Received 01/12/14

SOME WEIGHTED INTEGRAL INEQUALITIES FOR
DIFFERENTIABLE 7h-PREINVEX FUNCTIONS

WAJEEHA IRSHAD 1, M. A. LATIF 2, AND MUHAMMAD IQBAL BHATTI 3

ABSTRACT. In this paper, we present weighted integral inequalities of Hermite-
Hadamard type for differentiable h-preinvex functions. We have established
the weighted generalization of recent results for preinvex functions as well as
we extend several results connected with the Hermite-Hadamard type integral
inequalities by weighted identity of functions defined on open invex subset of
set of reals and by using h-preinvexity.

1. INTRODUCTION
A function f: I CR — R is said to be convex if

fltz+ (1 —t)y) <tf(x) +(1-t)y
holds for every z,y € I and ¢ € [0,1].
Convexity plays an important role in mathematical economics, management science,
engineering, and optimization theory.
The following double integral inequality

(1.1) f<“+b>< ! /abf(x)dx<f(a)—~_f(b).

2 b—a 2

holds for convex functions and is known as the Hermite-Hadamard inequality (see
[28]). Both the inequalities in (1.1) hold in reversed direction if f is concave.
Inequalities (1.1) are famous in mathematical literature due to their rich geometrical
significance and applications.

For several results which generalize, improve and extend inequalities (1.1), we
refer the interested reader to [2, 7, 8, 9], [11]-[15], [26, 27], [32]-[37].

In [7], Dragomir and Agarwal obtained the following inequalities for differentiable
functions which estimate the difference between the middle and the rightmost terms
in (1.1).

Theorem 1. [7] Let f : I C R — R be a differentiable mapping on I°. If ‘f,‘ is

convex function on [a,b], with a, b€ I and a <b, and f € L ([a,b]) then following
inequality holds:

flay+f) 1 [
5 _b—a/a f(z)dx

I @+l o

(1.2) <
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P
p—1
18

f/
a convez function on [a,b], , witha, b € I and a < b,and f € L ([a,b]) the following
inequality holds:

a b
L3) ‘f( )+f(b)7bia/ f@)ds

Theorem 2. [7] Let f : I CR — R be a differentiable mapping on I°. If

b—a [
<—
2(p+1)»

/

f(a)

p—1

2

wherep>1and%+%:1.

In [26], Pearce and Pecarié¢ gave an refined and simplified form of the constant
in Theorem 2 and these results are strengthen with Theorem 1. The following is
the main result from [26].

/|4
Theorem 3. [26] Let f : I CR — R be a differentiable mapping on I°. If ’f ’ is a

conver function on |a,b], for some g > 1, witha, b€ I anda <b, and f € L ([a,b))
the following inequality holds:

S+ f®) 1 b_a [ @] +]F "
(1.4) | L b_a/a flayr| < 2 2
If ‘f,‘q is concave on [a,b], for some ¢ > 1. Then
b - ’
) ‘f(a)gf(b)—bfa/ s < 2| (50

2. INEQUALITIES FOR h-PREINVEX FUNCTIONS

We have witnessed a rapid growth of the research on generalized convexity in
the past decade. A significant generalization of convex functions termed preinvex
functions was introduced in Weir and Mond [29]and Weir and Jeyakumar [30] Ex-
tensive work has been reported in the literature on generalized convex functions
Zsee and the references therein. Hanson [6] has introduced a new class of gener-
alized convex functions, subsequently called by Craven [3] “invex functions”, with
the aim to extend the validity of the sufficiency of the Kuhn-Tucker conditions.
Since the papers of Hanson and Craven, many authors have studied invex func-
tions, their generalizations and related functions: see, e.g., [2, 4, 5, 8, 14] and, for
what concerns Romanian mathematicians, [9, 10, 11, 12, 15].

Here we are presenting some basic definitions of preinvex and h-preinvex functions
before we proceed to prove our main results.

Definition 1. [5] Let K be a subset in R™ and let f : K - R andn: K x K — R"
be continuous functions. Let x € K, then the set K is said to be invex at x with
respect to n (+,-), if

r+in(y,z) € K,Vo,y € K,t € [0,1].

K is said to be an invex set with respect to n if K is invex at each x € K. The
invex set K is also called a n-connected set.
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Definition 2. [38] The function f on the invex set K is said to be preinvex with
respect to n, if

flu+tn(v,u)) < (1 —1) f(u) +tf(v),Vu,v € K,t € [0,1].
The function f is said to be preconcave if and only if —f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map
n(x,y) = —y but the converse is not true see for instance [37].

Theorem 4. [20]Let f : [a,a+ n(b,a)] — (0,00) be a preinvexr function on the
interval of the real numbers K° (the interior of K) and a, b € K° with n(b,a) > 0.
Then the following inequalities holds:

2a + (b, a) 1 atn(b,a) f(a)+ f(b)
(2.1) f( ! )Smawl f@ydr < LOEI0),

Theorem 5. [4] Let K C R be an open invex subset with respect ton : K x K — R.
Suppose that f : K — R is a differentiable function. If ‘f/‘ is preinver on K, for
every a,b € K with n(b,a) # 0, the following inequality holds:

fla)+ fla+n(ba) 1 a+n(b,a)
(2.2) ’ ) / fa)de

2 7 (b,a

<O @)+ |5 @)

Theorem 6. [4] Let K C R be an open invex subset with respect ton : K x K — R.
Suppose that f : K — R is a differentiable function. Assume p € R with p > 1.
If fl’%1 is preinver on K, for every a,b € K with n(b,a) # 0, the following
inequality holds:

a a a atn(b,a)
e flo et L,

(2.3) ; s

p p p—1
=T / P I

+f o

’

n(b,a)| ||/ (@
_2(1+p)% 2

Definition 3. [16] The function f : K — [0,00) on the invex set K C [0,00)™ is
said to be s-preinvex with respect to n, if
flu+tn(v,u)) < (1—1)° f(u) +t°f(v),Yu,v € K,t € [0,1].
for some fized s € (0,1].
The function f is said to be s- preincave if and only if —f is preinvex.

Definition 4. [19] Let h : [0,1] — R be a nonnegative function, h # 0. The
function f on the invex set K is said to be h-preinvex with respect to n, if

flu+n(v,u) <h(L—1t)f(u) +h(t)f(v)
for each u,v € K and t € [0,1] where f(.) > 0. If the above inequality is reversed,

then f is said to be h-preconcave. Note, that every convex function is a h-preinvex
function with respect to n(v,u) =v —u and h(t) =t for any t € [0, 1].
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Definition 5. [16] A function h: J — R is said to be a super-additive function if
hz +y) > h(z) + h(y)

forallz,y € J, whenx+y € J

Theorem 7. [19] Let f : K = [a,a+n(b,a)] — R be a differential function on X°,

such that f' € L'([a,a + n(b,a)]), where a < a +n(b,a). If |f'| is h-preinvez on
[a,a + n(b,a)], then we have

a a a atn(b,a)
s flasaba) LT,

(2.4) 5 e

< 1E iy @)+ 1701 [ o= 1) 00+ b1 - )

2

Theorem 8. [16] Let f : K = [a,a+n(b,a)] — R be a differential function on X°,
such that f' € L*([a,a + n(b,a)]), where a < a +n(b,a). If |f'|9 is h-preinvez on
[a,a + n(b,a)], and g > 1, then we have

fla)+ flatn(ba) 1 [rinto
(2.5) 5 U(b;a)/a flx)dx
aba) (1 S £ (B)]9) 0 L - b
<2GA(3) @i e ([ e me+ho—n)

For several recent results on inequalities for preinvex and h-preinvex functions,
we refer the interested readers to [16, 17, 18, 23, 24] and [38].

3. MAIN REsSULTS
The following Lemma is essential in establishing our main results in this section:

Lemma 1. [16] Let K C R be an open invex subset with respect ton: K x K — R
and a, b € K withn (b,a) > 0. Suppose f : K — R is a differentiable mapping on K
such that f* € L ([a,a+1(b,a)]). If h: [a,a+n(b,a)] — [0,00) be a differentiable
mapping, then the following equality holds:

(3.1) % [(h(a+n(b,a)) = 2h(a)) f(a) + h(a+n(ba)f(a+mn(ba))
_ / ) f@) b (@) de = 10D

« {/01 [Qh <a+ (1;) n(b,a)) —h(a+n(b7a))] f (a+ (it) n(b,a)> dt
+/Ol [2h<a+(1;t)n(b,a))—h(a—H}(b,a))] f (a—k(l—;t)n(b,a))dt}.

Remark 1. If we take n(b,a) = b — a, then Lemma 1 reduces to Lemma 2.1 from
[9].

Now using Lemma 1, we shall propose some new upper bounds for the difference
between the rightmost and middle terms of weighted version of the Hadamard’s
inequality (2.1) using preinvex and prequasiinvex mappings. Our results provide a
weighted generalization of those results given in [3, 4] and [17].
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In what follows we use the notations L (a, b,t) = a+(15t) 1 (b,a) and U’ (a, b, t) =
a+ () n(b,a).

Theorem 9. Let K C R be an open invex subset with respect ton : K x K — R
and a, b € K with n(b,a) > 0. Suppose f : K — R is a differentiable mapping on
K and w: [a,a+ 1 (b,a)] = [0,00) be continuous and symmetric to a + 31 (b,a).

If ‘f/‘ is h-preinver on K, we have the following inequality:

32) ’f(a) +f((2z+r](b, a)) /aa+n<b,a)w(x) L /aa+n(b,a)f(x)w(m) N
. n(lza) |7 @] +]7 o] /O1 (/LU((b:)w(x) dx) [h (T) +h (12”” dt.

Proof. Let h(t) = f; w (t)dt for all t € [a,a + n(b,a)] in Lemma 1, we obtain

a+n(b,a) a+n(b,a)
(3.3) ‘f( @)+ /1 ‘”’7 (b,)) /+77 tdt—/+n f (@) w (z) da

g”( { h<a+(12t) (b,a))—h(a+n(b,a))‘
e
e (2o o (2 o]

Since w () is symmetric to a + 7 (b, a), so

w (a + (12_75) n(b, a)) =w (a + (l;rt) n(b, a))

and hence, we have

(3.4) ‘Qh (a + (12_t> 1 (b, a)) —h(a+n, a))‘ - /L e w (z) dz

"(a,b,t)
(3.5) ‘Qh (a+ (T) n(b,@) — h(a+n(ba)

U’ (a,b,t)
:/ w(z) dx
L' (a,b,t)
for all ¢ € [0,1]. Using (3.4) and (3.5) in (3.3), we have

a a a a+n(b,a) a+n(b,a)
(3.6) ‘f()+f( (b, ))/ w(t)dt—/ f(x)w (z)dx

2
L (L v [ (e (5 )
f (a + (12+t> n (b, a)> H dt.

X

l\')

and

+
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Since ‘ f '

o0 1 (5o o (52 0)
< (S @+ n (S5 @+ (S5 @]+ () | )
@) +|f @) (h (12“> +h <12t>) .

Using (3.7) in (3.6), we get the required inequality. This completes the proof of the
theorem. ]

is h-preinvex on K, hence for every a,b € K with 1 (b,a) > 0, we have

I
/N
S~
—

Corollary 1. In Theorem 9, if we take w (z) = m for all z € [a,a+n(b,a)],
then (3.2) becomes the inequality

2 n(b, a)

) [ @] +]7 o] /Olt {h (12+t> +h (1;” dt.

Corollary 2. Ifn(b,a) =b—a in Theorem 9, then (3.2) reduces to the inequality

59) V();f()/‘ dx_/"f

<050 Hf/<a>\+\f’<b>H/j(/iji’fl;” ) o))

where U(a,b,t) = 5ta + 1b and L(a,b,t) = Hta+ 15Lb for all t € [0,1]

a a a atn(b.a)
88)’f()+f(+n®,» L

< nlba

Corollary 3. Ifn(b,a) =b—a, w(z) = 7~ in Theorem 9, then (3.2) reduces to
the inequality

b
(3.10) ‘f(a);f(b)—bla/f(x)dx

a)‘ + ’f’ (b)H /Olt {h (1;Lt> +h (1;” dt.

Corollary 4. Suppose h(t) = t°, s € [0,1] in corollary 1, we have the following
inequality for s-convex function

< (b;a) 17

a a a atn(b,a)
[l

n(b,a) (s2°T! +1) [
T 252 (s+ 1) (s + 2)

1 @] +|f ®))-
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Corollary 5. If n(b,a) = b—a in Corollary 4, we have the following inequality for
s-convex function

a b
(3.12) ‘” );f(b) - (bia)/ f(2) da
(b—a) (s25T1 +1) [
2512 (s +1)(s+2)

’

I @|+|1 w]]-

IN

Corollary 6. Suppose the assumptions of Theorem 9 are satisfied. If h is super
additive, we have the following inequality

a a a a+n(b,a) a+n(b,a)
(3.13) |f( 1+ 1@ +alh ))/ w(x)dx—/ f (@) w (@) de

2

< 20D 1 )4 | )] [ (/LU((:)) e dx) "

Theorem 10. Let K C R be an open invex subset with respect ton: K x K — R
and a, b € K with n(b,a) > 0. Suppose f: K — R is a differentiable mapping on
K and w : [a,a+ 1 (b,a)] — [0,00) be continuous and symmetric to a + in (b,a).

/19
If ‘f ‘ is h-preinvex on K for ¢ > 1, we have the following inequality:

a a a a+n(b,a) a+n(b,a)
(3:.14) ‘f( Jr I+, ))/ w(a:)dw—/ f (@)w (z) do

2

< n(ba) f/(a>‘+
=2 2

1 L 1 U’ (a,b,t) p ]
1+t 1—1t 4 e
x U <h (+) —&—h())dt} / / w(z)de| dt | |
0 2 2 o |1 (@b
1 1 _
where 5—&—5_1.

Proof. Continuing from inequality (3.6) in the proof of Theorem 9 and using the
well known Holder’s integral inequality, we have

(3.15) ‘f (@) +f (; +1(b,a)) /a+n(b,a) oty /a+n(b,a) o) de
< (L el ) [ e (5o )
’ (/01 £ (o (50) noo) thﬂ |

By the power-mean inequality t" + s" < 2177 (t+3s)" for t > 0, s > 0 and 7 < 1,

/14
and by the the h-preinvexity of ’ f ‘ on K for ¢ > 1, we have for every a,b € K
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with 1 (b,a) > 0 the following inequality
(3.16)

(L1 (e (5 p) ) (] (o (15 o)
<2l7q [/01 £ <a+ (?)n(b,a)) th+/01 i (a+ (T)n(m))
<ot [/{h(lﬂ Faf (50 of
+h<12_t>)f/(a)q h<12+t> ’(b)q}dtr
[z e

Using the last inequality (3.16) in (3.15), we get the desired inequality. This com-
pletes the proof of the theorem as well. ([l

N
dt)

a 73
dt]

(b)‘qf.

Corollary 7. In Theorem 10 if we take w(x) = W for all z € [a,a +n (b, a)]
with n (b,a) > 0, then (3.14) reduces to the inequality

(3.17) ‘f(a) +f(a2+77(b7 a)) n(bl’ - /:*"“”” f(@)da
< e [ O ) o (5] )™

Corollary 8. If we take n(b,a) = b— a in Theorem 10, then (3.14) reduces to the
following inequality:

(3.18) ‘f();f()/ dx—/f

_b-a [ﬂf’ (@ + ’f/ (b)qr
- 2 2

1 1 1_ : 1[ ,U(abt) P\ ¥
X (/ [h (H) +h (t>} dt) (/ [/ w(z) dx dt,
0 2 2 o |JLabb
where % + 1 =1, L(a,b,t) = (%)a + (%) b, U(a,b,t) = (%)a + (%) b,
t € [a,bl.
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Corollary 9. Assume that all the conditions of Theorem 9 are satisfied and in
addition if h is super-additive, we have the following inequality

a a a a+n(b,a) a+n(b,a)
(3.19) ‘f( )+ 1o+t ))/ w(x)dx_/ o) ds

20 ()¢ |7 @) ;\f o) / l /U((bb))w()dx] i

Corollary 10. Suppose h(t) = t*, s € [0,1] in corollary 6, we have the following
inequality for s-convex function.

=

a a a a+n(b,a)
P G ETCY R N

2 1 (b, a)
< 0 (b.a) F @ o]
T2l (L) (L4 s)i 2

A similar result may be stated as follows:

Theorem 11. Let K C R be an open invex subset with respect ton: K x K — R.
Suppose f : K — R is a differentiable mapping on K and w : [a,a +n(b,a)] —

/4
0,00) be continuous and symmetric to a+ in (b, a). I s h-preinvex on K for
3"

q > 1, then for every a,b € K with n(b,a) > 0, we have the following inequality:

2

S77(b27a) ‘f,(a)‘qu,(b)‘q </ /U::: d:cdt>
(L w55 w)

a a a a+n(b,a) a+n(b,a)
(3.21) |f( 1+ 1@ +alh ))/ w(x)dx—/ f (@) w (@) de




10 WAJEEHA IRSHAD !, M. A. LATIF 2, AND MUHAMMAD IQBAL BHATTI 2

Proof. Continuing from inequality (3.6) in the proof of Theorem 9 and using the
well known Holder’s integral inequality, we have

a a a a+n(b,a) a+n(b,a)
(3.22) ‘“ )+ flatn, ))/ w(t)dt—/ f (@) w (z) da

2
b 1 U’ (a,b,t)
gn(ia) [/0 (/L/( . w(x)dac)dt}
1 U’ (ab,t) ) 1_¢ q @
X </0 (/L’(a,b,t) w () dsc) ‘f <a+ <2> 7 (b, a)) dt)
1 U’ (a,b,t) / - q 7
+ (/0 (/L/(a’b’t) w (x) dz) I (a—l— (2> 7 (b, a)> dt)

By the power-mean inequality t" + s < 217" (t +s)" for t > 0, s > 0 and r < 1,

1—1
q

/4
and by the the h-preinvexity of ’f ‘ on K for ¢ > 1, we have for every a,b € K
with 1 (b,a) > 0 the following inequality

(3.23) ( /O 1 ( /L U((b:t)w(x) dx) f <a+ (1;) 0 (b, a)) th>;
+ (/01 </;(:::t)w(x) dx) ‘f’ (a+ (12+t> n (b, a)> th>;
<ot [ ([ ) dtr (5 ()

<[l @+ o]

Utilizing inequality (3.23) in (3.22), we get the inequality (3.29). This completes
the proof of the theorem. O

Corollary 11. Suppose all the assumptions of Theorem 11 are satisfied and if
w(x) = W forallx € [a,a + n (b, a)] withn (b,a) > 0, then we have the following
inequality:

a a a atn(b,a)
(324 |f( )+ 1o+ >>n(b1a)/ f (@) da
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Corollary 12. If we take n(b,a) = b —a and w(zx) = (bia) in Theorem 11, then
the inequality reduces to the inequality

fl+f 1 "
(3.25) ‘ _(b—a)/a f(z)dx

2

NETTON [\f’ <a>\q—;\f’ @T [ () =0 (550)) ]

Corollary 13. In corollary 11, put h(t) = t, then we have

2 7 (b, a)

a a a a+n(b,a)
(3.26) ‘f()ﬂ‘( +n(ba) 1 / f (@) de

/

7 @]+
2

!

<n(b,a)[

7 <b)T

Corollary 14. Under the assumptions of Theorem 11, if h is super-additive, then
we have the following inequality

a a a a+n(b,a) a+n(b,a)
(3.2 ‘f( )+ f (atn(b, ))/ w(x)d%/ o) ds

2
U’ (a,b,t)
/ / x) dxdt
(a,b,t)
Corollary 15. If h is super-additive in Corollary 11, then we have the following
inequality

0 (,a) (h 5[\f\
2 2

a a a atn(b,a)
(328) |f( )+ 1 e+ >>_n(b1a)/ f(2)de

/

7@+
2

_ (o) h(n)} [
- 4

7 <b>T

Corollary 16. If h is super-additive in Corollary 12, then we have the following
inequality

f(a)+ f(b) 1 ’
(3.29) ‘ (= / (@) da

2

_o—an? [If @[+ |7 o
- 4 2
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Corollary 17. Suppose h(t) = t*, s € [0,1] in corollary 9, we have the following
inequality for s-convex function.

a a a a+n(b,a)
(3.30) f(a) + f(a+n(b a)) 1 / f(2) da

2 n (b, a)
a =3 525+1 @[+ f'(b)q%
2 () (st [
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