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Abstract

Here we introduce some general interpolating neural network opera-
tors in the univariate and multivariate cases. Initially we establish the
interpolation property of the operators on functions. Then we derive the
approximation properties of these operators on functions. We prove first
the ordinary real quantitative pointwise and uniform convergences of these
operators to the unit. Smoothness of functions is taken into consideration
and speed of convergence improves dramatically. As extensions we con-
sider also the fractional, fuzzy, fuzzy-fractional, fuzzy-random, complex
and iterated cases. Furthermore we give Voronovskaya type asymptotic-
expansions at all studied settings for the errors of related approximations.
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1 Introduction

This article is mainly inspired by the great article of D. Costarelli [27], where
he establishes interpolation and approximation properties of very specific neural
network operators.

We present here the general related theory of similar general neural network
operators. We expand to all possible directions.

The featured interpolation and approximation properties of our approxima-
tions is something very rare.

We mention next in very brief the initial D. Costarelli ([27]) theory.
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We consider C ([a,b]) the space of all continuous functions f : [a,b] — R,
a,b € R, a <b. Let now o : R — [0, 1] the ramp function defined by
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The ramp function is a sigmoidal function ¢ : R — R which is measurable with
lim o(x) = 0and lim o(z) = 1. The last features arise in the theory of
T——00 r— 400
neural networks, where sigmoidal functions play the role of activation functions
in the networks, see [38].
In [27], the author introduces

@R(x):zaR(x—&—;)—aR(x—;), zER. @)

The function ® g (z) has the properties: it is even, non-decreasing for < 0 and
non-increasing for > 0, supp (®Pr) C [—1,1]. Notice that g (+1) = 0.

Thus for f : [a,b] — R a bounded and measurable function D. Costarelli
[27], defines the neural network interpolation operator

S f () @ (M)
Fn(f;x):: k:On s :L‘G[a,b}, (3)
> o (M=)
k=0

where the x;’s are the uniform spaced nodes defined by zp := a + kh, k =
0,1,....,n, with h := bfTa.
For a bounded measurable function f he proves

15 (P)lloo < I1flloe < 00, (4)

where || f||, := sup |f(z)].

z€la,b]
He also proves

Theorem 1 (/27]) Let f : [a,b] — R a bounded measurable function andn € N.
Then

Theorem 2 (/27]) Let f € C([a,b]). Then

b—a
n

1Fw () = fll < din (f, ) VnenN. (©)



Above he uses

wi (f,0) = sup |[f(z)—f(y)|, 0<5<b—a, (7)
z,y:
|[z—y|<o

and if 0 > b —a, w1 (f,9) := w1 (f,b — a), the first modulus of continuity.

D. Costarelli ([27]) gives also another specific example of interpolation neural
network operators with the same properties as the F,, operators.

Denote by

M, (z) :z(sll)!i:(—l)"(‘z) (%m—i)jl, z €R, ®)
=0

the B-spline of order s € N ([25]), where (z), = max{z,0}, and supp (Ms) C

(=53]
He defines ([27]) the sigmoidal functions

ou, (z) = /_x M (t)dt, = eR, (9)

and the non-negative density functions:

1

1
@S(x)::UMS<x+2>—0Ms<x—2>, zeR, VseN (10)

The functions ®, have the properties: even, non-decreasing for x < 0 and non-
increasing for « > 0, supp (P5) C [- K, K] := [—@, %} and @, (Igs) >
0. Notice that &, (£K,) =0.

He ([27]) defines similarly the neural network operators

f(xk) (Ds (Ks%)

F3 (f,x) = =0 p— , Yaelab, (11)
> @, (K,
k=0

where 2, ;== a+ kh, k=0,1,...,n, and h := =2,

n

Theorem 3 (/27]) Let f : [a,b] — R a bounded and measurable function, n €
N. Then
Fri(fvxk):f(mk)f k:(),]-v"'vna seNv (12)

the interpolation property.
In addition, for f € C ([a,b]) we have

175 () = fll < (QKS)M (f,b;“), VnseN (13
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Above the samples f (z)) can be viewed as the elements of the training set
that can be used to train the normalized neural networks F),, Fi7. According to
[27], the interpolation results show that the representation errors made by Fi,,
F? on the elements of the training set are zero.

Furthermore the uniform approximation results, show the closeness property
of neural network operators to well estimate elements outside the training set.

So our general theory presented in this article is the natural and complete
outgrowth of [27] in very general diverse settings.

Other books and articles that inspired our work are: [12], [16], [17], [18],
[19], [20], [21], [22], [23], [26], [36], [37].

The author was the first in 1997 to establish quantitative neural network
approximations, see [1], [2], [3], [5], etc.

2 Main Results

2.1 Neural Networks: Univariate theory of Interpolation
and Approximation

We need

Definition 4 Let B : R — Ry, be a bell-shaped function of compact support
[-T,T], T > 0. We assume it is even, non-decreasing for x < 0 and non-
increasing for x > 0. Suppose also that B (0) =: B* > 0 is the global mazimum
of B. The function B may have jump discontinuities and it is measurable.
Assume further that B (£T) = 0.

Examples for B can be the hat function

14z, —1<z2<L0,
Bx):=¢1—2z, 0<x<l1,
0, elsewhere,

the function ®g, see (2), and the function @, see (10). Etc.

Definition 5 Let f : [a,0] — R, a,b € R, a < b, a bounded and measurable
function, n € N, h := b*Ta, xp:=a+kh, k=0,1,..,n, z € [a,b].

We define the interpolation neural network operator

> f (on) B (o)
H, (f2) 1= = (1)
U Sp(tmee)

k=0

‘We make



Remark 6 (on H, (f,z)) We observe that

S 1 ()| B (Frize)
k=0

1< S ) I/l < +o0.
b—a
k=0
That is
[Hn (Moo < I1fllc -
We make

Remark 7 Let z € [a,b], then v, < 2 < x4, for some k € {0,1,
and |z — x| < h, |2 — 24| < h.
Notice that B (M) 40

b—a
o T Tn(z — xy) T
b—a
b—a

S -—h<x—zp<h
&z —xk| < h.

So when © € (g, xk4+1), for some k € {0,1,...,n — 1}, we get both

B (Tnl()x_—axk)) B (Tn (ﬂg:zkﬂ)) £0.

When x = xy, then

B(W) =B(0)=B">0,

and

When x = xy41, then

p (Tl =z - popy o,
( b—a > )

and T
B< n (@1 ﬂc’””) =B(0)=DB">0.
b—a
Clearly for any x € [zg, k1] we get that
T — T .
B (W) —0, foralli#kk+1.
—a

(15)

(16)

wyn — 1},

(17)



‘We make

Remark 8 For x € [a,b] we notice that

b—a b—a

ZB (Tnbm—axk ) ZB (Tn x—m) . (Tnm—xﬂ)’

(19)
where i € {0,1,...,n} is such that |x — z;| < . Thus
Tn|z — x| Tnh T
< =—. 20
b—a ~2(b—a) 2 (20)
Therefore
T — T
p(Irlr=zl) S g (T (21)
b—a 2
where B (%) > 0.
Thus V (z) > B (%).
Consequently it holds
1 1
= — < (22)
V(fE) Z B (Tnéaiawk)> B (%)
k=0
We state the interpolation result
Theorem 9 Let f : [a,b] — R be a bounded and measurable function. Then
H7L (f’mz) = f(-rz)’ izo? 17 ""n7 (23)
where x; := a + th, h :=

b—
Ta’ n € N.

Proof. Let i € {0,1,...,n} be fixed. When k = i, we have that

B(W) = B(0)=B*>0.

But when k # i we have

Tn|z; — x| _ Tnh
> =T 25
b—a “b—a ’ (25)

0§B(W>:B<M><B(T):0.

hence

2
A (26)
So we conclude that
Tn(x;—xx)\ [ B* i=k,
B( b—a )‘{o,z‘#k } (@)



for any 7,k =0,1,....,n
By (27) we derive that

fla) B (M) p) B .
Hy (f,wi) = B(T"(;;;w)) =g =), i=01..n (28

proving the claim. m
We state our first approximation result at Jackson speed of convergence -

Theorem 10 Let f € C([a,b]). Then

1o ()~ Fll < BQ’(B;)M <f,b;“), VneN, (29)

2

Proof. Let x € [a, b], we can write
> f o) B (%)
k=0

H, (f,z) - f(z) = —[(z)=

S f(m)B(W) e >(z ae=s)

k=0 )

V (z)

3 (f (w) — f () B (L))

k=0
V(z) ' (30)

Therefore it holds
S5 1f (o) — f (2)] B (Lot
|Hn (f7l')—f(x)| S k=0 ( b ) (2<2)

V(z) -

1 - Tn(x — ) N
B (L) {Z |f (zr) = f(x)| B <b_a>} =: (%). (31)
1.

o — 1 = o) — o Tn(x — xy)
(% B(”é){kkzo Flo - @8 (TR )

o) = F @18 (T ) 41 ) - @) (P ) | <

7



1 2B*

{0+wi (f,h) B* +wi (f,h) B} = w1 (f,h) . (32)

B (%) B (%)
We derive for f € C ([a,b]) that it holds
|Hn(f,x)—f(m)|§;f£)wl (f’b;a), V€ la,b. (33)

The theorem now is proved. m
Taking into account the smoothness of f, we present the following high order
approximation result.

Theorem 11 Let f € CV ([a,b]), N €N, z € [a,b]. Then

i)
2B* N ‘f(j)(l‘)‘(bfa)j - b—a (bfa)N
B(%) = 4! nJ twr (fNa n )’nN]V' , (34)
[1Hn (f) = flloo <
2B* N ||f(])|| (b — a)’ ( )b—a (b—a)N
PO 5w erl(fN’n)nNN! . (39)

iii) Assume more that fU) (z) =0, j = 1,..., N, where x € [a,b] is fived, we
get

2B* b—a\ (b—a)"
H, - < = vy 272 20
| (fax) f(l’)| = B(g)wl <f " > nNNI (36)
a high speed —+ ~r pointwise convergence, and

i)

H, (f, me ( —x)j,x)

2B* vy b—a (b—a)y
B(1)“" <f n )mvm ' (37)

Proof. Let f € CV ([a,b]), N € N. Then

N G) (g , ok o — )N
=7§_4;f -y [T (1900 - 10 @) S
| (38)

<




Hence it holds

> (o — o)’ B ()

Call

N-1

Tn(z—zy)
> B ()

Also call

o 2 — N1
(@) = / (f(m (t) — F (x)) ((k]V—t)l)!dt .

We distinguish the cases:
(i) Let z < xg, then

Tp

(N) (zr — $)N
< wq (f , Tl — .73) .

(ii) Let > xy, then

v (z, 1) =

[ (50 - 50 @) LB "
o N 1)

(39)

(40)



xk)Nfl x_xk)N

< [0 = 109 @] C ot < o (19— ) i
(a4

We have found that

Therefore it holds

> B (7Tn§,m__,fk)> o — |N
)|z — xkl) TRl . (). (46)

E=0
<
[ (2)] < V(z) “1 (f N
Given that xp < & < xp41, for some k € {0,1,...,n — 1}, we get
n\r—x r—x N
B(FE ) (10 o — )
—Tpi1 z—xzpe |V
B (7%1(927&’” )> w1 (fMN), |z — zp41)) L2l T l
V(z)
* —a b—a N
< 2B w1 (f(N)’ bT) (TLN]\)“ (47)
N B (%) '
We have proved that
2B* b—a\ (b—a)"
<= (V) ~ . 4
@ = e (500, 250) E5 (19
Next we observe
n . n .
> (ax—z)' B (T"gwa“))‘ S Ja —af B (T
k=0 < k=0
V(z) - V(z)
1 ; Tn(x — xy) ; Tn(x — Tri1)
< —z! B| ————= —z2) B ———2
_B@){m q ( — >+|$k+1 q ( —
2B* (b;;’«)j
< BTy (Z) (49)
2
Therefore we derive
N . S (2 7z)jB T (w_tlifk)
Z f () k=0 ( b ) <
J! V() -

10



2B* 9 @) (b—a)’
el P s &2
Using (48) and (50) we derive (34)-(36).
Noticing that
i (z —x)’ B (T Ef:f"')) 4
E=0 ) = H, ((-—2)2), (51)

we derive (37).

The theorem is proved. m

We present a related Voronovskaya type asymptotic expansion for the error
of approximation.

Theorem 12 Let f € CN ([a,b]), N € N. Then

fu;!(x)Hn ((—2).2) =o (an) . (52)

N-—-1

H, (f,x) = f(z) =)

1

<

where 0 < e < N, n € N.
If N =1, the sum above disappears.
Asymptotic expansion (52) implies

D () :
nN=e | H, (f,z) — f(z) — Z 7 H, ((-—x)j,x) — 0, as n — oo,
j=1
(53)
0<e<N.
When N =1, or fU) () =0, j=1,..,N — 1, then
nN"E[H, (f,z) — f(2)] = 0, asn — 00, 0 <& < N. (54)

Proof. Let x € [a,b], then

N-1

f(zg) = Z 7

) (g o oy — )N !
f -'( )(zkiz)JJr/ £ (t) ((k]\[_t)l)!dt' (55)

<

Let here i € {0,1,...,n — 1} such that z; <z < 2;41.
Hence we have

f(zx)B (M) ) O (2) (o1 — o)
il

b—a —
V() = I

1

+ (56)

11



Tn(a: T
b a - (N) zk 7t
f dt.

Thus it holds

> 7 (o) B ()
H,L(f,l')—f(.lf): V(LC) _f(x):
N o o) 5, on =) B (Tr) .
2 V(@)
Zn: B (Tng)ac a:ck) .
k=0 / f J?k —t i@t
Call .
Z B Tn(x aack) .
R(x) = - / 7 ) @
So that
pa(€) ,
o0 - 1@ - 3 0, (= 0) = R
j=1
Hence it holds
> B () »
k=0 “ k (N) (zg, — t) .
R < =g | [0 S ] < )
But we find:

i) Let x4 > x. Then

><t>i“’k”ffdfsuf% i

/Ik
xT

ii) Let z; < . Then

/ SN (1) x’“
<)
Tk

|t

N
x —xp)
N!

)

£ (t)) e

oo %S Hf(N)HOO (

12

(57)

(58)

(59)

(62)



So in either case we have proved

/xk f(N) ) (xg — t)N—1 »

(N) |2 —wk\N
(N 1) <[ : (63)

N!

Therefore we find

n B (Tn(zfzk) )

R A M=
- B (1) s N!
2B* (b—a)
< =7 [+ (64)
We have proved that
Y
IR (z)| < N (65)
where N
po 28 I 00 ”
B(3) N
Hence we derive )
W@)ZOCW)7 (67)
and
|R (z)] = o(1) (68)
Letting 0 < ¢ < N, we obtain
|R§$)| v 0, (69)
(nN*E) n®
as n — o0o. So that )
R@I=o0 (=) nen (70)

proving the claim. m
We need

Definition 13 Let v > 0, m = [v] ([-] is the ceiling of the number), f €
AC™ ([a,b]) (space of functions f with f(™=1) € AC ([a,b]), absolutely contin-
uous functions). We call left Caputo fractional derivative (see [28], pp. 49-52,
[81], [39]) the function

1

DL, f (x) = Tm—1) /1 (=)™ FOm (1) dt, (71)

V x € [a,b], where T is the gamma function T (v) := [° e~'t"~ dt, v > 0.
We set D°,f (x) = f (z), ¥V z € [a,b].

13



Lemma 14 ([§]) Let v > 0, v ¢ N, m = [v], f € C™ ([a,b]) and f(™) €
L ([a,b]). Then D%, f (a) =0.

Definition 15 (see also [9], [30], [31]) Let f € AC™ ([a,b]), m = [v], v > 0.
The right Caputo fractional derivative of order v > 0 is given by

b 1
DY f (@) = gy [ =) T () (72)
V z € [a,b]. We set DY_f(x) = f(x).

Lemma 16 (/8]) Let f € C™ ' ([a,b]), f™ € Lo ([a,b]), m = [v], v > 0.
Then Dy_f (b) = 0.

Convention 17 ([8]) We assume that

DY, f(x)=0, forz <z,

*T(Q

and (73)
Dy _f(x)=0, forxz>xg,
for all x,x¢ € [a,b].

We present the related fractional approximation result

Theorem 18 Let >0, N =[], B¢ N, f € ACY ([a,b]), fV) € Ly ([a,D)).
Then

9
B* =29 (@) (b — a)
o ()= £ 0] < 5o {22' e,
(b—a)’ b—a b—a
o [ (P ) v (220252 )
and
i)
B | 5= 190 (b= a)
I ()= floe < gy |22 =t (75)

(b—a)’ ( 5 , b— a) ( 5 ,b—a
——— | sup w1 | Di_f,—— | + sup wi | DL, f, < 0.
T(B+1)0P | ety n celab] n
Proof. Let fixed = € [a,b] with x; <z < 2,11, for some i € {0,1,....n — 1}.

We have that
D;_f(x) =D, =0. (76)

14



By Convention 17, D2, f(z) = 0, for z < x; D?_f(2) = 0, for z > x, all
z,z € [a,b].
From [28], p. 54, we get by the left Caputo fractional Taylor formula that

N1 () (g ,
flex) = ! ~|( )(xk —z) + (77)
PR
L Tk S B—1 B _ 8 .
1“(5)/96 (zx = J)" (DLf (J) = DL, f (x)) dJ,

for all x < xp <b.
Also from [9], using the right Caputo fractional Taylor formula we get

N=L () (g ,
f @) = : -v( ) (zr — )" + (78)
=0
1 (" »
v | 0= (D )= Dl )

for all a <z, < z.
Hence it holds

f () B (%) O ()

Also we have

S B(PE) e B
V(x)b :j:O 7l (zx — ) Vlzx) +
Tr(e—ar) i
B(vz;; )rw)/mk“ —e)! (DL (D - DL @) dr (80)

all a S Tk S xT.
Hence we derive

2 Tn(z—xy) 2 j Tn(z—xy)
V(2) = V(x) v

15



where

k=it+1 1 o B—1 (1A 8
Ry := —J D J)—D dJ
1 ot ) @) (DL = DLf @) d
(82)
all z <z, <b.
Also it holds
: Tn(z—xy) U DAY Tn(x—xy)
kz::of(x’@)B( = :Nflf(j)(x)kzo(x’“ o) B (™45 >+32
Vo) 2] V) |
(83)
where
> oB(Tem)
Ry = k=0 / J—a)? " (D?_f (1) - D’ dJ
2 ot ), Vo w T (D f () - Ds @) s
(84)
all a <z < 2.
Consequently, by adding (81) and (83), we obtain
2 _ 7 Tn(z—zy)
()~ f @) = 3 L0 B e () +Ri+R
n bl - j:1 j' V(CC) 1 2
(85)
Hence we find
n J Tn(x—xy)
=Y (@) k20|xk_m| B(Tak)
— < = R R
| (f7 ) f($)|— = ]' V(.I) +| 1|+| 2|
=9 (@) 2 (b a)JB
< - + |Ri| + | R2| - 86
Next we estimate |Ry|, |Ra|.
We have that
Z B Tné:camk)> , .
k=i+1 B-1118 B
Ry| < / K — J) D f(J)—= DL f(z)|dJ
(87)

Z B (Inta— lk) N
<=5 B((g) )r(lﬁ)"“ (Dt o = <) </ (m’“_‘])ﬁld‘O

16




k=it 1 3 oy (- z)”
BT R N R i
> B (T
_ k=it+l o B B _
=3 TG (zr — )" wi (DL, f, ok — ) (88)
B (Tn(ziwwl)) (b— a)’B b—a
—a ﬁ

We have proved that

B (b—a)’ 5 b—a>
|R1|§B(%)F(ﬁ+1) nB W1 (D*xﬁn. (90)

Furthermore we observe that

> (T .
Rl < =2 f?(;) ) i ([ oo ol s ) - Dl s ] ar)
- 1)
> B (e e
<Epy e (PR ) S
Tr(z—a:)
= b (B E;I) ) T (ﬁl—i- 0 (xz — xi)ﬁ w1 (Df_f,a: — 1:1-) (92)

B* 1 (b—a)’ 3 b—a)
SBOTG+Y W w1<D1f’ n )

That is we have proved

B (b—a)? 5 ,b—a
|R2\§B(%>F(ﬁ+1) — w1<Dz_f, - ) (93)

Thus

*(b—a)’ —a —a
Il 1l < iy o (P800 ) e (P2 22|

T B(LHT(B+1 n
(94)
So by using (86) and (94) we obtain (74), which implies (75).
Next we justify that the right hand side of (75) is finite.
We have
t
(D2.f) (1) = ﬁ /I (t—2)N P N () dz, w<t<b  (95)

17



Hence

£ N
|DY.f (t)] < ﬁ(b—@ a<t<b
Thus Hf o ||
_ 7 _ VB

D2 < g gy O

Similarly
N z
Dy_f(t)= I“E;)—B) / (e =" P M) (5)dz, alla<i<a
Hence )
Thus Hf(N)H
o0 N-p
o] < = e

Consequently (for § > 0)

w1 (D_f_f, 5) = sup

21,22

7 f () = DL f ()| <

|z1—22|<é8
s {|DIf ()| + | DL f ()|} < 2| D2 o]|
|21:;22|§5
2| /™|, N-p
_m(b—a) < +o00.
Hence it holds
5 [EARk N-
(D 7 )_F(N o - < e,
Therefore
2|/,

sup wi (DB /s ) < T (b—a)Nﬁﬁ < 400,

z€[a,b] N-B+1)

and, similarly, we get

sup wi (D, f,0) < Hf i/ (b—a)V " < +o0.

z€[a,b] - T (N 5 + )

The proof of the theorem now is complete. m

18
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Corollary 19 (to Theorem 18) All as in Theorem 18. Additionally assume that
fO(x)=0,5=1,...,N —1. Then

B* (b—a)ﬁ
|Hp (f,2) = f(z)] < B(%) I‘(ﬁ—kl)nﬁ'

o (o 5 ) e (o2 5) |

In the last we have the high speed of pointwise convergence at ﬁ

(105)

A fractional Voronovskaya type asymptotic expansion follows.

Theorem 20 Let 3 >0, N = [3],8 ¢ N, f € ACN ([a,b]), fN) € Lo ([a,]).

Then
f(j;!(x) H ((. ) I) _ <nﬁl—€) . (106)

N-1
Hn (fwr) -

=1

<.

where 0 < e < B, neN.
If N =1, the sum above disappears.
Asymptotic expansion (106) implies

N—-1

i |, (f, f D i, (¢ ==y 2)[ =0, (07)

j=1

asn — 00, 0 <e<p.
When N =1, or f9) () =0, j=1,..,N — 1, then

T Hu (fy2) = £ (2)] =0, (108)

asmn — 00, 0 <e<p.
Of great interest is the case f = 5

Proof. From [28], p. 54, we get by the left Caputo fractional Taylor formula
that

2

f'(])( )
4!

f (@) = =2 4 g [ = P DS (s, (109

I'(5)

<
I
(=)

for all z <z, < b.
Also from [9], using the right Caputo fractional Taylor formula we get

VR S R SR Y,
(w2 + g [ 0= DL (10
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for all a <z, < .
Hence

+ (111)

all z < xp, <0.
Also we have

Vi) = V(@)
BEE)
Vi(z)  T(p) /wk (J =) Dp_f () dJ (112)

all a <z < z.
Hence z € [a, b] is fixed such that 2; < x < z;41, for some i € {0,1,...,n—1}.
Hence it holds

- Tn(z—zy) n . Tr(o—x)
k:Emf(xk)B (W> B i 0 () k:%;rl (zr — 2)’ B (W) y
Vv (x) B = j! vV (x) 1
(113)
where

/zk (z, — ' D f(D)d],  (114)

all z <z, <b.
Also it holds

i

S f ) B (Td) v

k=0 _ f9 (z) =
V@) =i V(@) e
(115)
where
o) |
_ k=0 ¢ 1 B—1 13
Ry = e N /Ik(J:rk) DP_f(J)dJ, (116)
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all a <z < z.
Hence we get

Notice also that for any = € [a,b], by (97) and (100), we have

17l

{IP2 s |D-r|_} < AT

with M > 0.
That is we find

N-1

(4
Hn(fvx)_f(x)_zf j
=1

<

Notice that

zn: B (Tn(:vfwk))
k=it1 be

1 )5

e e I CES) R

_ M B* (b—a)’
T B(3)r(B+1) nf 7

that is
MB* (b—a)’
| S T 6
B(z)T(B+1)n

|1

Similarly we have

i B (Tnéwf—::ﬁ)
[Ry| < ME= (x — )
B (%) rB+1)

_ MB* (b—a)’
T B(3)T(B+1)

Hence 5
MB*(b—a
Ro| < (b—a)

T B(LH)T(B+1)nf

Therefore it holds o
|R1 4+ Ra| < |Ri| + |Ro| < vl

21

(b— a)N_ﬁ =M

).!(CU) H, (( _ x)j ,x) — R, + Ry.

= Ri + Rs.

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)



where

2M B* (b— a)’
= MB(b—a) (125)
B(3)T(B+1)
Thus 1
|R1+ Ra| = O (715> ) (126)
and
|R1 + Ra| =0(1).
Letting 0 < ¢ < 3, we derive
i)
Bthl 2, (127)
(’nﬁ*E) ne
as n — 0o. So that
|R1+R2| :O<fnﬂ5> y nGN, (128)

proving the claim. m

2.2 Neural Networks: Multivariate theory of Interpola-
tion and Approximation

‘We need

Definition 21 Consider the d-dimensional bell-shaped function E : R? — R
(d € N) with the property for alli =1,....,d, R 3¢t — E(x1,...,t,...,2q) 1S a
bell-shaped function, as in Definition 4, where x = (x1, ..., xq) € R? is arbitrary.

More precisely here E is of compact support K := H [-T;,T;], T; > 0 and
i=1
it may have jump discontinuities there, also it holds

E(x1,...,+T;,...,xq) =0, (129)

foranyi=1,...,d, all (z1,...,24) € RL

Furthermore assume that E (0,...,0) =: E* > 0 is the global mazimum of
E, also E is assumed to be measurable. That is E (x1,...,t,...,xq) in t is even,
non-decreasing for t < 0 and non-increasing for t > 0.

Clearly it holds

E(xzy1,....,x2q) = E (1], ..., |zd]) - (130)
Also it is E(x1,...,0,....xq) =1 E* (x1,...,Ti—1,Tit1, .., xq) > 0, for all i =

d
17 "'7d7 fOT any (931, "'7'7;d) € ]._[ (_Esz) :
i=1

22



e

d
(I)R (xz) ) H (I)s (xl) , etc.
i=1

d
Examples: [] 5 (z;),
i=1 i=1 i

(2

d
Definition 22 Let f : [] [a;,b;] — R be a bounded and measurable function,
i=1
a; < bi, n € N, h; = %, Th.i ‘= Q4 +klh“ k;, = 0,1,....,m, = = 1,...,d,

d 7
z = (x1,...,xa) € [] [ai, bi].

i=1
Next we define the multivariate interpolation neural network operator:

M, (f, 517) =M, (f, X, ...,:Ed) =

n Tin(x1—z Tan(zq—x
3 f(xkll’_._,zkdd)E< ] (b_) ] (b_))

n n Tin(z1—1,1) Tyn(Ta—2k,a) (131)
S ( T R 1 )
Remark 23 Trivially we get that
[ My (f,2)] < (| flloe < 400, (132)
and
My, ()lloe < [[fllo < o0 (133)

Remark 24 Let now xp,; < i < T(y, 415, foralli = 1,...,d, for some (ki, ..., kq)
€ {0,1,...n — 1}, Thus |x; — wx| < h; and !xl —x(ki+1),;| < h;, for all
i=1,...,d, for some (ki,...,kq) € {0,1,...,n — 1}%.

Remark 25 Notice neat that be given (x1,...,14) € R? and

p(hne—zny) T = o)) o (134)
b1 — a1 bg — aq
for some (ki,...,kq) € {0,1,...,n}, < simultaneously it holds

Tin (z; — Tp,s)

_Tz < < 117,'7

bi — a;
for alli =1,....d, for some (ky,...,kq) € {0,1,...,n}?, <

n(z; — Tp,q)
bi — Qa;

for alli=1,....d, for some (ki,....,kq) € {0,1,....,n}¢, &

~1< <1, (135)

—h; <xp — T8y < by,

for alli=1,....d, for some (ki,...,kq) € {0,1,...,n}?, =

|z — Tyl < Py (136)

for alli=1,....d, for some (ky,...,kq) € {0,1,...,n}<

23



d
Thus, when z € [xkii,x(kﬁl)i), for some (ki,...,kq) € {0,1,...,n — 1}¢,

=1
we get that
P> Tin (1 —fﬂkll),m, Tyn (xd_mkdd) > 0. (137)
b1 —aq bg — aq
d
Remark 26 Notice that (w eIl [ai,bi]>
i=1
n n Tin(x1 — Tgy1) Tun (xq — Tiyd)
I o 2 ) =
b0 gm0 b1 — a1 by — aq
S 3 (el sl Tales s
k1=0 kq=0 1—a 7~ ad
g (T |1 — Tpy1] . Tan |24 — Tk ydl , (138)
b1 —aq bg — aq

the last inequality is chosen for suitable x; and x,;, for alli=1,...,d, and for

some (ki,...,kq) € {0,1,...,n}9, such that |z; — vk, < %.
Thus
b,i*ai 72(1)170@)_27
alli=1,...,d.
Therefore it holds
> Tinl|zr — 21| Ton|ze — Ti,o| Tyn |xq — Tk dl <
by —ay ’ by — as B by — aq -
E E,TQTLM'Q—xk22|’m7Td’l’L|fEd—1‘kdd| >
2 by — as by — ag -
T1 T2 Tdn|xd — Xk d| T1 TQ Td
Pl= = . == "MV )> >FE|= == .. = 0. 140
(272’7 bqg — aq - - 2727772 > (140)
Hence we have
1 1 1
- < . (141)
n n — T T,
w Z Z E (Tﬂl(bﬂln—aﬂl%ll)’m’ Tdn(br(cid:ded)) E (71, . Td)
k1=0 kq=0

Remark 27 Let all ©; = w14, i = 1,....d, for some (k1,....,kq) € {0,1,...,n}%.
Then

E (Tm(ml — Tgy1) Tyn (Tg — Tg,4)

=FE(0,..,0) = E* > 0. 142
) BB ) 0,0 = 0. (142)

Let next |Jc;w — a:(kiﬂ»i)i’ > hy, for somei € {1,...,d}, where j; > 1 integer, and
ki ki +ji € {0,1,...,n}.
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Then

Tin | T, — T4 i) Tinh;

b —a; = b —a; =T Jorsome i =1 d .
Hence
0<E Tin |.’131 — $k11| . Tin |x(ki+ji)i = Thyi . Tan |xd — xkddl <
by — ay bi — a; ba — aq
g (Lo —zenl g Tanlre - zeal ) _ g (144)
b1 —aq by — agq

Therefore it holds

g [ Dn (21— 21 Tin (2(k,4 40 = Thii)  Tan (Tq — Thya)
T o— e

) =0, (145)

for any arbitrary (T1,...,Ti_1,Tiy1, .., Tq) € RITL
Let now x; = xp,q, for alli = 1,...,d, for some (ki,...,kq) € {0,1,...,n}%.
Then
f(a:kll,...,:pkdd) E*
E*

proving the interpolation property of operators M,,.

Mn (fyxklla"'azk’dd) = :f(xlﬁly"vl‘kdd)a (146)

Theorem 28 Operators M, possess the interpolation property over Ty, i =
1,...,d, k; =0,1,...,n.

Definition 29 Let f € C (ﬁ [ai,bi]). We call
i=1
wi (f,h) = sup|f (z) — f (y)] (147)

d
all @,y€ I1 [aibil:
i=1

lz—yll oo <h,

h > 0, the first multivariate modulus of continuity of f, above ||| is the maa-
norm.

Approximation result follows

d
Theorem 30 For f € C (H [ai,bi]> we have
i=1
180 (= Flle < g (L) ) sy
n - > w s =: n,
T n .

where [|b — al| = i:rrllz?%d{bi —a;}.
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d
Proof. Let z € H [a;, b;], we can write

My (f,x) = f () =

L L Tln(zl—zk 1) Tdn(zd—rk d)
f Lhily oy Lk,d E( —a : g eeey —a 4
k1 =0 de::o (i o) b ba—aa _J@)W
T =
(149)
n n anfr,l Tan(zg—xk ,a
klZ_:O...de_:O(f(xkll,...,xkdd)—f(xl,...,asd))E< il o) T (b_)>
W .
(150)
Therefore )
M, (f,z) — f(2)| < ———F—-
M () = £ )] =
{Z e D N @kt oo Trga) = f (@15 )| (151)
k1=0 kq=0
Tin(x1 — Tgy1) Tan (xq — Tk,d)
E< bl—al : Ty bd—ad - S[E(ﬂ &) {0+
5 5
3 1 @ty o Thad) — f (@1, ma) - (152)
{all (k1,....,ka)€{0,1,... n}d}
|xi—zk il<hi, i=1,....d
B Tin(x1 — Tgy1) Tan (Tq — Tkyd) <
bl—al T bd_ad N
d
(indeed z belongs to a specific box [] [k, Z(ki11)])
i=1
214 IIb —all
e 17 7 Plleo 153
BT, ) (5 5=). (153)
proving the claim. m
Next we denote by fz = amw where @ := (aq,...,aq), a; € ZT, i =1,...,d,

such that |&| := Z a;=3,7=1,...,N.

High speed appr0x1mat10n using smoothness follows.

d
Theorem 31 Let f € CN (H [a;, z]), NeN, and z € H [a;,b;]. Then
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- fz () ‘
Mn (fvx)_f(m)_z Z doz Mn (H(_mz)alafE) S

i=t | j@l=i | T ol i=1
i=1

2B |[p—a|la" < 16— all )
o max wiy | foq, —=2 1, 154
E(L, . L) NV Gja=n ! n (154)
it) assume more that fz(x) = 0, for all @ : |a| = 1,...,N; where © €
d
I la:, b:] is fized, we obtain
i=1

|My, (f, ) = £ (2)] <

* N
2dE ||b_a’||oodN max w f~ ||b_a||oo (155)
E(%,,,,,:';d) NinNV  ajaen P \U® n ’

with high speed of pointwise convergence at ﬁ,

iii)

2d B+
My, (f,2) = f (2)] < =~
v EEE D)

N j (o
Z(”b;f”(”) s Vel || (156)

i=1 =i | ] !
=1

lo—al¥a¥ (bl
NinV  ajaan /¥ n ’

2d Fp*
1My (f) = flloo £ =7~
E(L, 5

N Fi 3
Z (|bnja||oo> Z ”;fa“oo + (157)

=1 &= | ] a!
i=1

b—allN aN b—a
H Nvﬂfz\or max wq <fa,” ”°°>] =iy (n).

a:lal=N n
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d
Proof. Here f € CV <H [ai, b ]), N € N. We call i, = (Tky1, s Thogd)-

Set =
9o, &)= f @+t (zp—2)), 0<t <, (158)

d
H [a’la ] (331,...727(1). Then

d j
0

g% () [(Z Thii — m) f] (@14t (@hy1 = 21) s oy @a + £ (@ha — Ta))
i=1 o

(159)

d P J
9 ( {(Z Tk — ;) x) f] (@), (160)

9a (0) = [ (2) .

and

By Taylor’s formula, we get

.
9% (0)

f(@ki1s s Thga) = gay, (1) = 7 + Ry (71, 0), (161)
j=0 ’
where
1 t1 tN-1
Ry (21, 0) ::/ </ (/ (g;k>( N) — g (0)) dtN> > dt. (162)
0 0 0
Thus,
[ ( @kt Thga) B <Tm(bf1_afkll) RRY Td"gfli”d))
= 163
— (163)
v o F (D), L))
gz, ( )
> W +
=0 I
E Tln(acl—ackll) Tdn(acd—xk.dd)
blfal ’t bdfad
W Ry (,0). (164)
Therefore
M, (f,z) - f(z) =
n n (J) Tln(mlfwkll) Tdn(wd7$kdd)
N 1 kzo"'kzogl’k (O)E bi—ay IR} ba—aq
1= d= *
Z; 7 + R*, (165)

j=1
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where

b1 —ai v ba—aq

zn: zn: E (Tln(ml—xkll) Tdn(md—zkdd)

k1=0  kq=0 Ry (21,0). (166)

R" := i

Consequently, we obtain

|M,, (f,2) = f(2)] <

vy 5 B o] (D), )
J— _ - R*
Z::j B, L) + | R
‘b H] d J
o) (Bl o)
S Zil T Td + ‘R*| — (167)
jzljl 7 7
24 B+ N 1 d o J ||b aHJ .
2% [X_DJ,(@ 3) f(””) <n IR (168)

Next, we estimate |R*|.
For that, we observe

£ 3§ () Do)
0

by —aq LA bg—agq
k1=0 kqg=
|R*| < T = (169)
E (4, ..., 4
1 t1 tnN—1
(L o - @) an ) =
0 0 0
Zn: z": E <T1’rb(b.'i1_—a-7:k11)7“ Tdn b.zd azkdd )
k1=0 kq=0

G5

(0 (0 @)

(x1 +tn (Tpy1 — 1) 5o Ta + N (Thya — Ta)) —

d 5 N
[(Z (ki x,-)&c) f] (1, ..., Tq) dtN) ) dtl) < (170)
2/ / / /““ b= alls | g
EL I\ \Jo T\ U n¥
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dper (fo ) ) ) o) -

21E" b — allX &~ 16— all
o0 07 e ) | 171
NEL LT ar e U (a7
That is
21E Ib— al| X &Y 16— al
R*| < Es M Ll =S BT S
| l_N!E(%,...,%) nN ooyt n (172)

The proof of the Theorem now is complete. m

About Multivariate Taylor formula and estimates (see [15], pp.

284-286)
d d
Let [] [ai, bi]; d > 2; 2 := (21,..,2d) , To := (o1, o, Tod) € [] [ai, b;]. We
=1 i=1
d d
consider the space of functions AC™Y <H [a,-,bi]> with f : ] [a:, 0] — R be
i=1 i=1

such that all partial derivatives of order (N — 1) are coordinatewise absolutely
d d
continuous functions on [] [a;,b;], N € N. Also f € CN~! (H [ai,bi]). Each
i=1 i=1
N™ order partial derivative is denoted by fy := %, where @ := (ay, ..., @q),
a, €ZT,i=1,..,dand|a| := Z?:l a; = N. Consider g, (t) := f (xo +t (2 — x0)),
t > 0. Then

g9 (t) = (Z (2i — T0s) 8) f| (o1 +t(z1 —xo1) , ..., Toa + t (2N — Toa)) ,

i—1 Oz
(173)
forall 7 =0,1,2,...,N.
We mention the following multivariate Taylor theorem.
Theorem 32 Under the above assumptions we have
N-1 (5)
27 (0
f(z1,yn2d) = 9. (1) = Z g j'( ) + Ry (2,0), (174)
j=0 7
where
1 th tn_1
RN (270) 2:/ (/ (/ gg,N) (tN) dtN> > dth (175)
0 0 0
or )
1 N-1 (N
R =—— [ (1-90 (M) (6) de. 176
W20 = e [ =0 e 0 (176)

Notice that g, (0) = f (xo) .
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‘We make

Remark 33 Assume here that

Il = [l < oc. a77)
Then
d P N
‘ N)H o1 <Z(Z¢$0z‘)axi> f| (@o+1t(z—w0)) <
i=1 0,[0,1]
4 N
(Z |2 — xml) I fallSeon (178)
that is
N max
[0 0y < (1= oll)™ sl < oo (179)
Hence we get by (176) that
[ o
|Rn (2,0)| < TTO < 0. (180)
And it holds
Iz — | max
a0 < )T (181)

d
Y z,x0 € ] [as,bi].

=1

We will use decisively (181).
Next follows a multivariate Voronovskaya type asymptotic expansion

d
Theorem 34 Let f € ACY (H [ai,bi]>, de N—{1}, N € N, with
i=1
I falloey = max | falloo (182)

Then

N-1

d
Mn (f’x)_f(x)_ Z fOt (H _xz 1‘7 )
j=1 a:=(a1,...,aq), a; €ZT H Oél

~ d . ’L
i=1,.d, |E]= Y 0=
i=1
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1
:0<nN€), 0<e<AN. (183)

If N =1, the sum collapses.
The last (183) implies

N—-1

d
> L (H — ;) ) — 0, (184)
Jj=1 a:=(ay,...,aq), a; €ZT H az i
i=1,...,d, \a|::izi)1 ag=j VL

asn — 00, 0 <e < N.
When N =1 or fa(x)=0,dla:|al=j=1,...N —1, then

nN7E (M, (f)) () = f ()] =0, (185)
asn — 00, 0 <e <N.
Proof. We call z; = (24,1, .., Trya)- Set

Jor 0) = f@+t(zp —2)), 0<t<1, (186)

—

T € [ai, b;]. Then

i=1

d J
0
gmg [(Z Tg;s — T z’ ) f] ($1+t(1’k11—xl),...,xd+t(xkdd—xd))7
=1 Li

(187)
and
9oy, (0) = [ (2).
By Taylor’s formula, we get
N-1 g
f ( = gl’k wk + Ry (xkv 0) ’ (188)
j=0 :
where )
__ 1 N=1 (N)

Here we denote by fz := gz—g, a:=(a1,...,aq), a; € ZT, i =1,...,d, such that

|a| := Zle a; = N. Thus

flzk) E (T17l($1—$k11),.“’ Tdn(xd—ggkdd))

bl—ﬂ.l bd—ad

7 = (190)
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by —ay bg—aq

N1 E (Tln(mlmkll)’m’ Tdn(IdIkdd)>

gwk
> *
Jj=0 W
Tin(x1—xr,1 Tan(xq—2xk ,d
R 0). 191

Therefore it holds
Mn (f,.’E) _f(x)_

(5) Tin(x1—x Tan(xq—Tk
N-1 1 (Z S g (0)E ( : (bll_al'”l),..., : (bdd_adkdd)»

k1 k
— AT R0 — R*, (192)

Bl

W
where
L n Tl’n(d?l*l’k 1) Tdn(mdfzk d)
kzo...kZOE ( e L o d
R* =22 4= R ,0). 193
7 ~ (2x,0) (193)
Hence

N-1

f d
M, fv Z . <H —331 i’ >
=1 | @=(oq,...,aa), a;€2" H a;!

i=
..... d, |al:= Z a;=j

— R*. (194)

Notice that

n L Tln(:zcl—:zck 1) T,ln(xd—mk d)
DD E( o) || Tamed ot
w

1
1
N-1
¥ [ a-o > ;
0 a:=(ay,...,aq), a; €T H Oéi!
i=1,...,d, \&|::i a;=N =1
i=1

d
(H (Thsi — i) >fa (x + 0 (x1, — x)) db. (195)
i=1
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Hence it holds

n Xn: B (Tﬂl(Il—Ikll) Tdn(d?d—itkdd))

(181) ,~~ —~ bi1—a1 LA ba—aq
R < k1i=0 kq=0 - -
E (7777)
(ka mHll) Hf ||m1x
NI alloo,N =
25° (b —al \Y Ml
B4 5 n NI
Thst is
< 0
R < =
where
20E*dN IIb—aH | falloe
= oE < 400
E (% ... ) N!
That is
. 1
and
|R*|=0(1).

And letting 0 < ¢ < N, we derive

|R*| 6
— -

as n — oQ.

Le.

The proof is completed. m

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)

2.3 Neural Networks Iterated Approximation and Inter-

polation

‘We make

Remark 35 Here E is assumed additionally to be continuous.

d
Let feC <H [ai,bi]> . We (see (1388), (140)) proved that W > 0. Hence

i=1
M, (f)eC <ﬁ [ai,bi]). Furthermore M,, (f) — f € C <ﬁ [a;, b;]
i=1 i=1
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We

Clearly

proved earlier (133) that
1M (oo < I1flloe < o0

then

1M (D) oo = 1M M ()l < 1Mo (Pl < 1l -

Therefore

[MEH| L < Iflle, VEeEN

Also we see that

Also it

M5 (N S IM~ (Dlo < o S IM (Moo < 1 lloo -

holds
M,(1)=1, MF(1)=1, YkeN.

Here Mrlf are positive linear operators.
Call xy, = (g1, -+, Thyd), we proved (146), that

(M () (z) = f (x1)

the interpolation property of M,.
Hence we get

(M3 (1)) (k) = (M (M (£))) (k)

(by Theorem 28)

= (M (f)) (zx) = [ (2x),

In general it holds

(MY (f)) (x) = f(z), YVEEN,

proving interpolation of the operators ME.

Remark 36 Let r € N and M,, as above. We observe that

Then

Myf— f = (Mpf — M)+ (M - M) +
(M=2f = M3 f) 4 oo (M2 = Mo f) + (Mo f = ).

M) f = fllo < ||M)F - M£’1f||oo + || My - MZ;’QfHOO +
| M2 = M|+ e+ || MRS = M f]| + 1Mo f = flloe =

(204)

(205)

(206)

(207)

(208)

(209)

(210)

(211)

(212)

| ML= (M f = )|l + IME72 (Maf — £)|| o+ [1M573 (Maf — )]
Fo | My (Mo f = F)llog + 1M f = Fllog <7 1Mo f = flloo -

That is

1My f = flloo <7 IMnf = fll -

35
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Conclusion 37 Thus, the speed of convergence to the unit operator of M) is
not worse than of M.

Remark 38 Let my,....m, €EN:m; <ms <..<m,, reN.
Let M,,, as above, 1 =1,...,7.

Then it holds
Mmr (Mmr,l (~-~Mm2 (M’ml (f)))) - f =

(M, (M, (- Miny (Min, (1)) = M, (Mo, (- Moy (f)))] +
(Mo, (Min, _y (-o-Ming (Mrny (£)))) = M, (Mo, (- My (F))] +(215)
[My, (Mo, (- Moy (Mo ()))) = My, (Mo, (- My, (£)))] +
ot (Mo, (My, , f) = Mo, f] + [My, f = f] =
[Min, (Mo, (- Mon,)) (Mo, f = £)] 4 M, (M, (- Miny)) (Mo, f = f)] +
(Mo, (M, (.. Mp)) (M f = )] + ot (216)
(Mo, (M, f = [)] + [My, f = f].

Therefore
[ Mo, (Mo, (- Moy, (Mo, (£)))) = £ <

| M, (My,, (oo- M) (Mya, f = )]+ (217)
| M, (Mi,_y (-o:Miy)) (Myny f — )]+
| My, (M, (- M) (Mo, f = )| + 4
[ Mo, (Mo, = )| + 1Mo, f = fllo <
Mo, f = flloo + 1My f = flloo + ([ Mims f = flloo + (218)

T

ot Mo f = Fllo 1Mo f = flloe =D Mo, f = flloe - (219)

i=1
We have proved that

[ Mo (M, oMoy (Mo, (F))) = fll oo <D 1Moo f = flloo - (220)
i=1
Using (214) we derive

d
Theorem 39 Let f € C (H [ai,bi]>, r € N. Then

i=1
IMZf — fll. < _ r2'Er f 16— allo (221)
n oo—E<%77%)wl ) n .
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Proof. Also use of (148). m

d
Theorem 40 Let f € CN (H [ai,bi]), N e N, reN. Then

i=1
IMf = flloo <702 (n), (222)
where @y (n) is as in (157).

Proof. Use also of (157). =
Next we use (220).

Theorem 41 Let my,...m, € N : m; < mgyg < ... < m,, r € N, f €
d
C (H [ai7bi]>. Then
i=1
| Mo, (M, (- My (M, () = £l §:¢1ml (223)

r2d F* ( lb—all )
< I ;
) R T

where @, as in (148).

Proof. Use also of (148). m
Theorem 42 Let my,....m, € N : m; < mg < ... < m,, r € N, f €

d
cN (H [ai,bi]), N e N. Then

)

HMmr (Mmrfl ("'Mm2 (Mm1 f” Z@Q mz

r2t g Y (b —al’, 15l
SAE(Q,“EQ) §:< ] > +

IR D) j=1 |a|=5 H ai!
=1
b — al|2 @™ 16— all
n7 7o @ 5, 2 , 294
Nim¥ a:\I%TZ(Nwl Ja ma (224)

where @, as in (157).

Proof. Also use of (157). m
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2.4 Complex Multivariate Neural Network Approxima-
tion and Interpolation

We make

Remark 43 Let f: [] [a:, b;] — C with real and imaginary parts f1, fo : [ =

i=1

fitife, i =+v—1. C’l(;arly f s continuous iff f1 and fo are continuous.
d
Given that f1, fo € CN (H [ai,bi]>, N €N, it holds

d

i=1

fa (@) = fia(x) +ifea (@), (225)
where & indicates a partial derivative of any order and arrangement.
d d

Let f € C <H [ai, b;) ,(C) the space of continuous functions f : ] [a;, b;] —
i=1 i=1

d
C. Then f1,fo€C <H [a;, bi]) , and thus both are bounded, implying that f is
i=1

bounded.
We define

d
ME (f,2) = My (fi, ) +iMy (f2,2), ¥z € []las bl (226)
i=1

We observe that
|MS (f,2) = f(2)] < [My, (fr,2) = fr (@) + | My (f2,2) = f2 ()], (227)

and
1My () = fll o < 1M (£1) = fillo + 1M (f2) = foll oo - (228)
If f is bounded then f1, fo are also bounded.
For the interpolation property we assume that [ is bounded and measurable.

Thus f1, fo are measurable.
We have (for any (ki,...,kq) € {0,1,...,n}%)

ME (f, Ty 1, ooos Thga) = My (f1s Ty 15 ooy Thoga) + My (for Ty 15 ooey Thoyd)
= f1 (@r15 s Thgd) F 52 (Thyts oo, Thga) = f (Thy1s oo, Thyd) 5 (229)

proving interpolation of MS.

d
Theorem 44 Let f € C (H [ai, bi] ,(C), such that f = f1 +if2, n € N. Then

=1
214+
ME) - Al < =2
| I = B(g 3

() ()]

38



Proof. By Theorem 30. m

d
Theorem 45 Let f : H [a;,b;)] — C, such that f = f1 +ifs. Assume f1, fo €

i

d
cN (H [ai,bi]), N eN, neN. Then

20
ME (f < T
| R T
X1 [ flb-alf, j
Zﬂ( S |(S12]) Aw)
]:1 =1

0
aCCZ‘

J N
Ib — allo 4
1=1

_lb—all Ib—all \1]
R e R (AL || Ee)

2dE* iy aIIJ |fi,a (@)] + [f2a ()]
E( ; ( Z d +

DI |a|=j4 H ai!
i=1

b~ alls, & b=l b= all,
NN a;ﬁ%afszl ha T n + &:%?fszl f2,a T .
(232)

Proof. By (156). m

2.5 Fuzzy Fractional Mathematical Analysis Background

We need the following basic background

Definition 46 (see [{1]) Let pn: R — [0, 1] with the following properties:

(i) is normal, i.e., 3 xo € R; p(z9) = 1.

(i) p Az + (1 =N y) = min{u(z),u ()}, V o,y € R, VA € [0,1] (uis
called a conver fuzzy subset).

(iti) p is upper semicontinuous on R, i.e. ¥V xg € R and V & > 0, 3 neigh-
borhood V (x¢) : pu(x) < p(zo) +, Vx €V (x0).

(iv) The set supp (1) is compact in R (where supp(p) == {x € R: p(z) > 0}).

We call i1 a fuzzy real number. Denote the set of all p with Rg.

E.g. X{zy} € Rz, for any zo € R, where xy,, is the characteristic function
at xg.
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For 0 <r <1 and p € Rr define
W ={z eR:pu(z) >r}

and

W) :={w eR: p(z) > 0}.
Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval on R ([33]).

For u,v € Ry and A € R, we define uniquely the sum u @ v and the product
A ©u by

[uev]” =[u"+[v]", Aou" =", Vrelo,1],

where
[u]” 4 [v]" means the usual addition of two intervals (as substes of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g.
[41]).
Notice 1 ® w = u and it holds

UPV=VDUANQOU=UO .

If0<7r; <ry <1 then
[u]™® C [u]™.

Actually [u]” = [u(_r), ug)}, where " < ugf), u(_T), ugf) eR,Vrelo,1].

For A > 0 one has )\ugtr) =(AG u)g), respectively.
Define D : Ry x Rx — Rz by

D (u,v) := sup max {’u(_r) — "
rel0,1]

, M-) _ o

L

where
[v]" = {v(r),vsr)] ; u,v € Rp.

We have that D is a metric on Rz.
Then (Rg, D) is a complete metric space, see [41], [42].

Here Z stands for fuzzy summation and o := xyo; € R is the neural
element with respect to @, i.e.,

u@aza@uzu, Vu€eRE.

Denote

D*(f,9) = ES}(ERD (f,9),

where f,g: X — Rg.
‘We mention
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Definition 47 Let f : X C R — Ry, X interval, we define the (first) fuzzy
modulus of continuity of f by

WO (f0)y = sup D(f(2),f(y), 6>0.

zyeX, |z—y|<8

When g : X CR — R, we define

wi(g,0)y = sup lg (x) —g ()|
z,y€X, |lz—y|<d

We define by CY (R) the space of fuzzy uniformly continuous functions from
R — Ry, also Cx (R) is the space of fuzzy continuous functions on R, and
Cy (R,Rz) is the fuzzy continuous and bounded functions.

We mention

Proposition 48 ([7]) Let f € C¥ (X). Then wg}—) (f,0)x < o0, for any § > 0.

By [11], p. 129 we have that C¥ ([a,b]) = Cx ([a,b]), fuzzy continuous
functions on [a,b] C R.

Proposition 49 (/7]) It holds

limw(™ (£,8)y = o (£,0)5 =0,

iff f € CY(X).

Proposition 50 (/7)) Here [f]" = £, /"], v € [0,1]. Let [ € Cx(R).

Then fg) are equicontinuous with respect to r € [0, 1] over R, respectively in +.

Note 51 It is clear by Propositions 49, 50, that if f € C¥ (R), then fg) €

Cu (R) (uniformly continuous on R). Also if f € C, (R,Rx) implies ff_p €

Cy (R) (continuous and bounded functions on R).

Proposition 52 Let f : R — Rg. Assume that wi (f,6)y, wi (fy),(S)X,

w1 (fir),é)x are finite for any 6 > 0, r € [0,1], where X any interval of R.
Then

A7 (£,0)x = sup max {wr (£,6) e (17,6}

r€(0,1]

Proof. Similar to Proposition 14.15, p. 246 of [11]. m
We need
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Remark 53 ([//). Here r € [0,1], ;El(-r),ygr) e€R,i=1,...m € N. Suppose
that

sup max( (r ,yf’ ) €R, fori=1,...m
rel0,1]

Then one sees easily that

sup max (ix(r Zy ) < Z sup max( Z(.T),yzm). (233)

re0,1] i—1 T€[0,1]
‘We need

Definition 54 Let x,y € Rxr. If there exists z € Ry : ¢ = y ® z, then we call
z the H-difference on x and y, denoted x — y.

Definition 55 ([40]) Let T := [zo,x0 + 3] C R, with > 0. A function f :
T — Ry is H-difference at x € T if there exists an [’ (x) € Rx such that the
limits (with respect to D)

o SN @ f@) = f@—h) 250

h—0+ h T RS0+ h

exist and are equal to f'(x).
We call f' the H-derivative or fuzzy derivative of f at x.

Above is assumed that the H-differences f (x + h) — f (z), f () — f (z — h)
exists in Rz in a neighborhood of z.

Higher order H-fuzzy derivatives are defined the obvious way, like in the real
case.

We denote by CX (R), N > 1, the space of all N-times continuously H-
fuzzy differentiable functions from R into Rz, similarly is defined C¥ ([a,b]),
[a,b] C R.

We mention

Theorem 56 ([3/]) Let f : R — Ryx be H-fuzzy differentiable. Let t € R,
0<r<1. Clearly

Fer=[re” rof) cr

Then (f (t))(ir) are differentiable and
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Remark 57 ([6]) Let f € CX (R), N > 1. Then by Theorem 56 we obtain

o] = [(re)” (ree)],

fori=20,1,2,.... N, and in particular we have that

(). = ()",
for any r €0,1], alli=0,1,2,..., N.

Note 58 ([6]) Let f € C¥ (R), N > 1. Then by Theorem 56 we have fj(:) €
CN (R), for any r € [0,1].

Items 56-58 are valid also on [a, b].
By [11], p. 131, if f € Cx ([a,b]), then f is a fuzzy bounded function.
For the definition of general fuzzy integral we follow [35] next.

Definition 59 Let (2,5, 1) be a complete o-finite measure space. We call F' :
Q — Rz measurable iff V closed B C R the function F~1 (B) : Q — [0,1] defined

by
F~Y(B) (w) := supF (w) (z), allw € Q
z€EB
is measurable, see [35].

Theorem 60 ([35]) For F : Q) — Ry,

F(w) = {(Fﬁ” (w), F") (w)) 0<r< 1} :

the following are equivalent
(1) F is measurable,
(2)¥ relo,1], FET), Ff) are measurable.

Following [35], given that for each r € [0,1], r". F_E_T) are integrable we
have that the parametrized representation

{(/ F@du,/ Ff”dy) 0<r< 1} (235)
A A

is a fuzzy real number for each A € X..
The last fact leads to

Definition 61 (/35]) A measurable function F : Q — R,
F(w) = {(F@ (w), F" (w)) 0<r< 1}

is integrable if for each r € [0,1], Fj(:) are integrable, or equivalently, if Fj([O) are
integrable.
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In this case, the fuzzy integral of I’ over A € X is defined by

/ Fdy = {(/ F@du,/ Ff)du) 0<r< 1}.
A A A

By [35], F is integrable iff w — ||F' (w)|| £ is real-valued integrable.

Here denote
lull - == D (u 0) , VueRg.

We need also

Theorem 62 ([35]) Let F,G : Q@ — Rz be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aF+bG)du:a/ Fd,u+b/ Gdy;
A A A

(2) D (F,G) is a real- valued integrable function and for each A € 3,

D(/ qu,/Gdu) S/D(F,G)du.
A A A
|[Fal < [
A F A

Above p could be the Lebesgue measure, with all the basic properties valid

In particular,

here too.
Basically here we have

[ /A Fdﬂ}": [ /A FO /A Ff)d“}’ (236)

(r)
( / qu> = / Fdp, vrelo1]. (237)
A 4+ A

Definition 63 (/13]) Let f € Cr ([a,b]) (fuzzy continuous on [a,b] CR), v >
0.

i.e.

‘We need

We define the Fuzzy Fractional left Riemann-Liouville operator as

v L 1 ¥ _ v—1

JUf(z) = O] @/a (x—=t)""" O f({)dt, =€ la,l], (238)
Jof=f.

Also, we define the Fuzzy Fractional right Riemann-Liouville operator as

1 b e

Bi@= o [ t-a " of@d sciat, (239

L) = Ju

I f:=f.
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‘We need

Definition 64 (/13]) We define the Fuzzy Fractional left Caputo derivative,
z € [a,b)].
Let f € C% ([a,b]), n=[v], v >0 ([-] denotes the ceiling). We define

DY f () =

’ T — n—v—1 (n)
T(n—v) @/a (@ =) o f (@) dt (240)

)
ﬁ /ax (- )" (f_(g))(") ) dt) 0<r< 1} . (241)

So, we get

021 @) = | (5 [ om0 (1)

T (nlf ) / @0 (1) dtﬂ Osrsto B

That s
P15y [ @m0 (1) @ae= (02 (1)) @),

see [10], [28].
Le. we get that

(D7 1 @)Y = (D2 (A7) @), (243)
Yz € [a,b], in short
(F )y =02, (1), Ve, (244)

We need
Lemma 65 ([13]) D%7 f () is fuzzy continuous in € [a, b].

‘We need
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Definition 66 ([13]) We define the Fuzzy Fractional right Caputo derivative,
z € [a,b)].
Let f € C% ([a,b]), n=[v], v> 0. We define

DYT f(x) = (-1)" @/b (t—a)"" oM ()dt

- {(Fi;”ny) [ o (1) wa

(_1)n ’ n—v—1 n (r)
F(nﬂ/)/m (t—=) (f( )) (t)dt> IOSrgl} (245)

Ny —

)
Fi;l_)"y) / “e—ar (1) 0 dt) 0<r< 1} -

That is
375 @) 7 = 2o [ ey (1) = (o (1)) @),

see [9].
Le. we get that

(D7 f @) = (D (£7)) @), (246)
Yz € [a,b], in short
(=N =i (1), vrel). (247)

Clearly,
by (£7) < (1), vrepl.

We need

Lemma 67 ([13]) Dy” f (z) is fuzzy continuous in z € [a,b].
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2.6 Fuzzy and Fuzzy-Fractional Univariate Neural Net-
work Approximation and Interpolation

We give

Definition 68 Let f € Cx ([a,b]). We set

5 flen o B (M)
(T (1) (@) == 2": (Tn . m) ’ (248)

and we call it fuzzy interpolation univariate Neural Network operator.

Comment
We observe that

n Tn(z—z1)
[(H () ()] =2 [f ()] B(sz; ) _
n B T”(”ia”ﬁk)
> [ au) 1 (o) (sz) )_
= 0y 2 ) m) 0y B
kzz;]fﬁ)(x Z £ (2 ) et |

(o ). o

We have proved that
(Hy (f))(f =H, (fi”) ; (250)

Y r € [0, 1], respectively.
Comment
‘We notice also that

(HZ (5) @)L = (Ha (£7)) @) = £ @), i=0,1,00m, V7€ [0,1].
(251)

Conclusion 69 (by [35], [35])
(HZ () (=) = f(23), i=0,1,...m,
the interpolation property is true at fuzzy setting.

‘We make
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Remark 70 Let f € Cr ([a,b]). We notice that
D ((HE () ()] (@)) =
sup maxc {|(H, (/)" (@) = £ @)| . [(#a (M) (@) = 17 (@)} =

)

rel0,1]
(r) (r) (r) (r)
o (1) 0= 2. 5 -
(252)
(hence [ € C ([a,1]))
2B* up max 4 w (,,.)b—a w (,.)ba)}
B(%)E[oﬁ] ¢ { 1(f_7 n >’ 1<f+’ n B
(by Theorem 10 and Proposition 52)
2B*  (F) b—a
B(%)wl (fa n ) : (253)
We have proved that
Theorem 71 Let f € Cr ([a,b]), x € [a,b]. Then
1)
F 2B*  (m b—a
so that (HY (f)) (z) Dy (x), as n — oo, pointwise,
and
2)
% F 2B* (F) b—a
D (0 < g ot (175 (255)

so that HY (f) b} f, as n — oo, uniformly.
Taking into account fuzzy smoothness of f we give

Theorem 72 Let f € C¥ ([a,b]), N € N, z € [a,b]. Then
1)
D ((HI () (@), f(2) <

* N o(b—a) ' o) .
BQJ(BT){Z(ZW) D(f(]) (m),5>+ (bN!n])V ) <f(N)’bn>}’ (256)

2) assume more that D (f(j) (x),o) =0,j=1,..,N, where x € [a,b] is
fixed, we get

D () @), @) = s Ol (5,220) o)

n



a fuzzy pointwise convergence at high speed ﬁ,
3)
D* (Hy (f).f) <

2B* N (b—a G = L b—a) b—
2o S o (a) » St (s 52 |

Jj=1

Proof. Here clearlyfj(:) € CN ([a,b]), ¥V r € [0,1]. Then
D ((H] () (@) f (@) =
sup max {|(H7 (1) @) = 17 @)],| (5T (1) @) = 117 @)]} =

re(0,1]
s o {1, (1) - ]| (1 (1)) 01 £ ) 7

)

" (259)
™\

25" v () @] oy N b-a) (b—a)
. e ()70 e

N ; N
(b—a)’ e\ b—a\ (b—a) B
Zl 4! ni tw <(f+ ) o ) NinN

2B* |~ (b—a) NG
oy {Z ( jmj) . max{ (1" @)

(b—a)N (N) () b—a (N) (r b—a
e 2o e e ((F) 555 e (A7)




proving theorem. m
The related fuzzy-fractional results follow.

Theorem 73 Let 3 >0, N = [B], 8¢ N, f € CX ([a,b]), z € [a,b]. Then
D ((H (f)) (), f () <

B
B(3)

Nl D (z),0) (b—a)

nJ

j=1

m [wgﬂ ((Dgff) b;) e ((pfff) b;)” .

Proof. We get that fj([r) e CN([a,b]), ¥ r € [0,1], and DT f, DTy
() (r)
are fuzzy continuous on [a,b], V x € [a,b], so that (fof)i ) (fof)i €
C ([a,b]), VY = € [a,b], V r € [0,1]. By (74) we get

Hy, (f£)7$) - fi) ($)‘ <

( :(tr)) () (@)

(b—a)

[ (0270) ) o (07 b)H - 6)

proving the claim. m



Corollary 74 (to Theorem 73) Assume more that D (f(j) (z),0) =0, for j =
1,.... N =1, for a fized x € [a,b]. Then

D ((HY (/) (z),f (x)) <

() ) )]

n

Sy
—
!
~—

!

=

+

=

S

iy

fuzzy pointwise convergence at high speed of #.

Theorem 75 Let >0, N=[3], 8¢ N, f € C¥ ([a,b]). Then

B* | = D (f9.8) (b—a) (b—a)’
ZTesl R P B S SR
) ((ppFe) b=a #) ((psFpy Lo
et (00). 50+ t” (027,252 || <
(267)
Proof. We notice the following
(r) .
(0277), 0= (0 (1)) 0 =
GO N—g=1 ()N
mov [ () s (268)
all a <t < z.
Hence it holds
BF (r) 1 * N-B—1 (r) (V)
(070) 0] < g [0 (1) (0] as <
T(N—pB+1) Stw-prn Y (269)
a<t<uz.
Thus (f(N) )
57 A\ D* 0 N_B
|(29)]] = e 0o a0

(r)
(notice (fof)i (t)=0,forz <t<b),Vrel01l].

o1



So that

D" ((D;fff) ,5) < m b—a)N ", (271)

Similarly we have

0N 1) = (2 (1)) ) =

1 ‘ N=B=1 ( o)\ V)
g | T () s (212)
where x <t <b.
Thus
r ¢ _5_ ) (V)
(0D O] < g [ =0 () )]s
. (N))(T)
L [ gyt “)S‘ s b _ a8
=g | = ()] @< s -0
(273)
D™ (f*,6) N-5
TN—F+1) —a) , £<t<b. (274)
So that D () 5
(02707 )] < F(N(fmi) (b—a)™", (275)
x<t<h.
(notice (fof) :) (t)=0,fora<t<z,Vrel01].)
Thus D (f(N) ~)
H(fof)i") o = I‘(N—iﬁ—fl)( - )N_Bv (276)
v relo,1].
Therefore
D* (fMN).5 B
D* ((DE§),0) < M b—a)N 7. (277)

We have proved that
D*((D%r) 6 D (fN) 5
J,]: S (f ;0) (b _ a)N—ﬂ ) (278)
D*((DEff),6) ~ T(N=-B+1)

Next we see that

A7 ((0270)55%) = e 2 ((p21) G0 (P270) () <

n z1,22€[a,b]

b—a

21 —22]< -

(279)
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Lo AP () 0.0) + 0 ((D221) G2 0) ) <

. b
21— 22| <A

5\ < 2D (f,0) N
2D* ( (DS <2 V09 g B_. _ 9
((271) %) < 57 =71y -9 T (260)
Therefore it holds
sup wgf) ((fof) , b= a) <75 < oo (281)
z€la,b] n

Totally similar we get
) ((psFe b0
sup wy (DI ), — ) <y < oo (282)
z€la,b] n

Using (262), (281), (282) we have established (267). m

2.7 Multivariate Fuzzy Analysis background

d
Let f,g: [] [a:,b;] — Rx. We define the distance

=1

D (f.9):=sup  D(f(z),9(2)). (283)
€ ‘H1 lai,b;)

i=

d
Definition 76 Let f € C (H [ai,bi]), d € N, we define (h >0)
i=1

w1 (f,h) = sup f (@1, @a) = f (2], 7)) -
all zq,x;€laq,bi], zi—z,'i|§h, for i=1,....d
(284)
d
For convenience call @ := [] [a;, b;] .
i=1

Definition 77 Let f: Q — Rz, we define the fuzzy modulus of continuity of f
by

W) (f,8) = sup D(f(x),f(y), §>0,  (285)

z,Yy€Q,|Ti—y;|<4, for i=1,....d
where x = (1’1, -"7zd)7 Yy= (yla "'ayd) .

For f:Q — Rz, we use
)" = [fi”, Y)] : (286)

where fg) Q- R, Vrelo1].
We need
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Proposition 78 Let f : Q — Rr. Assume thatw{ (f,0), w; (f&r)ﬁ) , W1 ( _(:),5)
are finite for any § > 0, r € [0,1].
Then
wg}-) (f,0) = sup max {w1 (fir), 5) W1 (ffp,é)} . (287)

rel0,1]

Proof. By [11], p. 128. =
We define Cx (Q) the space of fuzzy continuous functions on Q.
We mention

Proposition 79 Let f € Cx(Q). Then wgf) (f,0) < oo, for any § > 0.
Proof. By [11], p. 129. =
Proposition 80 It holds

limei™ (£,8) =i (£,0) =0, (288)
iff f€Cr(Q).
Proof. By [11], p. 129. m

Proposition 81 Let f € Cr (Q). Then fg) are equicontinuous with respect to
r € [0,1] over @, respectively in . Also f is a fuzzy bounded function.

Proof. By [11], pp. 131, 132. =

We call C¥ (Q), N € N, the space of all N-times fuzzy continuously differ-
entiable functions from @ into Rz. B

Let f € CY(Q), denote fz = 9°f  where & = (a1,...,aq), o € Z7T,

Ox )
1=1,...,d and
d

0<lal:=) a;<N, N>1.
i=1
Then by Theorem 56 we get that

(1) =), vrefpal, (289)

and any & : |a| < N. Here fj(!') e CN(Q).

Notation 82 We denote

p(PHE) ) p (VL) GY o (1) 5
8x18x2



In general we denote (j =1,....,N)

(529 ro-

]' 8jf(.1'1,...,$d) Y
— —D - : = 0] . 291
Z . Jilgel.. ga! <3x{181§2...8x5f (291)
(jh---Jd)EZiii;lji:j

Let
falx)=0, foralla:|al=1,..., N,

for x € Q fized.
The last implies D (f5 (z),0) =0, and by (291) we obtain

d 5 )j
D(—,0 f(@)| =0, (292)
(22 ()
forg=1,.,N.

2.8 Multivariate Fuzzy Neural Network Approximation
and Interpolation
d d
Let f e Cr (H [ai,bi]) , ¢ € 1 [as,b;], we define
=1

i=1

MZ: (f7x) = M{ (fath,iﬂd) =

nx X Tin(x1—z Tan(zqa—x
Z Z f(xk117"'7zkdd)®E< : (b1l—u1k11)""’ : (bdd—adkdd)>

k1=0 kq=0

(o) Tn(oariga) -
i i Tin(x1—x Tan(zg—x
£ % p (W) Tofm)
k1=0  kq=0
the multivariate fuzzy neural network interpolation operator, V n € N.
Remark 83 We observe that
(M7 (f,2)]" =

n n r Tin(xi—xk Tan(zqg—xk

IR R e e =

k1=0 kqa=0 (294)

w

n

= Z Z |:f£r) (l‘klla-"amkdd)vf.(:) (;Ek.ll,...,l‘kdd)} .
k1=0 kq=0

%)



E (Tln(x1xk11) Td“@d%ﬂ))

b1—ai L ba—aq

w

n n r E(>>
= [Z Z fi) (xkllv‘“vl.kdd) (VV )’
k1=0 ka=0

Zn: i P (@h 1y e Thga) E(;f)} (295)
k1=0  kq=0
= [0 (77)) @) (21 (7)) @]
Hence it holds
(M7 () = M, (fir)) : (296)

Y r € [0,1], respectively.

Remark 84 Let (k1,...,kq) € {0,1,...,n}d. Then

(Mg: (f,ackll, "'7‘7;k7d,d))£;‘) = Mn (f:(tr)) ($k117...,$kdd) (297)

= fj(:) (Thy1s s Thyd), ¥V 1 €10,1],

proving
M{ (f’$k117"'7xkdd> :f($k117"-7xkdd)7 (298)

the interpolation property.

Remark 85 Let f € Cr (H [ai,bi]>. Then
i=1

1=

sup max {| (M7 ()" (@) = £ (@)

r€(0,1]

aup max{] (07 (7)) (0= 127 @)

(299)
d
(we have [ € C (H [ambi]))
i=1
2d ( ) lIb—all )
Sup max —— 57—~ w1 | o, ],
rel0.1] {E(ng) n
24 F* ) |Ib—al
20 lIb—alls Y\ _ 300
BT, Iy (f+ m (300)
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2'E" { ( ) [b—al ) ( ) b—al )}
———— sup max<qwi | f 7, x| wy , == 301
E(%a 77;)7’6[01] n + n ( )

(267)  29E* # (, Ib—al
- mwl f7T .

Ld
PRRED)

We have proved

d
Theorem 86 Let f € Cr (H a;,b;] |. Then

D (M7 () (), f (2)) <
28" o, Ib—aly)
mun <f? n) = A, (302)
and
D*<Mnf(f)7f)§)\- (303)
‘We make

d d
Remark 87 Let f € C¥ (H [a;, Z]), N e N, z € [] [ai,bi] (so that fg) €
i=1

=1
N (ﬁ [ai,bi])).

WZe:;et
1, (10.2) = 10 )] E

[z()((z

(‘390z

> )) (304)

b—a - —al,
[ N'?HzN ) (f<> H )]:
2 |1 (-l AN
(T Ta\ - x 305
B(L, .5 jzl ( ) (( 8@) A ))i (305)

IN

16— ¥ o) b —all
+ N'nN \lN <fo¢i7 >]
9d [+ Ny (- a||ﬂ ( ) 7
E(TT)IZIJ.< ZD f@] (300
b= al| X a¥ b= all,
R el (1)

57




We have proved

—a

d
Theorem 88 Let f € C¥ ( [ai,bi]), NeN ze H [a;, b;]. Then

i=1

D (M (f) (). f (2)) <

(2

- )) f(w)] (307)
2770 2 j=1

b — al|X d¥ @ (1. b= alle
T NIy a:|n%|:zv Ja, n '

Corollary 89 (to Theorem 88) Additionally assume that fz(x) = o, for all
d
a:la|l=1,..,N, where x € [] [ai, bi] is fized.

i=1

[Then D (f5 (x),0) =0, and l(iéD (821_,5)>jf(m)] =0,j=1,..,N].

Hence

D (M (f) (), f (2)) <

2B |b—algd¥ 5 Ib—ally (308)
E(%,...,%) N"N,N a:lal= N @ n ’

Corollary 90 (to Theorem 88) We get

D* (M7 (f).f) <
2 E > ||b—a||ﬂ
o 2 () (ZD(

> ))jm)

b —all X a¥ b —all.
+ NN I|n| N Ja n ‘

Corollary 91 (to Theorem 88) Case of N = 1. We derive

(309)

29E* ||b —all o,
nE( s E)

2

d
of of lb—al
l; b <8$i ’ 0) * die?ll%}.(,d}wl (O:Ci n (310)

D (M () (@), f (2)) <
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2.9 Fuzzy-Random Analysis background

Define
D:R]:XR]:HR_FU{U}

by
u) — o7

7

D (u,v) := sup max {’u(_r) — "
rel0,1]

}, (311)

where [v]" = [vg)mg)} ; u,v € Rr. We have that D is a metric on Rz. Then
(Rx, D) is a complete metric space, see [40], with the properties

D(udw,vdw)=D(uv), Vuv,weRsg,
Dk ou,kov)=k|D(u,v), YuveRsVEkER,
D(u@v,wde) <D (u,w)+ D(ve), Yuv,wecRg.

d

Let U* := [] [ai,bi], d € N, f,g : U* — Rz be fuzzy real number valued
i=1

functions. The distance between f, g is defined by

D*(f,g) = sup D (f (z),g(2)).
zeU*
On Rz we define a partial order by "<": u,v € Rr, u < v iff u(_r) < v(_r) and
ug:) < ’U_(,:), Vrelo,1].
We need

Lemma 92 (/24]) For any a,b€R:a-b>0 and any u € Ry we have
D(@aou,bou) <|a—>bl-D(u,0), (312)
where 0 € Ry is defined by 0 := X{qy-

Lemma 93 (/24])

(i) If we denote 0 := Xy, then 0 € Ry is the neutral element with respect
to®, e, u®o=0Pu=u,VucRg

(11) With respect to 0, none of u € R, u # 0 has opposite in Rg.

(#ii) Let a,b € R : a-b > 0, and any u € Rz, we have (a + b)Ou = a@udbOu.
For general a,b € R, the above property is false.

(iv) For any A € R and any u,v € Rz, we have A\® (u B v) =AQudAQ 0.

(v) For any A, u € R and u € Rr, we have A® (pOu) = (A p) O u.

(vi) If we denote ||u|| z := D (u,0), ¥V u € Ryx, then ||z has the properties
of a usual norm on Rz, i.e.,

[ullz =0 iff u=0, [AOulz=I[A[ulx,
lu@vllz < llullz+llvllz  Nullz—=lviz < D(u,v). (313)
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Notice that (R, ®, ®) is not a linear space over R; and consequently (R, ||-|| =)
is not a normed space.
As in Remark 4.4 ([24]) one can show easily that a sequence of operators of

the form
n*

Lo (f) () ==Y f(xx,) Ownp (), neEN, (314)
k=0
(Z denotes the fuzzy summation) where f : U* — Rz, xy, € U*, wy, i (x) real
valued weights, are linear over U™, i.e.,

LoAofopog)(x)=A0 L, (f) () ®po Ly (9) (), (315)

YA\ pu€eR, any x € U*; f,g: U* — Rx. (Proof based on Lemma 93 (iv).)
We further need

Definition 94 (see also [32], Definition 13.16, p. 654) Let (X, B, P) be a prob-
ability space. A fuzzy-random variable is a B-measurable mapping g : X — R
(i.e., for any open set Z C Rz, in the topology of Rx generated by the metric
D, we have

g (2)={seX;g(s) € Z} €B). (316)
The set of all fuzzy-random variables is denoted by Lr (X,B,P). Let g,,g9 €

Lr(X,B,P),neN and0 < g < +4oo. We say gy (s) ”q_m{a"” g (s) if
lim D (g, (s),9(s))? P (ds) = 0. (317)

n—-+oo X

Remark 95 (see [32], p. 654) If f,g € Lx(X,B,P), let us denote F : X —
Ry U{0} by F (s) =D (f(s),g(s)), s€ X. Here, F is B-measurable, because
F = GoH, where G (u,v) = D (u,v) is continuous on Rr x Rz, and H : X —
Rre xRge, H(s) = (f(8),9(s)), s € X, is B-measurable. This shows that the
above convergence in g-mean makes sense.

Definition 96 (see [32], p. 65/, Definition 13.17) Let (T,T) be a topological
space. A mapping f : T — Lx(X,B,P) will be called fuzzy-random function
(or fuzzy-stochastic process) on T. We denote f (t)(s) = f (t,s),t €T, s€ X.

Remark 97 (see [32], p. 655) Any usual fuzzy real function f: T — Ry can
be identified with the degenerate fuzzy-random function f (t,s) = f(t),Vt €T,
se X.

Remark 98 (see [32], p. 655) Fuzzy-random functions that coincide with prob-
ability one for each t € T will be considered equivalent.
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Remark 99 (see [32], p. 655) Let f,g: T — Lz (X,B,P). Then f ® g and
k® f are defined pointwise, i.e.,

(fEBg)(LS)Zf(t,s)EBg(Ls),
(kof)ts)=kof(ts), tel,seX.

Definition 100 (see also Definition 13.18, pp. 655-656, [32]) For a fuzzy-
random function f : U* — Lz (X,B,P), d € N, we define the (first) fuzzy-
random modulus of continuity

Qg}—) (fv 6)L(1 =

sup{( [ o1 s s pas)’

0<d,1<qg<o0.

:x,yGU*, ”x_yHll <5}a (318)

Definition 101 (as in [22]) Here 1 < q < +oo0. Let f : U* — Lz (X,B,P),
d € N, be a fuzzy random function. We call f a (qg-mean) uniformly continuous
fuzzy random function over U*, iff Ve > 0 3 6 > 0 :whenever ||z — ZUH[I <4,
x,y € U*, implies that

/X (D (f (2,5). f (4.9)))" P (ds) < <. (319)

We denote it as f € C’g"R (U*).

Proposition 102 (asin [22]) Let f € C’qu (U*). Then ng) (f,0)q <00, any
d>0.

Proposition 103 (as in [22]) Let f,g : U* — Lx(X,B,P), d € N, be fuzzy
random functions. It holds
(i) Qg}-) (f,0)q is nonnegative and nondecreasing in 6 > 0.

(1) ™ (1,6) . = O (1,0).0 =0, iff | € Cpy (U).

(iii) Q) (£,61 4 62) 10 < O (£,61) 10 + QT (£,62) 10 61,02 > 0.
(i) Q8 (f,16),, < Q) (f,6),., 6 >0, neN.
(0) &) (£00) 0 < TN (£,6) 0 < A+ 1) Q) (£,6) 0, A >0, 5 >0,

where [-] is the ceilling of the number.
vi) Q) f®g,0 q<Q(]:) /0 q+Q(F) 9,0)74,0>0. Here f @ g isa
1 L 1 L 1 L

fuzzy random function.
(vii) ng) (f,*)pq is continuous on Ry, for f € Cg% (U*).

According to [29], p. 94 we have the following
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Definition 104 Let (Y,7) be a topological space, with its o-algebra of Borel
sets B := B(Y,T) generated by T. If (X,S) is a measurable space, a function
f: X —Y is called measurable iff f~*(B) € S for all B € B.

By Theorem 4.1.6 of [29], p. 89 f as above is measurable iff
ff(O)eSforallCeT.
We would need

Theorem 105 (see [29], p. 95) Let (X,S) be a measurable space and (Y,d)
be a metric space. Let f, be measurable functions from X intoY such that for
alz € X, fu(x) — f(z) in Y. Then f is measurable. ILe., lim f, = f is

measurable.
We need also

Proposition 106 Let f, g be fuzzy random variables from S into Rxr. Then
(i) Let c € R, then ¢ ® f is a fuzzy random variable.
(ii) f ® g is a fuzzy random variable.

2.10 Multivariate Fuzzy Random Neural Network Approx-
imation and Interpolation

We need

Definition 107 Let here (X, B, P) be a probability space, s € X, n € N, f €
d d
C]q‘}% (H [ai,bi]>, 1<¢< o0, andxz € H [a;, b;].

i=1 i=1
We define
MfR (f737, 8) = MTTR (f7 L1,y Td, S) =

Tn* n* T — T — T
Z Z f(xk11"">xkdd75)®E( 1n(bflfazfll)’"" dn(bi,dag;kdd)>

k1=0 kqa=0

n n (320)
popepoRs <T1”(bﬁlj’““) . T""E,ﬁ%ﬁ“”)
We make
Remark 108 Clearly here it holds
MR (F,51s o Ty ) = f(xkll,...,;;idd,s) © FE*
= f(@py1s s Thiyds S) O L = [ (Tpy1ys ey Thoyds S) (321)

proving the interpolation property of operators M; .
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‘We make

d d
Remark 109 Let f € C’g‘}% <H [ai,bi]>, 1<g<oo, ze []labi], neN.
i=1 i=1
We observe that
D (MTR (f,2,9), f (x,9)) =

E Tln(aslfa:kll) Td’ﬂ(wd*wkdd)
n* n* b1 —an (RS bg—agq
D Z Z f ({Ekll, ...,xkdd,s) O]

w ’
ki=0  kq=0

Fles)o ) -

D (Z Z F(@hy1y s Theyas 8) © E(VT/>)’ Z Z f(z,8)® E(>>)> <

W
k1=0 kq=0 k1=0 kgq=0
(323)

W D (f (%ky1, s Ty, s) , f (2, 8))

D (MR (f,2,8), f(z,5) <

b1—a1 L ba—aq

W D (f (Tri1, s Thgas ), [ (2, 9)) .
(324)

Zn: i E <T1n(11mk11) Tyn(za—wk a)

Therefore we derive

(/x DU (MR (f2.9) , f (:9) P<d8>)3 <

b1 —a bi—a
k1=0  kq=0 e amad

SRS E(Tln(ml—:ckll)’-“’Tdn(.td—fckdd)>

w

Q=

(/X DU(f (Thy1s s Thpd, ) 5 f (2, S))P(ds)> < (325)

. > (bi —a;)
27E @ | 5 =
B oy | DT,
La

We have proved the following approximation result.
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Theorem 110 Let (X, B, P) probability space, | € Cg‘j% <

d
[aiabi]>; 1<¢<

i=1

0o. Then

1
q

< (326)

00,T

H (/x DT((MTE (f,@,5), f (2,5))) P(d3)>

bi — a;
2dE* Q(]__) f z;( )
E(L, . 0 ! ’ n ’

27

d
where x € [] [a;,b:], Vn € N.
i=1

References

[1]

[9]

G.A. Anastassiou, Rate of convergence of some neural network operators
to the unit-univariate case, Journal of Mathematical Analysis and Appli-
cation, Vol. 212 (1997), 237-262.

G.A. Anastassiou, Rate of Convergence of some Multivariate Neural Net-
work Operators to the Unit, Computers and Mathematics, 40 (2000), 1-19.

G.A. Anastassiou, Quantitative Approximation, Chapmann and Hall/CRC,
Boca Raton, New York, 2001.

G.A. Anastassiou, Fuzzy Approzimation by Fuzzy Convolution type Opera-
tors, Computers and Mathematics, 48(2004), 1369-1386.

G.A. Anastassiou, Higher order Fuzzy Approximation by Fuzzy Wavelet
type and Neural Network Operators, Computers and Mathematics, 48
(2004), 1387-1401.

G.A. Anastassiou, Higher order Fuzzy Korovkin Theory via inequalities,
Communications in Applied Analysis, 10(2006), No. 2, 359-392.

G.A. Anastassiou, Fuzzy Korovkin Theorems and Inequalities, Journal of
Fuzzy Mathematics, 15(2007), No. 1, 169-205.

G.A. Anastassiou, Fractional Korovkin theory, Chaos, Solitons & Fractals,
Vol. 42, No. 4 (2009), 2080-2094.

G.A. Anastassiou, On Right Fractional Calculus, Chaos, solitons and frac-
tals, 42 (2009), 365-376.

64



[10]

[11]

[12]

G.A. Anastassiou, Fractional Differentiation Inequalities, Springer, New
York, 2009.

G.A. Anastassiou, Fuzzy Mathematics: Approzimation Theory, Springer,
Heildelberg, New York, 2010.

G.A. Anastassiou, Inteligent Systems: Approzimation by Artificial Neural
Networks, Springer, Heidelberg, 2011.

G.A. Anastassiou, Fuzzy fractional Calculus and Ostrowski inequality, J.
Fuzzy Math. 19 (2011), no. 3, 577-590.

G.A. Anastassiou, Multivariate hyperbolic tangent neural network approxi-
mation, Computers and Mathematics 61(2011), 809-821.

G.A. Anastassiou, Advanced Inequalities, World Scientific Publishing Cor-
poration, Singapore, New Jersey, 2011.

G.A. Anastassiou, Univariate hyperbolic tangent neural network approxi-
mation, Mathematics and Computer Modelling, 53(2011), 1111-1132.

G.A. Anastassiou, Multivariate sigmoidal neural network approrimation,
Neural Networks 24(2011), 378-386.

G.A. Anastassiou, Higher order multivariate fuzzy approzimation by multi-
variate fuzzy wavelet type and neural network operators, J. of Fuzzy Math-
ematics, 19(2011), no. 3, 601-618.

G.A. Anastassiou, Univariate sigmoidal neural network approximation, J.
of Computational Analysis and Applications, Vol. 14(4), (2012), 659-690.

G.A. Anastassiou, High degree multivariate fuzzy approzimation by quasi-
interpolation neural network operators, Discontinuity, Nonlinearity and
Complexity, 2 (2), 2013, 125-146.

G.A. Anastassiou, Approximation by Neural Network Iterates, in Advances
in Applied Mathematics and Approximation Theory: Contributions from
AMAT 2012, pp. 1-20, Editors: G. Anastassiou and O. Duman, Springer
NY, 2013.

G.A. Anastassiou, Multivariate Fuzzy-Random normalized Neural Network
Approximation Operators, Annals of Fuzzy Mathematics and Informatics,
Vol. 6, No. 1, 2013, 191-212.

G.A. Anastassiou, Multivariate fuzzy-random quasi-interpolation neural
network approzimation operators, J. Fuzzy Math., 22 (2014), no. 1, 167-
184.

65



[24]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

G.A. Anastassiou, S. Gal, On a fuzzy trigonometric approximation theorem
of Weierstrass-type, the Journal of Fuzzy Mathematics, 9, No. 3 (2001),
701-708.

P.L. Butzer, R.J. Nessel, Fourier Analysis and Approximation, Pure and
Applied Mathematics 40, Academic Press, New York-London, 1971.

F.L. Cao, Y.Q. Zhang, Interpolation and approximation by neural networks
in metric spaces. (Chinese) Acta Math. Sinica (Chin. Ser.) 51 (2008), no.
1, 91-98.

D. Costarelli, Interpolation by neural network operators activated by ramp
functions, J. Math. Anal. Appl., 419 (2014), no. 1, 574-582.

K. Diethelm, The Analysis of Fractional Differential Equations, Lecture
Notes in Mathematics 2004, Springer-Verlag, Berlin, Heidelberg, 2010.

R.M. Dudley, Real Analysis and Probability, Wadsworth & Brooks / Cole
Mathematics Series, Pacific Grove, California, 1989.

A.M.A. El-Sayed and M. Gaber, On the finite Caputo and finite Riesz
derivatives, Electronic Journal of Theoretical Physics, Vol. 3, No. 12 (2006),
81-95.

G.S. Frederico and D.F.M. Torres, Fractional Optimal Control in the sense
of Caputo and the fractional Noether’s theorem, International Mathematical
Forum, Vol. 3, No. 10 (2008), 479-493.

S. Gal, Approzimation Theory in Fuzzy Setting, Chapter 13 in Handbook of
Analytic-Computational Methods in Applied Mathematics, 617-666, edited
by G. Anastassiou, Chapman & Hall/CRC, Boca Raton, New York, 2000.

R. Goetschel Jr., W. Voxman, FElementary fuzzy calculus, Fuzzy Sets and
Systems, 18(1986), 31-43.

O. Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems, 24(1987),
301-317.

Y.K. Kim, B.M. Ghil, Integrals of fuzzy-number-valued functions, Fuzzy
Sets and Systems, 86(1997), 213-222.

B. Lenze, Local behaviour of neural network operators-approximation and
interpolation, Analysis 13 (1993), no. 4, 377-387.

B. Lenze, One-sided approzimation and interpolation operators gemerat-
ing hyperbolic sigma-pi neural networks. Multivariate approximation and
splines (Mannheim, 1996), 99-112, Internat. Ser. Numer. Math., 125,
Birkh#user, Basel, 1997.

66



[38]

[39]

[41]

[42]

A. Pinkus, Approximation theory of the MLP model in neural networks,
Acta Numer. 8 (1999), 143-195.

S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Deriv-
atives, Theory and Applications, (Gordon and Breach, Amsterdam, 1993)
[English translation from the Russian, Integrals and Derivatives of Frac-
tional Order and Some of Their Applications (Nauka i Tekhnika, Minsk,
1987)].

Wu Congxin, Gong Zengtai, On Henstock integrals of interval-valued func-
tions and fuzzy valued functions, Fuzzy Sets and Systems, Vol. 115, No. 3,
2000, 377-391.

C. Wu, Z. Gong, On Henstock integral of fuzzy-number-valued functions
(1), Fuzzy Sets and Systems, 120, No. 3, (2001), 523-532.

C. Wu, M. Ma, On embedding problem of fuzzy numer spaces: Part 1, Fuzzy
Sets and Systems, 44 (1991), 33-38.

67



