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ON SCHUR m-POWER CONVEXITY OF A CLASS OF
MULTIPLICATIVELY CONVEX FUNCTIONS

HUAN-NAN SHI

ABSTRACT. By properties of Schur-geometrically convex function and Schur
m-power convex function, we very simple prove that the symmetric function

k
Fuen =TT (T e0) ) k=t
1<i1<...<ip<n

is Schur m-power convex, where f is a multiplicatively convex function, @ €
R%?,r>0and m <0.
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1. INTRODUCTION

Throughout this paper, R denotes the set of real numbers, € = (z1,, - ,z,)
denotes n-tuple (n-dimensional real vectors), the set of vectors can be written as

R"={x= (21, ,x,) :x; ERi=1,--- n},
Ri:{w:(ml’...,xn):xi>07i:1’...7n}.

In particular, the notations R and R, denote R! and Ri_, respectively.
In 2013, Shi and Zhang [24] studied the symmetric function

= ] ijlf(xij),kzl,...,n, (1)

1<iy<...<ip<n

and obtained the following result:

Theorem A. Let I C R is a symmetric convex set with non-empty interior and
let f: 1 — R be continuous on I and differentiable in the interior of I. If f is
a log-convex function, then for any k = 1,2,...,n, Fj(x) is Schur convex, Schur
geometrically and harmonically convex on I™.

Recently, Wang and Yang [25] defined the following symmetric function:

Fpp(x,r) = 11 f((zj_lx;j)l/r>,k—l,...,n. (2)

1<ip<...<ip<n

They using Schur m-power convex function decision theorem, i.e. Lemma 4 in
the second section, proved the following result:

Theorem B. Let Q C R be a symmetric conver set with non-empty interior
and f : Q — R% is continuous on §) and differentiable in the interior of Q. If f is
increasing and multiplicatively convez, then form <0 andr > 0, F,, r(x,r) defined
in (2) are Schur m-power convex on Q, where k =1,2,...,n.
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In this paper, by properties of Schur geometrically convex function and Schur
m-power convex function, we give a very simple proof of Theorem B.

2. DEFINITIONS AND LEMMAS
In this section we will recall usefull definitions and lemmas.

Definition 1. [1, 4] Let € = (21, -+ ,2,) and y = (y1,- -+ ,yn) € R™.

(1) We say y majorizes & (« is said to be majorized by vy), denoted by x < y, if
Zle xy) < Zle yp for k=1,2,--- ,n—1and 3" | 2; = > 1 y;, where
Ty > 2 T and Y] = 0 = Y[n) are rearrangements of x and y in a
descending order.

(7) Let @ C R™, a function ¢: Q — R is said to be a Schur-convex function on
Qife <yon Q implies ¢ (x) < ¢ (y). A function ¢ is said to be a Schur
concave function on 2 if and only if —¢p is Schur convex function on 2.

Definition 2. [1, 4] Let € = (21, - ,a,) and y = (y1,- - ,yn) E R0 < a < 1.
A set Q C R” is said to be a convex set if ,y € § implies ax + (1 — a)y =
(CY.’I?]_ + (1 - a)yh' L, QT + (1 - a)yn) €.

Definition 3. [1, 4]
(1) A set Q C R™ is called a symmetric set, if €  implies P € Q) for every
n X n permutation matrix P.

(74) A function ¢ : Q@ — R is called symmetric if for every permutation matrix
P, p(xP) = p(x) for all x € Q.

Definition 4. Let Q C R, & = (z1,--- ,x,) € Qand y = (y1, -~ ,yn) € L.

(i) [2, p. 64] A set Q is called a geometrically convex set if (z¢y!, -+, 2%y5) €
Qforall z, y € Q and «, § € [0, 1] such that a« + 5 = 1.

(1) [2, p. 107] A function ¢: Q — R is said to be a Schur geometrically con-
vex function on Q if (logxy,--- ,logz,) < (logyi, - ,logy,) on Q implies
v(x) < p(y). A function ¢ is said to be a Schur geometrically concave
function on  if and only if —¢ is a Schur geometrically convex function.

Definition 5. [14, 3] Let Q C R"}.

(1) A set € is said to be a harmonically convex set if 2y

TNy

x,y € Qand X € [0,1], where zy = > | x;y; and £ = (%, e ’x%)

(#) A function ¢ : Q — R is said to be a Schur harmonically convex function
on Qif 1 < % implies ¢(x) < ¢(y). A function ¢ is said to be a Schur har-
monically concave function on € if and only if —¢ is a Schur harmonically

convex function.

€ Q) for every

Schur convex, Schur geometrically convex and Schur harmonically convex were
introduced by Schur [1], Zhang [2] and Chu [3], respectively, and played a key role
in analytic inequalities [1-28]. Moreover, the theory of convex functions and Schur
convex functions is one of the most important research fields in modern analysis
and geometry. Recently, Yang present the Schur f-convexity in [26] as follows.

Definition 6. [26] Let Q@ C R™ be a set with nonempty interior and f be a
strictly monotone function defined on Q. Let f(x) = (f(x1), ..., f(z,)) and f(y) =
(f(y1), -, f(yn)). Then function ¢ : Q@ — R is said to be Schur f-convex on Q if
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f(@®) < f(y) on Q implies p(x) < p(y). ¢ is said to be Schur f-concave if —¢p is
Schur f-convex.

Take f(z) = z,logx,r~! in Definition 6, it yields the Schur convexity, Schur

geometrical convexity and Schur harmonic convexity. It is clear that the Schur
f-convexity is a generalization of the Schur convexity mentioned above. In general,
we have:
Definition 7. [26] Let f : R — R" be defined by f(z) = (2™ —1)/m if m # 0
and f(x) = logx if m = 0. Then function: ¢ : Q@ C R} — R™ is said to be Schur
m-power convex on {2, if f(x) < f(y) on Q implies ¥(x) < ¥(y). ¢ is said to be
Schur m-power concave if — is Schur m-power convex.

Definition 8. [22] Let I C Ry, ¢ : I — Ry be continuous. A function ¢ is said to
be a GA convex (concave) function on I if

for all z, y € I.

Definition 9. [22] Let I C Ry, ¢ : I — Ry be continuous. A function ¢ is said to
be a multiplicatively convex (concave) function on I if

o (Vxy) < ()vVe()e(y) ,

for all z, y € I.

Lemma 1. [4, p. 57] Let Q C R™ be a symmetric convex set with a nonempty
interior Q0. ¢ : Q — R is continuous on Q and differentiable on Q°. Then ¢ is a
Schur-convex ( Schur-concave) function if and only if ¢ is symmetric on  and

(21 — 22) (5‘0 - 3;”) > 0(< 0) (3)

holds for any © = (xq,--- ,x,) € Q°.

Lemma 2. [2, p. 108] Let Q2 C R} be a symmetric geometrically convex set with a
nonempty interior Q0. Let o : Q — R be continuous on 0 and differentiable on
OO, Then ¢ is a Schur geometrically convex (Schur geometrically concave) function
if and only if ¢ is symmetric on Q and

0 0
(logz1 — logxs) (J;laz — m(ﬁ) >0 (<£0) (4)
holds for any © = (z1,--- ,x,) € Q.
Remark 1. Since % > 0 for z1 # x2, (4) is equivalent to
Oy dy
- i S S IS <
(.Tl .TQ) <.’£1 8,%‘1 T2 8$2> = 0 (_ 0) (5)

Lemma 3. [5, 7] Let Q C R% be a symmetric harmonically conver set with a
nonempty interior Q0. Let o : Q — R be continuous on 0 and differentiable on
QO Then ¢ is a Schur harmonically convex (Schur harmonically concave) function
if and only if ¢ is symmetric on Q and

¢ Iy
- 22 2T > <
(w1 -2 (w152 a2 ) 20 (<0) ®

holds for any ® = (x1,--- ,x,) € Q°.
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Lemma 4. [5, 26] Let Q C R} be a symmetric convex set with a nonempty interior
Q0 and ¢ : Q — R be continuous on Q and differentiable in Q°. Then o is Schur

m-power convezx (Schur m-power concave) on S if and only if ¢ is symmetric on
Q and

S (e — k22 ) > 0(<0), if m A0,

m oxq Oxo

(logz1 — logza) (mlg—i —m%) >0(<0), if m=0
hold for any © = (w1, ,xy,) € Q0 with 1 # 3.

Remark 2. Ming Li pointed out that when x; # xo, by Lagrange mean value
theorem, it follows that % = m~1(x) — 29), where £ lies between x1 and zo
and & > 0, hence combining Remark 1, (7) is equivalent to

—m Op —m 9%
_ 1-m ~Y¥  1-m Y > <
(‘Tl J’.Q) (xl 6.’E1 Lo 8$2) = O(— 0) (8)

Lemma 5. [22] Let I C Ry be an open subinterval and let o : I — Ry be differen-
tiable. ¢ is GA-convex (concave) if and only if x¢'(x) is increasing (decreasing).

Lemma 6. [22] Let I C Ry be an open subinterval and let ¢ : I — Ry be differ-
entiable. ¢ is multiplicatively convex (concave) if and only if w;f(g) 1S increasing

(decreasing).

Let 7 = (w(1),--- ,7(n)) be a permutation of (1,---,n), all permutations is
totally n!. The following conclusion is proved in [24].

Lemma 7. [24] Let A C R* be a symmetric geometrically conver set and let ¢
be a Schur geometrically convex (concave) function defined on A with the property
that for each fized xo,--- ,x, © (2,22, ,x1) is GA convex (concave) in z on
{z: (2,22, - ,x) € A}. Then for any n >k,

d)(zla'“ 7xn) = Z(p (xﬂ'(l)v"' 7xﬂ(k))

is Schur geometrically convex (concave) on
B = {(xl, Cee  Xp) (x,r(l), e ,xﬂ(k)) € A, for all permutations 77}.

Furthermore, the symmetric function

@(m): Z @(miw"'amik)

1<ii<--<ip<n
is also Schur geometrically conver (concave) on B.

Lemma 8. [21]

Let Interval I C R} and ¢ : I — R be a symmetric differentiable function.For
m < 0, if ¢ is increasing and Schur geometrically convez, then o is Schur m-power
convex.
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Proof.

_m Op —m Op
o _ 1—m _ l-m
A= (21 — x2) (371 5 T2 31:2)
o m(. Op  Op o~y 09
= (z1 — x2) |:x1 <9€1 o1 T3 8x2> + z3 (5U1 Lo ) 8952]
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From ¢ is increasing, it follows that g—;’; > 0. Noting —m > 0 yield (x; —
x2) (;vfm — x;m) > 0. And since ¢ is Schur geometrically convex, by Lemma
2 and Remark 1, we have (z7 — x2) xlg—gﬁ — argg,—i) > 0, and then A > 0, from

Lemma 4 and Remark 2, it follows that ¢ is Schur m-power convex. O

3. PROOFS OF MAIN RESULTS

Proof of Theorem B:
Firstly, we by using Lemma 7 to prove Schur geometric convexity of the functions

For(z,r).
Let
p(2) = log f ((Zf_l z{)i) .
Then
opz) 5 I (SLaDt) (S o)
Oz f(oh =) o
and then

Bimoma) (260, 2200))

7 () okt
(S 2)7) ~

From f is increasing, it follows that f/ > 0, and notice that f > 0,r > 0, we have
A >0 on QNRF. According to Lemma 2 and Remark 1, ¢ is Schur geometrically
convex on ) NRF.

Let g(t) = log f(u), where u = (" 4+ a)~

= (21 — 22) (21 — 23)

and a > 0 is a constant. Then

o uf(u)
h(t) :=tg' (t) = : .
0 :=15 ()= 2
It is easy to see that % is increasing, and since f is multiplicatively convex, by

Lemma 6, it follows that u}c(/is‘) is increasing, and then h(t) is increasing. According

to Lemma 5, h(t) is GA convex in its single variable on Q NR¥. So log F, i (z,7) is
Schur geometrically convex on €2 from Lemma 7. Notice that the function logt is
increasing, by the definition of Schur geometrically convex function, it is clear that
F, i(x,r) is also Schur geometrically convex on 2, i.e. F), y(x,r) is a 0-order power
convex function on 2. Since f is increasing, it is easy to see that F,, x(x,r) is also
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increasing. For m < 0, by Lemma 8, it follows that F), y(x,r) is Schur m-power
convex on {2.
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The proof of Theorem B is completed.
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