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ON HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES
FOR n-TIMES DIFFERENTIABLE m- AND
(, m)-LOGARITHMICALLY CONVEX FUNCTIONS

M. A. LATIF AND S. S. DRAGOMIR!2

ABSTRACT. In this paper, we establish Hermite-Hadamard type inequalities
for functions whose nth derivatives are m- and (a, m)-logarithmically convex
functions. From our results, several results for classical trapezoidal and classi-
cal midpoint inequalities are obtained in terms second derivatives that are m-
and («, m)-logarithmically convex functions as special cases.

1. INTRODUCTION

Let f: I CR — R be a convex function on I and a, b € R with a < b. Then

f<a+b)_b_ /f iz < SO IO W

The double inequality (1.1) was firstly discovered by Ch. Hermite [12] in 1881 in the
journal Mathesis but was nowhere mentioned in the mathematical literature and
was not widely known as Hermite’s result. E. F. Beckenbach [2], a leading expert
on the history and the theory of convex functions, wrote that this inequality was
proven by J. Hadamard [11] in 1893. Later on, in 1974, D. S. Mitrinovi¢ [19] found
Hermite’s note in Mathesis. This is why, the inequality (1.1) is now commonly
referred as the Hermite-Hadamard inequality.

The inequality (1.1) has been subject of extensive research and has been refined
and generalized by a number of mathematicians for over one hundred years see for
instance [1], [3]-[10], [13]-[17], [20], [21]-[24], [26]-[29] and the references therein.

In recent years lot of generalizations of classical convexity have been given by a
number of mathematicians, some of these are given as follows.

Definition 1. [25] A function f :[0,b] — R is said to be m-convez if
flz+m@—t)y) <tf(x)+m1—1t)f(y)
holds for all x, y € [0,b], t € [0,1] and m € (0, 1].
Definition 2. [18] A function f :[0,b] — R is said to be m-convezx if
flz+m@—t)y) <t*f(z)+m(1-1%)f(y)
holds for all z, y € [0,b], t € [0,1] and (a,m) € (0,1] x (0,1].

Most recently, the above definitions are further generalized in [10] as follows.
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Definition 3. [10] A function f : [0,b] — (0,00) is said to be m-logarthmically
convex if

fltx+m(1-t)y) <[f(z)]

1

@) [ ()"
holds for all x, y € [0,b], t € [0,1] and m € (0, 1].

Definition 4. [10] A function f : [0,b] — (0,00) is said to be (a, m)-logarithmically
convez if

ftr+m(t=0)y) < [f @] [f @I
holds for all x, y € [0,b], t € [0,1] and (o, m) € (0,1] x (0, 1].

Bai et al. obtained the following Hermite-Hadamard type inequalites for m- and
(a0, m)-logarithmically convex functions.

Theorem 1. [10] Let I C [0,00) be an open real interval and let f : I — (0,00) be a

differentiable function on I such that f € L ([a,b]) for 0 <a <b < oco. If ‘f/ (w)‘q

is (v, m)-logarithmically convex on [O, %] forq € [1,00), (a,m) € (0,1] x (0,1], we
have the inequality

. , m 1*1/‘1
< v 2 2 f <::l>‘ (i) [Ex (,m,q)]'/7, (1.2)
where
\ s
f'(a)
= s B 1y q) = Py (p, » 0 !
L=y B Ll ag), 0<p<
Fi(p2), p>1
and
Fy (u,v) = 1;2(11nu)2 {”U (v —1)lnu—2 (uv/2 _ 1)2}

foru, v>0,uz#1.

Corollary 1. [10] Let I C [0,00) be an open real interval and let f : I — (0,00)

be a differentiable function on I such that f € L([a,b]) for 0 < a < b < co. If
AN

’f (m)‘ is m-logarthmically convez on [0, 2] for q € [1,00), m € (0,1], we have

the inequality

fl@+fm 1 f°
‘ 5 —b_a/af(x)dx

(b—a)
2

<
m

PO mamar o

where Ey (a,m, q) is defined as in Theorem 1.
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Theorem 2. [10] Let I C [0,00) be an open real interval and let f : I — (0,00) be a
’ ’ q
differentiable function on I such that f € L([a,b]) for 0 <a <b<oo. If ‘f (x)‘

is (o, m)-logarithmically convez on [0, %] forq € [1,00), (a,m) € (0,1] x (0,1], we
have the inequality

‘f(a+b>

h— , b m 1 3—1/q
< ( 4a) f <m>‘ <2) [Es (a,m,q)], (1.4)
where
, 2(%)1/(17 =1
f (a)‘ y y
B= W, Ei(a,m,q) = [Fy (p, )]+ [Fs (u,q)] /%, 0<pu<l1
[ (i, D]+ [Fa (0, )], > 1
and
1
Fal000) = G [t
F3 (U,’U) = (11)2 |:'U/U - %u“/z Inu — u'u/2:|
nu

foru, v>0, u#1.

Corollary 2. Let I C [0,00) be an open real interval and let f : I — (0,00) be

a differentiable function on I such that f € L([a,b]) for 0 < a < b < oc0. If
, q

‘f (x)‘ is m-logarthmically convexr on [O, %} for q € [1,00), m € (0,1], we have

the inequality

|f(a+b)

(b—a)

<
- 4

PG maman 0y

m

where Es (a,m, q) is defined as in Theorem 2.

The main purpose of the present paper to establish new Hermite-Hadamard
type inequalities for functions whose nth derivatives in absolute value are m- and
(o, m)-logarithmically convex. These results not only generalize the results from
[10] but many other interesting results can be obtained for functions whose second
derivatives in absolute value are m- and («, m)-logarithmically convex which may
be better than those from [10].

2. MAIN RESULTS

First we quote and establish some useful lemmas to prove our mains results.
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Lemma 1. [13] Suppose f : I C R — R is a function such that f™ exists on I°
forn € N, n > 1. If f™ is integrable on [a,b], for a,b € I with a > b, the equality
holds

fl@+fm 1 " —a)
2 _b—a/af(x g k+1 fPa)
(b—a)"

=7 /1 " (n—2t) ) (ta+ (1 — t) b)dt, (2.1)
0

2n!

where the sum above takes 0 when n =1 and n = 2.

Lemma 2. Suppose f: I C R — R is a function such that f) exists on I° for
n €N, n>1. If f is integrable on [a,b], for a,b € I with a > b, the equality
holds

Z[ . ;ifbl)_ @' £ (a+b> _a/ ‘o

k=0

_ (D0 /K Wta+ (1—1)b)dt, (2.2)

where

Proof. For n =1, we have

1
(—1) (bfa)/o K () f™ (ta + (1 —t) b)dt

1

:—(b—a)/ tf,(ta—i—(l—t)b)dt—(b—a)/ (t—1) f (ta+ (1 — ) b)dt

_f<a+b> |

3
which is the left hand side of (2.2) for n = 1.
Suppose that (2.2) holds for n =m — 1, m > 2, that is

S 2{‘;1 ]Jibl)_@ 0 (a+b> _a/ e

k=0

[N
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Now for n = m, by integration by parts and using (2.3), we have

# / Ko (£) £ (ta + (1~ 1) b)dt
O e (1)
- M/o K1 () £V (ta + (1 - t) b)dt
- e (o2
m2 () -1 b -a)*
+,;)[ 2’f+1(k4]rl)! fw( +b> —a/f dr 24

which is the required identity (2.2). This completes the proof of the Lemma. O

The following useful result will also help us establishing our results:

Lemma 3. If 4> 0 and pp # 1, then

1 . ( 1)7L+1 | k
t"ptdt = ! . 2.5
/0 K (In ) n+1 “Z ln M)kJrl (2:5)

Proof. For n =0, we have

1

w—1
/udt

0 Inp’

which coincides with the right hand side of (2.5) for n = 0.
For n = 1, we have

1
1
/ tutdtzilu - i 2+ 2
0 g (Inp)”  (np)

and it coincides with the right hand side of (2.5) for n = 1.
Suppose (2.5) is true for n — 1, i.e.

T G ) (Ut | BN o (1"
/ot prt = (Inpe)" o 1)!Mkz=;)(nflfk)!(ln,u)k+l. (26)
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Now by integration by parts and using (2.6), we have

1 1
j[ ptar = [ty
0 0

Inpg Inp
n n—1 k
1 n -1)" (n—1)! -1
YRRy [( zln( g L=t T
H H H o (m—1—k)! (Inpu)
_ L N ( 1)n+1 i MZ 1)k+1
Ing  (Inp "+1 (n—1-—k)! (ln p) 2
~onllnp * (In p)" o z ln u)k+1
e 1)n+1 . k
(In p) nH MZ ln u)kﬂ'
This completes the proof of the lemma. O

Lemma 4. If 4 >0 and p # 1, then

5 (=)™l : (-1)"
thptdt = ~———= + nlpt/? ) (2.7)
/o ()™ Z 21k (n — k)! (In o)+

Proof. Tt follows from Lemma 3 after making use of the substitution ¢t = %. O

Lemma 5. If p > 0 and u # 1, then

—t t=—" _ _nl . ‘
) T T T E e =k ()

Proof. Tt follows from Lemma 4 after making the substitution 1 — t = u. O

Lemma 6. [26] For o > 0 and p > 0, we have

)k—l

1
I (a,p) ::/0 t*tytdt = uz (I < 00,

where
(@), =a(a+1)(a+2)...(a+k—-1).

Moreover, it holds

_ - k-1 (lnﬂ)k_l [In ] [In ]
e MI;( ) (@) _a\/m<m—l>

We are now ready to set off our first result.

Theorem 3. Let I C [0,00) be an open real interval and let f : I — (0,00) be a
function such that f exists on I and f™ is integrable on [a,b] forn € N, n > 2,
0<a<b<oo. If |f(”)|q is (a, m)-logarithmically convex on [O, %} forq € [1,00),
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(a,m) € (0,1] x (0,1], we have the inequality

_ |
2 b—a J, =  2(k+1)
(b_a)n n) b m n—1 1-1/q »
< mo— E 2.
> on) f m n+1 [ 1(aaﬂvn7q>] ) ( 9)
where
o, p=1
(n) (g
M:Ui(b”’n’m El(aam7n7q): FI(M7QQ7n)a 0<:u’<1
£ ()]
piA=F (p,agn), p>1
and
—)'nllvlnu+2] 2uY o D wnu+2
Fl(u,v,n):( ) [ ) ]———n!uz (=D L+1
vt (Inw) Inu = vkt (n — k) (Inw)

foru, v>0,u#1.

Proof. Suppose n > 2 and a,b € I, 0 < a < b < co. By (a,m)-logarithmically

convexity of | ) ’q on [0, %], Lemma 1 and Holder inequality, we have

b n—1 _ _ak
@i 1 f(x)dw_zw@)fm(a)‘

— |
2 b = (k+ 1)
b—a)" | (2™ s 2 1-1/q , .1 o\ Ve
g( @) |7 ()l /t”*l(n—Qt)dt /t”*l(n—%)uqt dt
27’1' 0 0
b—a) | r (o)™ _ 1\ 11/ 1 . 1 Lo\ Ve
:( a‘) |f (m)| n n/ tn—lﬂqt dt—2/ tnuqt dt ,
2n! n+1 0 0
(2.10)
EARIO]

where o= W
For n =1, we have

1 1 1 1
a @ —1
n/ et dt—2/ "t dt:n/ tn_ldt_2/ dt =" (211)
; o 0 o n+1
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For 0 < po < 1, p@ < p®9* and hence by using Lemma 3

1 1 1 1
n/ t"’l;ﬂtadt—Q/ t”uqtadtgn/ t”*l;ﬂqtdtf2/ " ptdt
0 0 0 0

— L Waqz )k

9 1 n+1 n! 1 E
i <aq>("“)<1nu>”“ o MZ >) ()
_1nn!041n +2 ~a aq - aln +2
- (a)q)"“[ (fnu;t”“ ] lﬁu - nlp Z qk).u(lnu})’““' (2.12)

For o > 1, p@" < p9@t+t4=9% and hence by Lemma 3

1 1 1 1
n/ tnfl’uqt“dt_2/ tnuqt“dtgn/ tnfl'uqat+q(1fa)dt_2/ tnuqatJrq(lfa)dt

0 0 0 0
- | (5Dl (ga)Inp +2]  2p0
(qo)"™ (ln )™+ Inp

—nlpa® Zn: (=1)"[(ga) Inju+2

E—1 (qoz)’“”rl (n —k)! (In N)kJrl (2.13)

Combining (2.11), (2.12) and (2.13), we obtain the required result. This completes
the proof of the theorem. O

Corollary 3. Suppose the assumptions of Theorem & are satisfied and if ¢ =1, we
have the inequality

fla)+f( (kfl)(b o)
| 2 —a/f Wf(k)( )’
< % f(”) (i)‘ E; (a“u’n, 1), (2.14)

where By (o, p,m, q) is as defined in Theorem 3.

Corollary 4. Under the assumptions of Theorem 3, if n = 2, we have the inequality

fa)+ f(b
RN
—a " m 1 1/q
S(bzlz) ! (:1) (;) By (0, ,2,9)]7, (2.15)
where
" %7 le
7@
M:W’El(a’m’l@: Fi(p, 0q,2), O<p<l

PO F (p,0q,2), p>1
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and 2v (1 )1 4(1 v
Fy (,0,2) = v (1l+u’) mu—i—3 (1—u")
v3 (Inw)
foru, v>0,u#1.
Corollary 5. Under the assumptions of Theorem 3, if n = 2 and a = 1, we

have the inequality when the absolute value of the second derivative of f is an m-
logarthmically convex function

‘f();f b—a/f

2 m 1-1/q
<y (i)\ (3) Bz @
where
/(@) 5 p=1
p= s Br(l,m,2,q) =
f (E)‘ Fi(p,q,2), p>0,pu#1
and
Fi (u,0,2) = 201+ u)Inu+4(1—u?)

03 (Inu)?
foru, v>0,u#1.

Remark 1. The inequalities (2.15) and (2.16) may be better than those given in
Theorem 1 and Corollary 1.

Theorem 4. Let I C [0,00) be an open real interval and let f : I — (0,00) be a
function such that f™) exists on I and f™) is integrable on [a,b] forn € N, n > 2,
0<a<b<co. T s (o, m)-logarithmically convex on [0, %] forq € (1,00),
(a,m) € (0,1] x (0, 1], we have the inequality

fla)+fO / - —a) )
> o) T kz:: k + 1 Sa)
(b—a)" [n(Qq—l)/(Q—l) (- 2)<2q—1>/<q—1)} o/
= 22-1/ap)
-1 1-1/q b m
. (2qq— 1) e <m)‘ B2 (0,m,m, )], (2.17)
where
nq—1q+1’ = 1
™ (a)
M:‘f|(n)(b)|’m’ Eg(oz,m,n,q)z FQ(M,Q(L’I’L), 0<'u’<1
u"““’“)Fz (maq,n), p>1,
G k Lyk—1 (lnu)k_1
F (u,v,m) = u’ <0
? Z (ng —q+1),

k=1
foru,v>0,u#1and (ng—q+1),=ng—q+1)(ng—q+2)---(ng—q+k).
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Proof. Since |f(™|* is (o, m)-logarithmically convex on [0, L] for ¢ € (1,00),

’m

(a,m) € (0,1] x (0,1], Lemma 1 and Holder inequality, we have

f@)+ £ 00— o
| =IRCE 20+ 1! f(k)(a)’

2
k

_ n 1 1- 1/‘1 1 1/‘1
<) (/ (n—zt)q“q‘”dt) (/ tq("1)‘f(")(ta+(1—t)b’th)
2n! 0 0

(b~ a)" [na-/a=) _ (1 — )(Ga=D/aD)] o

= 22—1/qp]
1-1/q m 1 1/q
q—1 m [ b 1 o
— gan=1) 9t gy 2.1
X<2q—1> / <m)‘ </0 : ) » (218)
_ e
Where n = W

For p =1, we have

1 1
/ tQ("—l)uthdt — / ta(n=1) 14 — #
0 0 ng—q+1

For 0 < p < 1, p@° < p®9t and hence by using Lemma 6, we have

1 1
/ tQ(”*l)uth dt < / t‘l(nfl)ﬂqatdt
0 0

< aq Z k ! (aq)k_l (ln:u)k_l <
0.
- (ng —q+1),

For pu > 1, pa*" < pat*+4(1=2) "and hence by Lemma 6, we obtain

1 1
/ tq(n_l)ﬂqtadt < / tq(n—l)Mqat+q(1—a)dt
0 0

< = (,ﬂa D (g0) (lnu)k_1> .

= (ng—q+1),

Thus the inequality (2.17) follows. This completes the proof of the theorem. O

Corollary 6. Suppose the assumptions of Theorem 4 are satisfied and n = 2. Then

‘f();f _a/f

b—a)? (q—1\"" b\ 1/q
< - .
- 4 2q -1 f m [E2 (Oé, m, 27 q)} ’ (2 19)
where
/(@)
N:W’ By (a,m,2,q) = Fa(p,q,2), 0<p<l1

pi = Fy (n,0q,2), p> 1,
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0o k 1 k-1 k—1
Fs (u,v,2) uvz (Inw) < 00
P (q+1),

foru,v>0,u#1and (¢+1), =(q+1)(¢+2)---(¢+F).

Corollary 7. Suppose the assumptions of Theorem /4 are satisfied and n = 2,
a=1. Then

fla+fm 1 f°
| 5 —b_a/af(x)d:c

_ (b_a)Q q-— 1 1-1/q
=g 2 — 1

(D) Eam ez, @

where
" 1 —
1@ prag p=l
#:W, Ey(1,m,2,q) =

m F2(,vaqa2), ,U'>]-7NJ7£1
00 k 1 k 1 1 k—1

Fs (u,v,2) uvz (Inw) < 00
P (¢ +1),

foru,v>0,u#1and (¢g+1),=(q+1)(¢+2)---(¢+F).

Now we give some results related to left-side of Hermite-Hadamard’s inequality
for n-times differentiable log-preinvex functions.

Theorem 5. Let I C [0,00) be an open real interval and let f : I — (0,00) be a
function such that f exists on I and f™ is integrable on [a,b] formn e N, n =1,
0<a<b<oo. If |f(”)|q is (a, m)-logarithmically convex on [O, %} forq € [1,00),
(a,m) € (0,1] x (0,1], we have the inequality

s [(—1)’“ + 1] (b—a)* atb
(k)
kzzo 2641 (k4 1)! fk( 5 ) b—a/f
(b—a)" |f™ GI"
2(n+1)(a=1)/a (n 4 1)~ 1a

E3 (a,m,n,q) ) (221)

where
) _
20D /4 (g 1)1 n=1
(n) [F3 (p, n)]l/q
@ 2mogm] 0<p<
n= ey Beemnd =4 R aa ),
o) [P (pag,n)]!
M g (> H>1
+ [Fy (1, g, n))]
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and
)"l 2 —1)"
Fg(u,v,n):%—l—n!u”mz - 1( ) T
v+l (Inw) o 2Rkt (n — E)! (Inw)
nlu = 1

Fy(u,v,n) = ————— —ply?/?
( ) v+ (Inw)™ kZ:O on—kyk+1 (n — k)! (Inw)*+
foru, v>0, u#1.

Proof. Suppose n > 1. By using Lemma 2, the (o, m)-logarithmically convexity of
’ f (”)| and the Holder inequality, we have

(=) +1| (0 -a) a
Z[ 2k+j_(]j+1)! f(k)( ;b)_bia/abf(l‘)dx

k=0

< (b;if)n V;t” f(”)(taJr(lft)b)’dtJr/ (1-0)"
. N m 1 —1/q 1 1/q
< (b—a) |7J: )(%H (/0 t"dt) (/0 t",uqtadt>
L 1-1/q 1 1/q
+ </ (1—t)" dt) (/ (1=1)" u‘”adt>

n . 1 1/q 1/q
(b—a)" [£ ()" /% - /1 " g
— m "t dt + 1—1¢)" p? dt ;
nl2(n+1)(a-1)/q (n+1)1*1/q 0 s 1 ( ) n

2 (2.22)

1

f™ (ta+ (1 —1) b)’ dt]

RN

£ (a)
where p = W

.

For 1 =1, we have

1 1/q 1 1/q
()" (0=
0 1

2

1 1/q 1 1/q
2 2
= /t”dt + /(1—t)”dt = :
o 1 2(n+1)/a (n + 1)1/

2

For 0 < p < 1, " < pu®4* and hence by using Lemma 4 and Lemma 5, we have

1 1/q 1 1/q
([os) (o)
0 !

(- arny (-1 )” q
< nlp~?
- ((O@)"“ gy ,;) 27k (aq)* ™ (n — k)! (In )"

n 1/q
nly 1
+ — nlpcd/? .
((aq)”“ (In )" ,; 27 (ag)"™ (n = k)! (In )"



INEQUALITIES FOR (o, m)-LOGARITHMICALLY CONVEX FUNCTIONS 13
For pu > 1, pdat" < peot+941-2) and hence by using Lemma 4 and Lemma 5, we have

1 1/q 1 1/q
(/ t"u‘ﬁ“dt> +(/ <1—t>”uq“‘dt>
0 s

2

1/q
) (—1)" ! p! o (-n*
<ptt | —5 el
<<qa> (i) 2 T (= k)Y ()

-

1/q
_ nly 9 1
+ ul a - _ n!uaq/ )
<<qa>"+1 (In )™+ Z:: 27 (ga)* ! (n = k)! (In )"

Hence the inequality (2.21) follows from the above facts. This completes the proof
of the theorem. O

Corollary 8. Suppose the assumptions of Theorem 5 are fulfilled and if ¢ = 1, we
have

n1 | (=1)" +1] (b—a)” . ,

kz_:o[ 2k+1(k]+1)! f(k)( ;b)bia/a (x)dx
< (bfa)"|f(n) m
B n!

(’%)| Es (a,m,n,1), (2.23)

where E3 (a,m,n,q) is as defined in Theorem 5.

Remark 2. Suppose the conditions of Theorem 5 are satisfied and if n =1, we get
the corrected inequality given in Theorem 2.

Remark 3. Suppose the conditions of Theorem 5 are satisfied and if « = 1, we get
the corrected inequality given in Corollary 2.

Corollary 9. Let I C [0,00) be an open real interval and let f : I — (0,00) be a
function such that f) exists on I and f™) is integrable on [a,b] form e N, n>1,
0<a<b< oo If |f(")|q is m-logarthmically convex on [0, %] for q € [1,00),
m € (0,1], we have the inequality

nzl[u)ul] -t () [

k+1 !
Pt 2 (k+1)! 2
h—a)" | ) (2™
= 0o |f (m)| Es(1,m,n,q), (2.24)
2(n+1)(¢=1)/q (n 4 1)1—1/11 n!
where
(n) 2 _
‘f (a‘) 2(n+1)/a(n1)t/49’ M

N:| b ES(]-vmanvq):

(n) b m>
7 Gl 1By (s gy + [Fa (gm0, o> 0,0 1
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and

(_1)n+1 n! ) n (_1)k
Fs(u,0,n) = —————— 4+ plu*/ ,
3 ) v+ (Inw)™ Z on—kpk+1 (n — k)! (Inw)"

nlu - 1
Fy(u,o,n) = ————— —ply*/?
1 ) v+ (Inw)™ Z 2n—kpk+1 (n — k)! (Inw)" ™

foru, v>0,u#1.

Theorem 6. Let I C [0,00) be an open real interval and let f : I — (0,00) be a
function such that f™ exists on I and f™) is integrable on [a,b] forn € N, n > 1,

0<a<b<oo. If |f(")|q is (a,m)-logarithmically convez on [0, %] forq € (1,00)
(a,m) € (0,1] x (0,1], we have the inequality

n=1{(=1)* +1| (b —a)" u
kz_o[ 2k+1(k]+1)! f(k)( ;b> B bia/abf(@dgj

b () {5

~ on+l/p (np + 1)1/17 nl

1,1 _ @)

'LUheT€5+a—1 andu—W

Proof. From Lemma 2, the Holder integral inequality and (a,m)-logarithmically
convexity of | f ’q, we have

n=1 (=) +1| (b - a)" a
Z[ 2k+1(1j+1)! fw)( ;b>_bl /abf(x)d:”

—a
k=0
1

b,a n|e(n) (bY|™ 3 % ") (q at® !

1 1 1 n) qt® 2
+</ (1—t)"pdt> /<|f| ((b)); ) dt (2.26)

from which the required inequality follows. This completes the proof of the theorem.

O

Nl=

-
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Corollary 10. Under the assumptions of Theorem 6, if n = 1, we have the in-
equality

wherel—&-f—land =
g P

()
(b—a)

= 21+1/p (p+ 1)1/p

. (2.27)

@]

Corollary 11. Let I C [0,00) be an open real interval and let f : I — (0,00) be a

functions such that ) exists on I and f) is integrable on [a,b] formn e N, n > 1,

0<a<b<oo If ’f(")|q is m-logarthmically convex on [ ,m] for q € (1,00),
€ (0,1], we have the inequality

i[ 2k+j]1lfb1) )kfuc) (a;b) . bia/abf(x)dx
L G=a"[f )" <Q)1/qu1/2{1+ {Mqﬂ@l/q}, (2.28)

on+1/p (np + 1)1/2” ln'u
|77 (a)]

1,1 _ _
where ;}+af1 and p = 7 ()™
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