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SOME PROPERTIES RELATED TO GENERALIZED
TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS WITH
TWO PARAMETERS

LI YIN AND LI-GUO HUANG

ABSTRACT. In this paper, we present some integral identities and inequalities
of (p,q)— complete elliptic integrals, and prove some inequalities related to
generalized trigonometric and hyperbolic functions with two parameters.

1. INTRODUCTION

The generalized trigonometric and hyperbolic functions depending on a parame-
ter p > 1 were studied by P. Lindqvist in a highly cited paper(See [4]). Motivated
by this work, many authors have studied the equalities and inequalities related to
generalized trigonometric and hyperbolic functions in [B, B, I3]. Recently, in [IF], S.
Takeuchi has investigated the (p, ¢)—trigonometric functions depending on two pa-
rameters and in which the case of p = ¢ coincides with the p—function of Lindqvist,

and for p = ¢ = 2 they coincide with familiar elementary functions.
For 1 < p,g < oo and 0 < z < 1, the arc sine may be generalized as

z 1
Si = ———dt 1.1
arcsing, 4 © /0 i (1.1)
and
1
Tpg _ : _ 1
7 = arCSlnp7q 1= /0 mdt (12)

The inverse of arcsin, , on [O, ﬂp’q] is called the generalized (p, ¢)—sine function,

2

denoted by sin, 4, and may be extended to (—oo, 00). In the same way, we can define
the generalized (p, ¢)—cosine function, the generalized (p, ¢)—tangent function and
their inverses. Their definitions and formulas can be found in [0, [2]. Similarly, we
can define the inverse of the generalized (p, ¢)—hyperbolic sine function as follows.

. v 1
arc51nhp7qx:/0 Wdt (1.3)

and also other corresponding (p,q)—hyperbolic functions. In [Z], B. A. Bhay-
o and M. Vuorinen establish some inequalities and present a few conjectures for

the (p, g)—functions. Very recently, a conjecture posed in [ was verified in [[Z].
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Legendre’s complete elliptic integrals of the first and second kind are defined for
real numbers 0 < r < 1 by

dt (1.4)

/2 1 1 1
w(r) = / S S /
0 V1—r2sin®t 0 \/(1—t2)(1—T2t2)
and ,
/2 1 242
e(r) = / V1= r2sin? tdt = / 1= (1.5)
0 0 1—12
respectively. The complete elliptic integrals have many applications in several math-
ematical branches as well as in engineering and physics. Motivated by problems in
potential theory and in the theory of quasi-conformal mappings, many mathemati-
cians obtain monotonicity and convexity theorems of certain combinations of x(r)
and e(r). See [m]-[@], (@], [C0], 3], [T¥].

In the second section of the paper, we define (p,q¢)— complete elliptic integrals,
and prove some integral identities and inequalities. In the final section, we obtain
some inequalities related to generalized trigonometric and hyperbolic functions with
two parameters.

2. SOME PROPERTIES RELATED TO (p,q)-COMPLETE ELLIPTIC INTEGRALS

Definition 2.1. For all p,q € (1,00) and r € (0,1), the following the first and
second kind of (p, q)-complete elliptic integrals are defined by

{ Foar) = J7" " e dt (2.1)
kip.q(0) = 5%, kip q(1) = o0,
and
{ ) = I3 gyl (2:2)
€p,q(0) = %’Ep,q(l) =1
respectively.

Remark 2.1. For p = ¢ = 2, they coincide with the first and second kind of complete
elliptic integrals.

Lemma 2.1. [[, Proposition 3.3] For all p,q € (1,+00) and all 6 € (0, "5<], then

Mpa¥ g (2.3)
Theorem 2.1. For all p,q € (1,00),7 € (0,1) and 6 € (0, 7<), we have

1 Tp,q/2 0
/0 Iﬁ:p,q(T)dT’:\/O sinpﬂﬁde' (2.4)

Proof. The substitution ¢ = xr turns the identity

. v 1
arCSlnpvq xr = /0 m dt (25)

into
: ! 1
arCSIIlp,q xr = x/; W dr (26)
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Setting # = arcsin,, , z, we have

0 ! 1
sing 0 /0 (1 —rasin? 6)'/p dr. @7)
From (E7), it follows that
foﬁpYQ/2 sinf,q gd0
= Jy (J57" gy dr )0 23
R S —r) A '
= fol Fip,q(r)dr
by using Fubini theorem. O

Corollary 2.1. For allp,q € (1,00),7 € (0,1), we have

2

1
e
Tea g/ Fopq(r)dr < —242. (2.9)
2 = Jy ™ 4

Proof. Using Lemma B0 and Theorem BT, we easily obtain the inequality (279). O

Theorem 2.2. For all p,q € (1,00),r € (0,1) and € (0, 7<), we have

1 1
p q
Epg(r)dr = —— + —— Ky q(7)dr, 2.10)
/Opq(> P+g erqopq() (

1 1
where = + = = 1.
P + p’

Proof. By definite integration by part, we have

[a-ma—aa-a 42 o a-t o a
0 D 0 0

! (211)
2.11
So, we have
® /p /p © -1/p’
/(1—7§‘1)1 dt=—"L g+ L [ a-w) Ta (212
0 p+a p+alo

The substitution ¢t = zr turns (E139) into

1 1 ’

/p /p —1/p

m/ (1- rqxq)l dt =L 2 (1- xq)l + / (1 —rizgd) Tt (2.13)
0 p+q Ptalo

Setting 6 = arcsin, , =, we have

1
1
coSp q 0+ a / ( dr. (2.14)
0

1
1—7r9gind 0)V/Pdr = b
/0 (1= rsing, o 6)Trdr p+q p+q 1 —rasing  O)1/¥

Similar to the proof of Theorem B, we easily obtain (2710) by using Fubini theorem.
O

Theorem 2.3. For all p,q € (1,00),r € (0,1), we have
q
5;3,11(7“) = ]; (ep,g(1) = Kiprq(7)) (2.15)

1 1
where = + & = 1.
P + p’
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Proof. For all p,q € (1,00),r € (0,1), we have

€pq(T) = Q me/2 (1—r?sinf 6)(1=p)/ppa—1 sin , 0d6
= o 2 (1—rdsing  0)0=P/P (1 —pisind 6 —1)d6

= pi (Epyg(r) — Fipr ,q(T))

O

Lemma 2.2. [[3, Tchebychef’s inequality| Let f(z), g(z) be integrable functions in

[a,b], both increasing or both decreasing. Then

—a/f :r<7/f )dx - / g(x)dx.

(2.16)

If one of the functions f(x) or g(x) is nonincreasing and the other nondecreasing,

then the inequality in (EB) is reversed.

Lemma 2.3. For all p,q € (1,00) and 6 € (0, 75%), we have

/WM/2 ind " 0d0 P
S111 = .
o P,q (p _ 1)q

Proof. Putting ¢ = sin, 4 6 and t? = u, we have

foﬂp a/2 sin?~1 0do

P,q 1
— [t (1 — )P
=1p (1, 11
q p
_1r(d-1/p)
T q Fé2—1/p)

— (p-1)g°

Lemma 2.4. For all p,q € (1,00) and 6 € (0, 75<), we have

[ = A
0 (1—rasind 6)1/r " P41

1 ,r,q 1-2/p
ra(p—1)/p

where A(p,q,r) = N (“q_q/p_l du.

1—ua)2—2/?

we have

. 1— aq q
Proof. Putting t = cos, 40 and t¥ = =%,

fﬂp,q/Q sind 10 do
0 (1— r‘lsm 0)1/p

pb
2
- EfO (1— rq+rqtp)1/pdt

7(17r‘1)1_2/p r  ua—a/p—1
= G-/ fo (1,uq)2—2/pdu

Theorem 2.4. For all p,q € (1,00),7 € (0,1) and € (0, 752), we have

Tp,q ATCSiN, ¢ T
2r

(p B 1)q7rp,qA(pa q, ’I")
2p '

< kpq(r) <

(2.17)

(2.18)

(2.19)
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Proof. 1t is easily known that the functions f(¢) = (1 — r9sin} , 6)~1/? and ¢(0) =
cosp q 0 are increasing and decreasing in ( ,Wg"‘). Using Tchebychef’s inequality
(18) in Lemma P2 and substitution of variable ¢ = sin, .0, rt = u, then we
obtain

Tp,q Tp.a/2 CoSp q 0
Kp, q(T) 2 2 0 (1—rasind 4 0)1/7 do
p
- fO (1— thq (1=rata)i/p

— ”pq 1
fO (1- uq)l/l’ rdu

_ 71',, g arcsing ¢ 1
=

So, the proof of the first inequality is completed. Similarly, Putting
f(0) = (1 —r9sin? 0)~ /7

and g(0) = SinZqu f in Lemma P2 and applying Lemma P23 and P4, we easily
obtain the second inequality. Thus, we accomplished the inequalities (2219). (]

Putting f(f) = (1 —r%sin 6)"/? and g(f) = cospq6 or g(f) = sin? ' in
Lemma A, we easily obtain the following theorem.

Theorem 2.5. For all p,q € (1,00),7 € (0,1) and 6 € (0,

£4), we have

>\ b ) ) )
W;,q (prq ") < epa(r) < W;,q u(prq r)7 (2.20)
rd w(Pa—a—p)/p T
where A(p7q’ - Tq(lp 1)/p f() (1—u9)? du and u(p, q, T) = fO (]- - uq)l/pdu.

3. SOME INEQUALITIES (p, q)—TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS

Lemma 3.1. Let the nonempty number set D C (0,00), the mapping f : D —

J C (0,00) is a bijective function. Assume that function g(x) is positive increasing
and ggg (x € D,k > 0) is strictly increasing.
(1) If f(z) >y for all x € D, then g(x)y < f(x)g(f~*(y)) where f~*:J — D

denotes the inverse function of f;
(2) If f(z) <y for all w € D, then g(x)y > f(x)g(f ().

Proof. The proof of Lemma is similar to Theorem 2.1 of [[4]. Here we omit the
detail. 0

Lemma 3.2. [@, Theorem 1.1] For all p,q € (1,00),z € (0,1), we have
(1) (1 + p(1+q)) < arcsiny 4(2) < min {%, (1- xq)fl/(p(Hq))} ,

X
» \1/P . P 1/p
(2) (1_7_3311) L(pale) < a’rCSIHhP,(I(:C) < (m) U(paQ7I)7

af ! 1/ tprgzt) Y4
L) = { (1= sy ) " (1an)! (i)

¢ \ —4/(p(g+1))
Up,q,x) = (1—ﬁ) :

Theorem 3.1. For all p,q € (1,00), and x € (0,1), we have
e’ esmp*q($(1+p(f73rq)))

<
arcsin, 4(z) ~ (1+ (1+q))

(3.1)
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Proof. Setting g(z) = e” and f(x) = arcsin, 4(z),z € (0,1) in Lemma B, we have
(f(a:)) _ L ((1 —g?)MP arcsinpﬁq(x)> > 0.

g(z) e’

In fact, since the function (1 — xq)fl/p

is strictly increasing, we easily obtain

—1/p —1/p

x —L1/p
arcsin, 4(z) = / (1—-1t9) T at <z(1-2z9) < (1—2a9)
0

So, (g(;;) > 0 implies that the function fé ; is increasing for « € (0, 1). Taking

y==z (1 + p(1+q)) and applying Lemma 3.2, we have y < f(x). By using Lemma

3.1, we easily obtain inequality (B). O
Theorem 3.2. For all p,q € (1,00), and x € (0,£), we have
@ B Sinbp.g ((%)UPU(E%I)) 52
arcsinh,, ,(z) — b \1/P ’ ’
pa(T) (111«1> U(p,q,x)
where £ is an unique positive root of equation 1 — x (1 + xq)l/p =0.
Proof. Define h(z) =1 —x (1 + zq)l/p. A direct computation yields
P -p)/p
W (z) = — ((1 o) 4 gxq 1+29)" " ) <0.
Thus, the function h(zx) is decreasing on ( 1). Setting g(z) = e” and
f(x) = arcsinh,, 4(z), z € (0,€)
in Lemma B, we have
I
(ggg) =1 ((1 +an)/P arcsinhpyq(:c))
> L ((1 +a)l/P x)
_ 1—z(1429)/P
- e”(ler‘l)l/p - 0.
Using Lemma B and Lemma B3, we easily obtain the inequality (B3). O
Theorem 3.3. Forp>1,qg>2 and z € (0,1), we have
1 p— 2
COSp g T P2 sing, g
dx > 3.3
T Pl (3.3)
Proof. Putting ¢t = arcsmp q @, the left integral of (B3) becomes
Tp,q/2
COSp.q & P .
{/liiq =q ; oSy ¢ (siny, q t)dt. (3.4)
Similarly, taking ¢ = arccos, 4 , the right hand side of (B3) is reduced into
1 p—2g Tp.q/2
P~ ?sing g a9 .
D i x = q/o sing " “ tsiny, 4(cos, 4 t)dt. (3.5)

Making use of the monotonicity of sin, ; and cos, 4, we have

qu tsing 4(cosp ¢ t) < sing 4(cosp ¢t) < cosp gt < cosp q(sing ¢ t).
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Thus, the inequality (B3) is proved. O

Theorem 3.4. Let p > 1, ¢ > 1 satisfy 1/p+ 1/p' = 1. For any x € (0,1), we
have

B (1- 2,2 < aresi inh o 3.6
% w2a [ 1— 22g) S arcsiny, 4 zarcsinh, qo < m, (3.6)
where By2q (1 - ;1], 2%;) is incomplete beta function.

Proof. For the first inequality, it is easy to see that the function m

increasing and W is strictly decreasing for ¢ € (0,1). Using integral expression
of arcsin, 4 , arcsinh, ;o and Tchebychef’s inequality, we have

i inh _ [ ! dt ’ ! dt
arcsin, 4 * arcsinh, ,x = L a— i T

2q

v 1 _z [ ~1/py,(1/20)~1

1 1
- i_BCE2q (1 — ) .
2q P 2q

For the second inequality, we have

i inh _ [ 1 dt ’ ! dt
arcsin, 4« arcsinh, ;o = LT T
T 1 1/p z 1/p’ T 1/p x 1/p’
) () ([ ko) ()
o 1—t 0 o 14t 0
x x 1/p
= g2/P / Ldt/ LI
o 1—t1fy 1+t

$2

(1— tq)l/p
by using Hoélder’s inequality. (I

is strictly

2

2/p T
<z P
(1 — x4

)1/17 _

Lemma 3.3. [0, Example 1.51] If f(z) is a convex function for x € (0,00) and
satisfies f(0) =0, then @ is monotone increasing.

Lemma 3.4. [P0, Example 1.52] If f1(z) and f2(z) are convex functions in x €

(0,00) and fi(x) >0, fa(z) >0, f1(0) = f2(0) = 0, then M is also convex
inx € (0,00).

It is easily known that the functions arcsin, ,  and sinh, , z are convex in = €
(0,1)(The readers may see Lemma 2.10 in [[3]). Applying Lemma B3 and B2, we
easily obtain the following theorems.

Theorem 3.5. Let p > 1, q > 1, the following conclusions hold:
(i) The function W is monotone increasing in x € (0, 1).
(i) The function hth”m is monotone increasing i x € (0,00).
In particular, the following inequalities are valid for s <r

arcsing 4 S arcsing 4 7

Sp’q qu , Tre (O, 1),
sinhy, 4 s sinhy 4 7

Spq < f =, re (0, OO)
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Theorem 3.6. Let p > 1, q¢ > 1,the function arcsmpqu s convex in T €
(0,1). In particular, the following inequalities is valid for r,s € (0,1)

rsarcsiny, 4 (7"2&) sinhy, 4 (’"'2"3)
+

< S aI‘CSlanq T 81n p,q T rarcsmp’q S 51nhp1q S
r+s :

— r+s

Remark 3.1. Let the function y = f(z) be convex on the interval (0, 00). Its Le-
gendre transform has the new variable r and denoted by g(r). It is easily known
that the function F(r,z) = rz — f(z) attains the maximum at the point = z(r).
Setting g(r) = F(r,z(r)), we have the following Young inequality(See [B]):

re < f(x) + g(r). (3.7)

Because the function sinh, ,x is convex on (0,00) and p,q > 1, its Legendre

transform is
g(r) = rarccoshy, 4(r) — (1 — r”)l/q

by simple computation. Considering the inequality (BZ2), we have
re+ (1-— rp)l/q < rarccoshy, 4(r) + sinh, ,(z). (3.8)
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