T), and
Xp (&) =1, forall £ € [a,b];.

Clearly here x, € B([a,b]y) .
When t; < o, t1,t2 € [a,b)r, we get x, (&) < xy, (§), V & € [a, by, that is
Xt, < Xey < Xp Hence

F(xy) <F(x,) <Fxp)=FQ)=F(1). (18)
We define the function

a(t)=F(x), Vteabl.



Notice also a(a) = F (x,) = F(0) = 0. We have that «(t;) < a(t2), hence
«a is increasing on [a, b];, thus a is of bounded variation, with total variation
a(b)=F(1).

Next we continue as in [9].

Let f € C([a,b]p), which is uniformly continuous and which means for
any € > 0 there exists a § > 0 such that ¢/,t" € [a,b]}, [t' —t”| < ¢ implies

lf () = f@)] <e
For every partition P = {to,t1,...,t,} belonging to Ps ([a,b];) we consider
the step function f(*) defined on [a, blp by

FE () = f(tp_1), ift € [tpr,te)r, k=1,...,n, (19)

and
FE®) = f(ta) = f(b), (20)

which can be written in the form
FOW =3 F ) [, () = X, 0], foraltelatl,. (1)
k=1
We have that

’f@ (t)— f (t)‘ <e Vi€l by (22)

We see that as follows: let ¢ € [a,b]y, then either ¢t € [ty_1,t;)r for some
ke {l,...,n} or t =b. Consider first the case ¢ € [tx_1, tx)T.
If tk — tk—l < 5, then

PO W = F W] =11 ) - F O] <.

If ty, —tg—1 > 0, then ¢, _1 = p (tx) and hence [tx_1,tx)T = {tx_1} is a singleton,
and thus

1O = 0] = |79 (tn) = £ )| = IF ) = f o)l = 0. (23)

In the case t = b, we get
FOW - =1rm-rmi=o.

Therefore (22) is true.
Consequently it holds

Hf<6> - fHOO <e. (24)

By linearity of F we find

F (f(s>) - Zn:f (1) [F (x,) - F (xt)} - if (te1) o (t) — o (1))
k=1 k=1
(25)



Therefore F ( f (8)) is a Riemann-Stieltjes A-sum of f with respect to «, corre-
sponding to the partition P.
Consequently it holds

F(f(g)) - /abf(t) Aa(t)] < e (26)

for a sufficiently small § > 0.
Also we find

() =Fn|=|F(r9)-F| =

Fo-Al<imo-o| <=0 e

Let g € B([(ib]T), we have that |gl§ llgll., < oo. Hence —|lgll.. <9 < 9]l
and — [lgll, F (1) < F(g) <|lgll, F (1), ie.

F(9)| <FW gl =F )9l (28)

so that F is a real valued bounded linear functional on B ([a, b];) with ||FHOO <
F(1) < 0.

Similarly F' is a real valued bounded linear functional on C ([a,b];), with
1Pl < F ().

Furthermore it holds for g (t) =1, V t € [a, by, that

FO)=FOI<[Fle-1=1Fll

along with
F)=[FO] <[[Fl-1= 7l

We conclude that

F)=|Fl, =|F[,=e®). (29)
So that
(x)=a(d)e.
Le.
F(r9) - Fn|<a e (30)

Finally we derive

<

F (@) - / NI
(31)

F(f)—/abf(t)Aa(t) g‘F(f)_F(f(e)NJr

ad)-e+e=ce(a(d)+1),

which implies (15), because € > 0 is arbitrary. The proof of the theorem now is
complete. m
We make



Remark 15 Here a : [a,bl; — R is assumed to be increasing and let f €
C ([a,b]p). Clearly o is of bounded variation and f,|f| € R (a) on [a,b]p. We
notice that

b
f@®) Aa ()] < [[fllo (e (b) — x(a)), (32)
and
/ f ) Aal(t / If ()] A (t) (33)
Given f(t) >0,V t € [a,b];, we get
/ " F () D) > 0. (34)

Let also g € C ([a,b]y), such that f (t) > g (t),Vt € [a,b]p. Hence f (t)—g(t) >
0, and

b b b
[ twsa®- [smsaw= [ GO -s®) a0
Thus
b b
[ t0sam= [9@sa0, (35)

Clearly if a = 0 or a constant, then

b
/ £ () Da(t) = 0. (36)

Let now « be strictly increasing on [a,bly and f(t) > 0, V t € [a,b]; with
f It ) =0. Thenf()—O Vielablp. If f(t) >0,V e [ablp, ais
increasing on [a, bl and f f (@) Aa(t) =0. Then « is either zero, or a constant
different than zero.

Next comes Holder’s inequality for (R-S) integrals

Theorem 16 Let f,g € C ([a,b]y), a is increasing on [a,bly, and p,q > 1 :
% + % = 1. Then

/|f (t)] Aot s(/ FOF Aa () ) (/ 9 (1" Ao (1 ) (37)

Equality holds nontrivially, when |g (z)| = ¢|f (x)|P™", ¢ >0,V z € [a, blp-

10



Proof. For &73 > 0, the basic inequality holds

Q=

arf’ <=+

ESY S

S| N

with equality when o = B
Now suppose, without loss of generality, that

/ |f<t>|”Aa<t>,/ 19 ()] Aar (t) £0

Apply inequality (38) for

i J i :
S Fpam PO ot et
to get
( () )( 9 (1) 1)<
(s @raam) ) \(s@rraam)’)
Or e
P IIF@F 2a()  aflla@l da(r)
Hence by integrating (40) it holds
J1£ Ollg (1) Aa () )
(L1 P 20 @) (Jle @ da(@)’
RIF@Fsa) | [ls@F dal) 1,1

p[F@F Aa(r)  qf/ g Aa(r) P4
proving inequality (37).
Next we assume that |g (z)| = ¢|f (2)]""", ¢ > 0. Then

b b
/If(t)llg(t)lAa(t)=C</ If(t)l”Aa(t)>-

On the other hand we can write

(/ £ OF Aot ) (/ 9 (O Ao () ) _

(/ 1 OF Aa ) ) (/ 1 (1 ”Aao)q

11
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(38)

(39)

(40)



b % b % b
( / If(t)lpAa(t)> ( / If(t)”Aa(t)> ( / If(t)lpAa(t)>- (43)

By (42), (43) we have proved that (37) is attained.
The proof of the theorem now is complete. m
The special case p = ¢ = 2 reduces to the Cauchy-Schwarz inequality.

Corollary 17 (to Theorem 16) It holds

b b 3 b z
/If(t)g(t)lAa(t)§</ f2(t)A0é(t)> (/ gQ(t)Aa(t)> - (44

4 Approximation Basics on Time Scales
We need

Definition 18 Let f € B ([a,bly). We define

wi (f,0) = sup |f(2)—f(y)l, 0<d<b—a, (45)
z,y€a,b]y:
|z—y|<é
and
wi (f,0)=wi(f,b—a), ifd>b—a. (46)

We call wl (f,-) the first modulus of continuity of f.

Theorem 19 It holds
(i) wi (f.6) < oo,
(ii) Wl (f,) is non-negative and increasing on R,
(iii)
w11r (f» 0) =0, (47)

(iv) %ilrglwqf (f,0) =0, iff f is uniformly continuous on [a, by .

Proof. (i), (ii) and (iii) are obvious.

(iv) (=) Let wT (f,0) = 0asé | 0. ThenVe >0, 3§ > 0 with w] (f,6) <e.
Le.Va,y €la,bp: |z —y| <dweget |f(z) — f(y)] <e. Thatis f is uniformly
continuous on [a, bl .

(<) Let f be uniformly continuous on [a,b];. Then Ve > 0,36 > 0 :
whenever |z —y| <6, z,y € [a, by, it implies |f (z) — f(y)| <e. Le. Ve >0, 3
§>0:wi(f,0) <e. Thatisw] (f,6) 20asd|0. m

12



Comment 20 (i) w] (f,-) fails the subadditivity property and other important
properties of usual first modulus of continuity defined on a continuous interval
[a,b] or R.

(i1) Let f be continuous on [a, bl or f € C ([a,b]y). Since f is continuous (in
the time scale topology), it is uniformly continuous on the compact set [a,b]y .

‘We make

Definition 21 (i) Denote by C,, ([a,bly) all the continuous functions from [a, bl
— R.

Clearly Cy, ([a,b]y) is a Banach space, and C ([a,bly) C Cy, ([a,bly) .

(it) Let L : C ([a,bly) — C ([a,b]y) or L : Cy([a,b]p) — Cu([a, b)) a linear
operator. Let f,g € Cy ([a,bly) orin C ([a,bl;). The operator L is called positive
iff whenever f > g on [a, b, we have that L (f) > L(g) on [a,b]y.

We need (see also [6] in another abstract setting.)

Theorem 22 Let T be a positive linear functional from C., ([a,b]y) into R, and
f € Cy([a,bly) with f > 0.
Then the following are equivalent

(i)

T(f)=0 (48)

(ii)
T(fg) =0,V g€ Cu ([CL, b]T) ) (49)

(iii)
T(f™) =0, for somem € N. (50)

Proof. (i)=(ii). Let any n € N and enough to take a g € C,, ([a, b];) with
g > 0. If min{g,n} =g, i.e. g <n, clearly it holds then

g<g+ L, (51)

which is always true.
If min{g,n} = n, i.e. n < g, since (gfn)2 >0 g>—29n+n?>0
S g2 +n?>2m e

2 2 2 2
g +n g n g
< =2 4+ < . 52
9= g Tty Tt (52)
So we have proved that

g2
Oggfmin{g,n}gi, VneN. (53)

n

13



Hence )

0< fg—min{fg.nf} <22 vnen,
n

so that 1
0 <T(fg) =T (win{fg,nf}) < -T (fg*), ¥neN. (54)

However it holds

0 < T (min{fg, fn}) <nT(f)=0,VneN (55)
That is )
o<1t < LT vnen, (56)
producing
T(fg)=0. (57)

(ii)=>(iii). obvious.
(iii)=-(i). The result is trivial for m = 1, so suppose that m > 2. We proceed
by complete induction hypothesis method. If m =2 and T (f2) =0, then

0<T ((nf =1)") =T (n3f* = 2nf +1) =

n®T (f?) —2nT (f) +T (1) =T (1) — 2nT (f) . (58)
So that
0<2nT(f) <T (1), (59)
and ()
0<T(f)< ==, VneN (60)

That is T (f) = 0.
Next, let m > 3 such that T (f™) = 0, we want to prove T (f) = 0. Assume
for all m’ with 2 < m' < m that we have true T (fml> = 0 implies T (f) = 0.

Let k =0 or k = 1 and particular m’ as above such that m + k = 2m/.
We use the already proved direction (i)=-(ii).
Since T (f™) = 0 we get

T (fm+k> =T (fm . fk:) —0.

Le.
T (fm-i-k:) —0. (61)

Also it holds )
T ((f’”/) ) =T () =T (") =0, (62)

14



- T ((fm'>2> —0. (63)

By what we proved earlier in this direction we find T ( fm,) = 0. The last by

complete induction hypothesis implies 7' (f) = 0. We are done. m
We prove Holder’s inequality for positive linear operators over time scales.

Theorem 23 Let L be a positive linear operator from C,, ([a,bly) into itself and
letp,q>1:%+%:1.

Then:
() ) )
(L (fgD) (=) < (L (A7) ()7 (L (lg]") ()7 , (64)
for any x € [a, bl and any f,g € Cy ([a,b]y), i.e.
L(Ifgh < (L(SPD® (L (1gl")7 (65)
which, is attained when |g| = ¢|f|"™", ¢ >0,
and
(ii) 1 1
IZ(1fgDloe < UL AP)e)? (L (gl o) - (66)

Proof. Notice for a particular « € [a, b]y, the function (L (-)) (x) is a positive
linear functional on Cy ([a, b]y) .
For o, 8 > 0, we have

Q=

1 a B
arpB? < 5 + E’ (67)
with equality when a = B
Now suppose first that
(L(FIP)) @), (L (1g])) () #0.
Apply inequality (67) for
Ik
W= @ (68)
nd g ()
> - g
PO = T @ (69)
to get
£ ) 19 (1) ok 9 (1))
U @NE (@l @~ PE U@ T a@g @ ™

15



Vitela,bly.
By positivity and linearity of the functional (L (-)) (x), where z € [a, b} is
fixed and from (70) we find

L(Ifg)) @) §
(L (7)) @) (L (gl @)+
U@, L@ 11 -

p(L(fP) (@) a(L(glD)) (@) p q
that is proving (64).
Next we assume |g| = c|f["~", ¢ > 0.
Then
L(Ifgh) (@) = e (L(FP) (&) (72)

Also it holds

—~
—
h
[
=
i
N—
N—
—~
8
N—
N—
3
o)
N
N
t~
—
=
=}
S
b
=
N—
N———
~—
8
N—
N———
Q=

(L (7)) @) 7 (L (g]) ()7 =
— (L (7)) @)7 (L (F17) @) = e (L (")) (2)), (73)

proving that (65) is attained.
Assume now that

(L(fI") (#) =0, p> 1 with p ¢ N. (74)
Consider A := [p] + 1 —p > 0 ([] is the integral part), then
Pl +1=X+p>1. (75)
We have
L) @) = L (1F7) @) = L (1P 117) @) =0, (76)

The last is true by Theorem 22 from the direction (i)=-(ii).

Le.
L (117*) (2) = 0. (77)
Again by Theorem 22 from the direction (iii)=-(ii), we derive
(L(If9D) (x) = L[ f[g]) (x) =0, (78)

proving inequality (64) is valid as equality with both sides equal to zero.
The case of p € N — {1} is similar and easier.
The proof of the theorem is now complete. m
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5 Approximation on Time Scales
We give Korovkin’s theorem on time scales.

Theorem 24 Let [a,bly C T, T is a time scale, and (Ly),cy be a sequence
of positive linear operators, Ly, is mapping Cy, ([a,bly) into itself. Suppose that
(L,f) converges uniformly to f for the three test functions f = 1,z,2%, x €
[a'v b]’JI‘ .

Then (L, f) converges uniformly to f on [a, by for any function f € C,, ([a,b]y) .

Proof. (Similar to Bauer (1978), [2])
Denote f(z) = z by id, f(z) = z* by id?, where z € [a,b];. Every f €
Cy ([a, b]p) is bounded:

|f(x)‘ <7, Vze€ [avb]’]l" (79)

where v > 0.
Also since f is uniformly continuous on [a, b];, we have Ve > 036 > 0 : for
all z,y € [a,b],

| —y| < V6 then |f (z) — f (y)| <, (80)
=
(w —y)* <3 then |f (z) — f (y)] < e (81)
If (z —y)® < § then
f (@) = f ) Seta”(z—y)°, (82)

with a* := 2y6 71, 2
and if (z —y)* > 6, i.e. =2 > 1 we find that

@~ @ <2r< D @y (53)
=a"(z—-y)’ <eta (z—y)°.
So in either case we get
@)~ Wl <eta@—y)? (34)
Thus for any y € [a, b}, we get
I~ @) < e+a” (id—y)*. (85)

Linearity and positivity of the operators L,, then imply

|Lnf = f(y) Ln ()| < €Ly (1) +* [Ln (idQ) —2yLy (id) + yan (1)] . (86)
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Evaluating the above inequality at x = y, we get

\Lof — f Lol < (Lol —1)+eta* (Ln (id2) — 2 (id) L, (id) + (id)° L,, (1))
(87)
From the assumption on (L,, (f)) for the three functions f = 1,4id,id? and from
the triangle inequality it follows that L,, f converges to f uniformly, true for any
f € Cu ([a’7 b]T) - u
We give the following quantitative approximation theorem on time scales
(see also Theorem 4).

Theorem 25 Let [a,b]; C T, T is a time scale, and (Ly,),,cy

positive linear operators, L,, is mapping C,, ([a,b];) into itself. Here we consider
f € Cyu(la,bly) such that

be a sequence of

[f(x) = fW| <Mz —y|, Vzelabdly, (88)

where M > 0.
Then

108 =l < 16l 120 1) = 1+ 0 (I (D = 10 +1)

W 1(Ln (2)) (2) = 2]l + 26 [(Ln (8)) (&) — ll oo + €2 | L (1) - 1||oo) . (89)

where ¢ = max (|al , [b]) .
If L, (1) =1 we get

[Lnf = fllo < M\/II(Ln (2)) (2) — 22| o + 2¢ [(Ln (1)) (2) — @l - (90)

If L, (t*) (z) converges uniformly to «* on [a,bly, for k =0,1,2, then by (89),
we get that L, f converges uniformly to f over [a, by as n — +o0.

Given that f2 exists and is bounded on [a,b)T, the Lipschitz constant M
could have been such that ‘fA (t)‘ < M,V t € la,b)r, see Remark 13.
Proof. Let x € [a,b]; be momentarily fixed. We notice the following

(Lnf) (x) = [ (2) = (Lnf) () = [ (2) (Ln (1)) (2) + [ (2) (Ln (1)) (2) = [ (2)

= (Lnf) (&) = L (f (2)) (2) + [ (2) (L (1)) () = 1)
= (Ln (f = f (2))) () + [ (2) (Ln (1)) () = 1) (91)

Therefore we obtain

[(Lnf) (z) = f(2)] <
(L (f = [ (2))) (@) + |f (@) [(Ln (1)) (2) — 1]
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< (Ln(If = F@)D) (@) + |f @)][(Ln (1)) (2) = 1] = (%) (92)
Since we assumed

1f(y) = f ()| < My — =], (93)

YV z,y € [a,bly, we can write

()= f @) < Mlid() —al, (94)
for any fixed = € [a,b] .
So that
(%) < M (L (fid () — 2)) () + | @] (o (1) @) 1] 'S (95)

M (L () @)* (Lo (640 = 27)) @)+ 1F @)L (1) (@)~ 1] <

1
2

ML, (V)L Tl L () =1l (96)

Lo ((id() = 2)°) (@)
We have derived that

1(Znd) = Fllo <
11 () = U+ N Dy ] (20 (6= 27)) )] <
nmmumn—wm+M¢an—wm+1
VI (1)) (@) = 22|, + 2¢ (L (1)) (@) = 2l oo+ [ Ln (1) = Tl0, - (97)

proving the claim. m

When smoothness is present the speed of convergence improves dramatically.
We present

Theorem 26 Let [a,b]; C T, T is a time scale, and (L), oy be a sequence of
positive linear operators, Ly is mapping C* ([a,b]y) (the space of one time con-
tinuously differentiable functions on [a,b];) into Cy ([a,bl;). Here we consider
f e C([a,b]) such that

|f2 (z) = f2 ()| < Mz —y], (98)

V z,y € [a,bly, where M > 0.
Then

120 () = Flloe < 1l 12 (1) = Ul +
1F2 o IEn (= 2) @)oo + M || (20 (€ =2) ) @) . 99)
We have that
(L (£ = 2)) ()]l <
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<\/Ln(1) +1) \/H (t— )’ m)‘ R (100)
and
[ (20 (€6 =27)) @] <110 () @) =22+
2¢[|(Ln (1)) () — ]l oo + ¢ [ Ln (1) = 1| o » (101)

where ¢ := max (|al, |b]) .
Clearly by (99), (100), (101), under the assumptions (L, (t*)) (z) — a*,
k =0,1,2, converge uniformly on [a,bly, we obtain Lnf — f, f € C!([a,b];),

converges uniformly, as n — 400.
If (L, (1) (z) =1 and (L, (t)) () = x, we get that

(Ln (t— x)2> (@) = (Ln () (z) — 22, (102)
and then the speed of uniform convergence of L, f — f squares in comparison to
Theorem 25, under the assumption that (Ln (tQ)) () — 2, converges uniformly
on [a,bly, as n — +oo.

Proof. For the Delta A-integral on time scales and properties we refer to
[4].
By fundamental property

we have
and
Call

We estimate first R (¢, z) .
(i) If t > x we get

R (t,2)| =

< [ 152 @) - 12 @) ar

t
gM/ |r — x| AT < M (t —z)*. (107)

(A7) = A () Ar
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(ii) If t < z we obtain

IR (t,z)] =

g/j\f%)—f%)mr

gM/' 7 — 2| Ar < M (2 — )% (108)
t

f (2 () — 2 () Ar

So that, in either case, we have found
IR (t,x)| < M (t—a)>. (109)
Hence we obtain

(Ln (f (1)) () = (Lo ( (@))) (@) + [2 (2) (Lo (¢ = 2)) (2) + (Ln (R (t,2))) (),
(110)
which gives us

(Ln (f (1)) (2) = f (2) = £ (2) (Ln (1) (2) = 1) + (111)

f2 (@) (L (t = 7)) (2) + (Ln (R (t,2))) (2) .
Therefore it holds

(L (F (1) @) = £ @) < 1 (@) (L (1) (@) = 1]+ (112)
[F2 @) I(Zn (¢ = 2)) @)+ (L (R (#,2)]) () <

1 @11 (1) @) = 1|72 @)] 1L (¢ = 2) @M ((La (= 2)7)) (@) <

1o 1 (1) = Ul 152 I (¢ = 2)) @)oo | (£ (6= 2)%)) @)
(113)

Also, as earlier, we have
(L (= 2)) (@)] < (Ln (jt = 2)) (&) <

Ty @y (2 (- 27)) )< n

i (=) ]
That is
I ¢ =) @ < T O/ [ (- 22)) @] (19

The proof of the theorem now is complete. m

‘We mention
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Theorem 27 ([3], [4], [8], Taylor’s formula) Assume T* =T and f € C,(T)
(the space of m times rd-continuously differentiable functions, see [4]), n € N
and s,t € T. Here generally define ho (t,s) =1,V s,t € T; k € Ny, and
t
hiv1 (8,8) = / hi (1,8) AT, V s,t €T. (116)

(then he (t,8) = hi—1 (t,5), for k € N,V t € T, for each s € T fived). Then

n—1 t
FO =Y 1 @ (ts)+ [ b (o (o) £ (AT (1)
k=0 s
(above 2" (5) = f (5)).

‘We need

Definition 28 ([//) Let the functions g : T?> — R, k € Ny, defined recursively
as follows:

go(t,s) =1, Vs,teT, (118)
and .
gr+1 (t,8) = / gx (o (1),8) A1, V s,teT. (119)
Notice that
gkA (ta S) = Gk-1 (O’(t),S), fO’I‘k €N, teTk (120)
Also it holds
g1(t,s) =hy(t,s)=t—s, Vs,teT. (121)

We need
Theorem 29 ([/]) It holds
hy (t,8) = (=1)" gn (s,t), V€T (122)
and all s € TF" (T’92 = (’]I’k)’C ,-petc.)
We need

Corollary 30 Assume T* =T, f € C"(T), n € N and s,t € T.
Then

n—1
FO = () hi(t,5) +
k=0
(0" (g 50+ [ s (o (o) (£ (1) = 72 () A (129
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Proof. By (117) and (122). Namely we have
/ hn_1 (t,0 (7)) AT = (—1)"*1/ Gn1 (0 (7),t) AT =
(1" [ 001 @0 0 AT = (-1 g0 (1)

We make
Remark 31 (to Corollary 30) One can easily prove inductively that
lhi (t,8)| < |t —s|", Vs, teT,

V k € Np.
Call

R(t:s) = [ huos (60 (0) (17 (1) = 127 (5)) Ar.
Assume that
’fA -5 ()‘§M|t—s\“, Vs, teT,

where « is fized such that 0 < o < 1.
We estimate R (t,s) .
(i) Assume t > s. Then

AT <

R(t,s)| S/ |1 (8,0 (D) |F27 (1) = f27 (s)

M/ t—o ()" r—s|*Ar < M (o (t) — s)" 1/ |7 —s|* AT <

Mo (t)—s)" "t —s)t".

We proved, if t > s then
IR(t,s)| < M(c(t)—s) """ t—s)*T < Mo @t)—s)"T".

(i1) Assume t < s. Then
R(t,9)| S/S\hn—l(tvo’(ﬂﬂ A7 () = 27 (s)| AT <

M/ts it — o ()" 7 — |7 AT < M (0(s) — "L (5 — 1)+

< M(o(s)—t)" .

23

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)



We proved, if t < s then

IR (t,s)] < M (0 (s) — )"t (132)
Le. we have found
IR (t,5)] < Mep(t,s), (133)
where .
_ o) =), ift>s,
o(t,s) = {(U ()= " ift<s (134)

notice that ¢ (-,s) € Crq (T), V s € T.
We give the following related result

Theorem 32 Assume TF =T, T is a time scale and s,t € [a,bly C T.

Let (LN)NGN be a sequence of positive linear operators, Ly is mapping
Cra ([a,bly) into itself, such that Ly (1) = 1. Consider f € C" ([a,b]y), n € N,
such that

’fA" (t) = FA" ()| < M|t —s|*, Vts€ [a,bly, (135)

« is fixed such that 0 < a <1, M > 0.
Let also ¢ (t, s) defined by (134).
Then
(i)

n—1

(L (F (£)) () = £ () = D £ (5) (L (b (£,9))) (5)

+(=1)"TH A (9) (I (gn (5,1))) ()
<M (Ly (¢ (t5))(s), Vs €ablg, (136)
(1) additionally assume that £A (s)=0, k=1,...,n, for a fized s € [a,b]},
to derive
[(Ln (f(£))) (s) = f(s)| < M (L (¢(2,9))) (s) (137)

and

(iii)
(L (D) () = £ ()] < 3|72 0] I (e .5 (3)] +
k=1

[F27 ()] I (g (5,80)) ()] + M (L (p (£:5) (), ¥ s € [, (138)
If (L (i (£9))) () = 0, by (id), we get
(L (F () (8) = £ (5), a5 N = +oo.

Other useful convergence consequences follow by (i) and (iii).
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Proof. By (123) we derive

(AN (f (1)) () :== (Ln (f (1)) (s) = f (s) — Z_: F27(5) (L (e (£, 9))) (5)
k=1
(=)™ A (9) (L (gn (5,1))) (5) = (L (R (t,9))) (5) - (139)
Hence it holds
(133)

I((An (F (@) () < (Ln (IR (L 8)) (s) < M (Ln(p(t,8))(s),  (140)
V s € [a,b]y, proving the claim. m

Application 33 Let [a,bly C T, T is a time scale, such that p(b) = b. Hence
C ([la,b]y) = Cu([a,b]y). Let f € C([a,bly), and N € N. Take ¢ = 3, by
uniform continuity of f on the compact set [a,bly, there exists a § = 0 (¢) > 0
such that t',t" € [a,bly, [t' —t"] < § implies

&) =1 < - (141)

Define again

1, for&ela,t)r,
w@={g e, (142
fort € [a,b)T, and
Xp (&) =1 for all € € [a, by . (143)

Notice that x, (£) =0, £ € [a, b]y.
For a partition P = {to,t1,....,tn} (o = a < t1 < ... < tp_1 < t, =)

1

belonging to Ps ([a,bly) we consider the step function f(W) defined on [a,bly by

1

F) (@) o= f(ther), ift € [thor, ti)ms

k=1,...,n, and
P @) = £ (1) = £ (1),

which can be written in the form
P& 1) =3 F ) o, ) = xe, 0] (144)
k=1
for allt € [a,b]y .

In the proof of Theorem 14 we saw that for ty—1 <ty we get 0 < x4, | <
Xt, < oo < Xp- Thus it holds

Xty (8) = Xt,_, (8) 20, VL€ [a,b]y. (145)
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We define the following linear operator on C ([a,bly) :
(L () @)= 1R @0 =3 F ) [xo, O =30, 0], (146)
k=1

Vtela,bly.

Clearly Ly is a positive linear operator from C., ([a,b]p) into B ([a,b]p).
Notice that (Ly, (f)) (tx) = f(%) (tg) = f (tg), fork =0,1,...,n, that is (Ly (f))
has the interpolation property over P.

As in the proof of Theorem 14 we get

1 1
IEnf = flo = |£3) =1 < (147)
The last proves uniform convergence of Ly f to f, as N — +oc.

The above genuine example on time scales proves that our theory of approx-
imation by positive linear operators on time scales is not trivial and not only
valid on continuous intervals [a, b] of R.
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