Received 28/11/14

SCHUR CONVEXITY FOR A COMPOSITE FUNCTION OF
COMPLETE SYMMETRIC FUNCTION
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ABSTRACT. By properties of Schur-convex function, Schur geometrically con-
vex function and Schur harmonically convex function, Schur-convexity, Schur
geometric and harmonic convexities of a composite function for the complete
symmetric function are simply proved.
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1. INTRODUCTION

Throughout the article, R denotes the set of real numbers, * = (z1, - ,z,)

denotes n-tuple (n-dimensional real vectors), the set of vectors can be written as
RY'={x= (21, - ,2,):2; ERji=1,--- n},
R} ={x = (z1,- - ,2n) :2; >0,i=1,--- ,n},
R ={x= (21, ,2p) 2, <0,i=1,--- ,n}.

In particular, the notations R and R, denote R! and Rﬁr, respectively.

In recent years, the Schur-convexity, Schur geometric convexity and Schur har-
monic convexity of various symmetric functions are hot topic of inequality research
([7]-124]). The following complete symmetric function is an important class of sym-
metric functions.

For ¢ = (z1, - ,x,) € R", the complete symmetric function ¢, (x, ) is defined

as
Cn(w7r) = Z mzf "'miznv (1)
i1+ig+ i =1
where co(x,7) =1, r € {1,2,--- ,n}, i1,ia, - ,i, are non-negative integers.

It has been investigated by many mathematicians and there are many interesting
results in the literature.

Guan [11] discussed the Schur-convexity of ¢, (x,r) and proved that c¢,(x,r)
is increasing and Schur-convex on R’.. Subsequently, Chu et al. [8] proved that
cn(x,7) is Schur geometrically convex and harmonically convex on R’ .

Recently, Sun et al. [12] studied the Schur-convexity, Schur geometric and har-
monic convexities of the following composite function of ¢, (x, r)

ren- Y (F) (e ®

i1tizt i =T

Using the Lemma 1, Lemma 2 and Lemma 3 in second sections, they proved the
following Theorem A, Theorem B and Theorem C, respectively.

t J. Zhang: Corresponding author.
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Theorem A. For x = (z1, -+ ,zy,) € (0,1)” U (1,+00)" and r € N,
(1) Fp(z,r) is increasing and Schur convex on (0,1)™;
(i4) if r is even integer (or odd integer, respectively), then F,(x,r) is Schur
convex ( or Schur concave, respectively) on (1,4+00)", and is decreasing (or
increasing, respectively).

Theorem B. For x = (x1,-- ,2,) € (0,1)" U (1,4+00)™ and r € N,
(1) Fn(x,r) is Schur geometrically convex on (0,1)";
(7i) if r is even integer (or odd integer, respectively), then F,(x,r) is Schur
geometrically convex (or concave, respectively) on (1,+00)™.

Theorem C. For x = (21, -+ ,2,) € (0,1)" U (1,400)™ and r € N,
(1) Fyp(z,r) is Schur harmonically convex on (0,1)";
(i1) if r is even integer (or odd integer, respectively), then F,(x,r) is Schur
harmonically convex (or concave, respectively) on (1,400)™.

In this paper, by the properties of Schur convex function, Schur geometrically
convex function and Schur harmonically convex function, we will be very simple to
prove the above results.

2. DEFINITIONS AND LEMMAS
For convenience, we introduce some definitions as follows.

Definition 1. [1, 2] Let @ = (21,--- ,2,) and y = (Y1, ,¥n) € R™.
(1) >y means x; > y; forall i =1,2,--- n.
(77) Let Q C R™, ¢:  — R is said to be increasing if > y implies ¢(x) >
©(y). ¢ is said to be decreasing if and only if —¢ is increasing.
Definition 2. [1, 2] Let © = (21, -+ ,2,) and y = (y1,- -+ ,yn) € R™.
(i) « is said to be majorized by y (in symbols & < y) if Zle rp) < Zle Y[l
for k=1,2,--- ,n—1and Y} jo; =Y [, y;, where ay] > --- > xp,,) and
Yj] =+ = Ypp are rearrangements of & and y in a descending order.
(i7) Let & C R™, ¢: Q — R is said to be a Schur-convex function on Qif x < y

on ) implies ¢ (x) < ¢ (y). @ is said to be a Schur-concave function on
Q if and only if —¢ is Schur-convex function on €.

Definition 3. [1, 2] Let € = (a1, -+ ,2,) and y = (y1,- -+ ,yn) € R™.
(1) Q C R™ is said to be a convex set if x,y € 0,0 <« <1 implies ax + (1 —
a)y =(az1 + (1 —a)yr, -, az, + (1 - a)ys) €
(7) Let © C R™ be convex set. A function ¢: € — R is said to be a convex
function on € if

plaz+(1-a)y) < ap(@) + (1 - a)p(y)
for all z,y € Q, and all « € [0,1]. ¢ is said to be a concave function on §2
if and only if —¢ is convex function on {2.
Definition 4. [1, 2]
(1) A set Q C R™ is called a symmetric set, if & € Q implies P € Q for every
n X n permutation matrix P.

(7i) A function ¢ : Q@ — R is called symmetric if for every permutation matrix
P, o(xP) = ¢(x) for all x € Q.
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Lemma 1. (Schur-convex function decision theorem)[l, p. 84]: Let Q@ C R™ be
symmetric and have a nonempty interior convex set. Q0 is the interior of Q. ¢ :
Q — R is continuous on 0 and differentiable in Q°. Then ¢ is the Schur —
convex (Schur — concave) function if and only if ¢ is symmetric on  and

(21— 2) (aa;"l - g;’;) > 0(< 0) (3)

holds for any x € Q°.

The first systematical study of the functions preserving the ordering of majoriza-
tion was made by Issai Schur in 1923. In Schur’s honor, such functions are said
to be “Schur-convex”. It can be used extensively in analytic inequalities, combina-

torial optimization, quantum physics, information theory, and other related fields.
See [1].

Definition 5. [3] Let © = (z1,--- ,2,) € R} and y = (y1,--- ,yn) € R7}.

(7) 2 C RY is called a geometrically convex set if (x‘f‘y? cx%yP) € Q for all
z,y € Q and o,f € [0,1] such that a + 8 = 1.

(i) Let © C R’}. The function ¢: @ — R, is said to be Schur geometrically
convex function on Q if (logxy,---,logz,) < (logyy,--- ,logy,) on £
implies ¢ () < ¢ (y) . The function ¢ is said to be a Schur geometrically
concave function on € if and only if —¢ is Schur geometrically convex
function.

Lemma 2. (Schur geometrically convex function decision theorem)[3]: Let Q@ C R}
be a symmetric and geometrically convex set with a nonempty interior Q°. Let
@ : Q= Ry be continuous on Q and differentiable in Q°. If ¢ is symmetric on
and

(logxl — logmg) (Ilg;al — 56288;’;) Z 0 (S 0) (4)
holds for any x = (x1,- -+ ,2,) € Q°, then ¢ is a Schur geometrically convex (Schur

geometrically concave) function.

The Schur geometric convexity was proposed by Zhang [3] in 2004, and was
investigated by Chu et al. [4], Guan [5], Sun et al. [6], and so on. We also note
that some authors use the term “Schur multiplicative convexity”.

In 2009, Chu ([7], [8], [9]) introduced the notion of Schur harmonically convex
function, and some interesting inequalities were obtained.

Definition 6. [7] Let Q C R".

(1) A set Q is said to be harmonically convex if m € Q for every
1 1
xz,y € Qand X € [0,1], where xy = > | z;y; and — = (—7 ,—).
x x1 T,

(#) A function ¢ : Q@ — R is said to be Schur harmonically convex on Q if — <
x

1
— implies p(x) < ¢(y). A function ¢ is said to be a Schur harmonically
)

concave function on € if and only if —¢ is a Schur harmonically convex
function.
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Lemma 3. (Schur harmonically convex function decision theorem)[7]: Let 2 C R
be a symmetric and harmonically convex set with inner points and let ¢ : 0 — R
be a continuously symmetric function which is differentiable on Q°. Then ¢ is
Schur harmonically convex (Schur harmonically concave) on Q if and only if

1 61‘1 2 8332

(21 — 2) <x2 90(@) _ 2 M"B)) >0 (<0), xeq (5)

Lemma 4. If r is even integer (or odd integer, respectively), then c,(x,r) is de-
creasing and Schur-convex (or increasing and Schur-concave, respectively) on R™ .

Proof. Notice that

en(—x,r)

= > et (et
i1t tin=r

— (71)i1+"'+in Z xil L. l’;"

14 F =7
= (=1)"ca(z, 1),
i.e.
en(—x,r) = (—1)"cp(x,r).

If r is even integer, then ¢, (x,r) = ¢,(—x,r). For @,y € R”, if ¢ < y, then
—x < —yand —x, —y € RY, but ¢, (z,7) is Schur convex in R, so that ¢, (—x,7) <
en(—y,r), ie. cp(x,r) < ¢y, ), this shows that ¢, (a,r) is Schur convex in R™.
If z <y, then —x > —y, but c¢,(x,r) is increasing in R}, so that ¢,(—x,r) >
en(—y,7), i.e. en(x, 1) > cp(y, 1), this shows that ¢, (x,r) is decreasing in R™.

If r is odd integer, then ¢, (x,r) = —c,(—x,r). For ¢,y € R", if ¢ < y,
then —z < —y and —x,—y € RY, but c¢,(x,r) is Schur convex in R, so that
en(—x, 1) < cp(—y,r), i.e. cp(x,r) > cn(y,r), this shows that c,(x,r) is Schur
concave in R". If & <y, then —x > —y, but ¢, (x,r) is increasing in R, so that
cn(—x, 1) > cn(—y,r), ie. cp(x,r) < cn(y,r), this shows that ¢, (x,r) is increasing
in R™. [l

Lemma 5. ([1, p. 91], [2, p. 64-65]) Let the set ABCR, p:B* - R, f: A —B
and Y(x1,- -, 2n) = o(f(x1), -, f(zn)) : A" = R.

(1) If ¢ is increasing and Schur-convexr and f is increasing and convezx, then i
is increasing and Schur-convez.
(ii) If ¢ is decreasing and Schur-conver and f is increasing and concave, then
1 is decreasing and Schur-convex.
(#it) If ¢ is increasing and Schur-concave and f is increasing and concave, then
1 is increasing and Schur-concave.

Lemma 6. Let the set @ CR". The function ¢ : 2 — R, is differentiable.

(1) If v is increasing and Schur-conver, then ¢ is Schur-geometrically convex.
(i7) If p is decreasing and Schur-concave, then ¢ is Schur-geometrically concave.

Proof. We only give the proof of Lemma 6 (¢) in detail. Similar argument leads to
the proof of Lemma 3 (44).
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For x € I C R4 and z1 # x2, we have

A = (logzy — logxs) (ml&p —z 8@)

8:1:1 26.’,82
_ o dp dp o
= (log z1 — log x2) <x1 Dt 1 Dg + xlaxg To s
logz, — logx 0 0 0
— xl% (1 — 22) <8w§01 — 8;;) + 8;:’; (1 — x2) (logzy —logxs) .

Since ¢ is Schur-convex on €2, by Lemma 1, we have

(21 — 2) (‘99" - &p) > 0.

81‘1 Bxg
. . . dy log z1 — log xo
Notice that ¢ and y = logx is increasing, we have — >0, ————= >0
(91’2 r1 — T2
and (21 — x2) (logz1 — logxs) > 0, so that A > 0, by Lemma 2, it follows that ¢
is Schur geometrically convex on (2. O

Lemma 7. Let the set Q CR". The function ¢ : Q@ — R, is differentiable.
(1) If ¢ is increasing and Schur-convex, then ¢ is Schur-harmonically convex.
(1i) If p is decreasing and Schur-concave, then p is Schur-harmonically concave.

Proof. We only give the proof of Lemma 7 (i) in detail. Similar argument leads to
the proof of Lemma 4 (3).

For x € I C R4 and z1 # x2, we have

dp dp Oy Oy
= (21 — x2) <x§ — 2= 42 e x%a—x?

Iy
:x%(ﬂ?l —$2) <35E1 - (91‘2) +67m2($1 —.rg) (1‘% —Ig)

Since ¢ is Schur-concave on €2, by Lemma 1, we have

dp dp
— — — — | <0.
(21— 22) (83&1 8.132) <0

0]
Notice that ¢ is decreasing and y = z%(z > 0) is increasing, we have 6—<p <0 and
)
(z1 — x2) (1 — 23) > 0, so that A < 0, by Lemma 3, it follows that ¢ is Schur
harmonically concave on 2. O

3. SIMPLE PROOF OF THEOREMS

t
Proof of Theorem A: Let g(t) = T—3 Directly calculating yields ¢'(t) =

2
= and ¢/(t) = = it is to see that g is increasing and convex on (0, 1)
and g is increasing and concave on (1, +00).

Since ¢, (x,r) is increasing and Schur-convex in R", from Lemma 2 (i) it follows
that F,,(z,r) is increasing and Schur-convex in (0, 1)™.
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If r is even integer, then from Lemma 1, we known that ¢, (x,r) is decreasing
and Schur-convex, moreover g is increasing and concave on (1,400). By Lemma 2
(44), it follows that F,(x,r) is decreasing and Schur-convex.

If r is odd integer, then from Lemma 1, we known that c¢,(x,r) is increasing
and Schur-concave, moreover g is increasing and concave on (1,+00). By Lemma
2 (i4i), it follows that F,,(x,r) is increasing and Schur-concave.

The proof of Theorem A is completed.

Proof of Theorem B: From Theorem 1(¢) and Lemma 6, it follows that The-
orem B (7) holds.

Considing

By@r)= 3 <x1‘”i 1) <xnf”i 1) (6)

i1+t tin=r

t 1
Let h(t) = 1 Directly calculating yields h'(t) = [(=5)E and A/ (t) =

ﬁ, it is to see that h is increasing and convex on (1,+00). Since ¢, (x,r) is
increasing and Schur-convex in R”, from Lemma 2 (i) it follows that E,(x,r) is
increasing and Schur-convex in (1,4+00). And then, from Lemma 6, it follows that
E,(z,r) Schur geometrically convex on (1,+00).

it is to see that when r is even integer, E,(x,r) = F,(z,r), and when r is
odd integer, E,(x,r) = —F,(z,r). And then from Schur geometric convexity of
E,(x,r) on (1,+00), it follows that Theorem B (ii) holds.

The proof of Theorem B is completed.

Proof of Theorem C: From Theorem 1(¢) and Lemma 7, it follows that The-
orem C (i) holds.

From the proof of Theorem A, it is known that E, (x, ) is increasing and Schur-
convex in (1,4o00), from Lemma 7, it follows that E,(x,r) Schur harmonically
convex on (1,+00). Notice that when r is even integer, E,(x,r) = F,(z,r), and
when r is odd integer, E,(x,r) = —F,(x,r), we immediately conclude that Theo-
rem C (4i) holds.

The proof of Theorem C is completed.
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