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INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE
FOR K-BOUNDED NORM CONVEX MAPPINGS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some inequalities of Hermite-Hadamard
type for K-bounded norm convex mappings between two normed spaces. Ap-
plications for twice differentiable functions in Banach spaces and functions
defined by power series in Banach algebras are provided as well. Some discrete
inequalities of Jensen type are also obtained.

1. INTRODUCTION

Let B(H) be the Banach algebra of bounded linear operators on a complex
Hilbert space H. The absolute value of an operator A is the positive operator |A|

defined as |4| := (A*A)l/z.
One of the central problems in perturbation theory is to find bounds for

17 (A) = (B

in terms of ||A — B|| for different classes of measurable functions f for which the
function of operator can be defined. For some results on this topic, see [5], [34] and
the references therein.

It is known that [4] in the infinite-dimensional case the map f(A) := |A] is
not Lipschitz continuous on B (H) with the usual operator norm, i.e. there is no
constant L > 0 such that

Al =Bl < L[|A - B

for any A,B € B(H).
However, as shown by Farforovskaya in [32], [33] and Kato in [39], the following
inequality holds

2 Al + 1Bl
(1) 141 = 1511 < 214 - 51 (24105
m |A— B
for any A, B € B(H) with A # B.
If the operator norm is replaced with Hilbert-Schmidt norm ||C||, ¢ = (tr C*C)
of an operator C, then the following inequality is true [2]
(1.2) 1Al = 1Blll s < V2IIA = Bligs

for any A,B € B(H).
The coefficient v/2 is best possible for a general A and B. If A and B are restricted
to be selfadjoint, then the best coefficient is 1.
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It has been shown in [4] that, if A is an invertible operator, then for all operators
B in a neighborhood of A we have

(1.3) A= Bl Sa A= Bl +a: A= B +0(l14-B|")
where
_ _ _1y3
o = 4714 snd @z = ]~ + 4 g,
In [3] the author also obtained the following Lipschitz type inequality
(1.4) If (A) = f(B)| < f'(a)|A = B

where f is an operator monotone function on (0,00) and A, B > aly > 0.

Let (X; |- x) and (Y ||-|ly) be two Banach spaces over the complex number field
C. Let C be a convex set in X. For any mapping F' : C C X — Y we can consider
the associated functions ®p gy, Ypeya @ [0,1] — Y, where 2,y € C, X € [0,1],
defined by [30]

(1.5) Praga(t) © =1-X)F[1-t)((1-Nz+Ay)+ty]
FAF[(1=t)z+t((1— Nz + M)

and

(1.6) Upaya(t):=1=X)F[(1-1)((1-X\)z+\y)+ty]
+AFtz+(1—8)(1=XNz+Ay)].

We say that the mapping F' : B C X — Y is Lipschitzian with the constant
L > 0 on the subset B of X if

(1.7) |F () = F(y)lly < Llz—ylly forany 2,y € B.
The following result holds:

Theorem 1. Let F : C C X — Y be a Lipschitzian mapping with the constant
L > 0 on the convex subset C' of X. If x,y € C, then we have

(18) HAF - [ "Flsy+ (1 s)a]ds )

(=D -3 -
1 2 1 2 T Ylx

for any t € [0,1] and X € [0,1], where Apzyx = Prayxr 07 Apzyx = Ypay .

<2L

If we take in (1.8) Apzyr = Proya, A= 3, then we get

(1.9) H; <F [(1—75)“32*9“4 P {(1_t)m+tw2+yD

1
— | Flsy+(1—s)z]ds
0

1

<-L
-2

1 1\?
Z‘*’ t—§ lz —yllx

for any z,y € C' and t € [0, 1].
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If we take in (1.8) Apzyr = Upaya, A= 1, then we get

(1.10) H; (F [(1t)x;ry+ty] +F {tx+(1t)x;yD

1
7/ Flsy+ (1—s)z]ds
0

Y

1 1\?
Z"’ t—§ lz —yllx

for any ¢t € [0,1] and z,y € C.
We also have the simpler inequalities

(1.11) H; [F <3I4+y> +F (xz?’yﬂ /OIF[ser(l — s)z]ds

Y
1
< gllle—yllx,
T+y ! 1
(1.12) HF< ) —/ Flsy+(1—-s)a]ds|| <-Llz—yly
2 0 y 4
and
1 ! 1
1y |GE@ el [ Pl -sdal < qrle-
0 Y

for any z,y € C. The constants % and % are best possible.

The inequalities (1.12) and (1.13) are the corresponding versions of Hermite-
Hadamard inequalities for Lipschitzian functions. The scalar cases were obtained
in [12] and [43]. For Hermite-Hadamard’s type inequalities, see for instance [10],
[12], [13], [35], [37], [38], [40], [42], [43], [46], [47], [48], [49], [50] and the references
therein.

From (1.8) we also have the Ostrowski’s inequality

(1.14) HF[ter(lt)z]/OIF[ser(ls)z]ds

L (=2 1o -
1 2 Ylix

for any ¢ € [0,1] and z,y € C. For Ostrowski’s type inequalities for the Lebesgue
integral, see [1], [8]-[9] and [15]-[28]. Inequalities for the Riemann-Stieltjes integral
may be found in [17], [19] while the generalization for isotonic functionals was
provided in [20]. For the case of functions of self-adjoint operators on complex
Hilbert spaces, see the recent monograph [23].

Motivated by the above results, we introduce here a class of functions that ex-
tends the concept of Lipschitzian function to power two of norm difference and
called them K-bounded norm convex functions. Comprehensive examples of such
functions are given. Integral inequalities of Hermite-Hadamard type are obtained
and applications for discrete inequalities of Jensen type are provided as well.

Y
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2. K-BOUNDED NORM CONVEX MAPPINGS

Let (X; ||l x) and (Y ||-]ly) be two normed linear spaces over the complex num-
ber field C. Let C' be a convex set in X. We consider the following class of functions:

Definition 1. A mapping F: C C X — Y is called K-bounded norm convezx, for
some given K > 0 if it satisfies the condition

1
21 A =2 F(2) +AF (y) = F (1 =Nz +Ay)lly < KA =N [lz — yllx
for any xz,y € C and X € [0,1]. For simplicity, we denote this by F € BNk (C).
We have from (2.1) for A = 3 the Jensen’s inequality

(2.2) HW—F<T>HY < éKlle—ylli

for any z,y € C.

We observe that BA i (C) is a convex subset in the linear space of all functions
defined on C' and with values in Y.

We observe also that, by the triangle inequality, we have

(2.3) IE((L =Nz + )y = [[(1=X) F(2) + AF (y)lly
SNIA=A)F @)+ AF(y) - F(A =Nz +M)lly
and by (2.1) we get

IE((L =Nz + )y = [[(1=X) F(2) + AF (y)lly

< SEAL =N e -yl

| =~

which, again, by the triangle inequality gives
(2.4) I1F (1 =Nz +y)lly

< %KA(l =Nz =yl + (1 =N |IF @)y +ME @)y

for any =,y € C and A € [0,1].
Now, if the function t — [[F ((1 — A)z + A\y)||y, for some z,y € C, is Lebesgue
integrable on [0, 1], then by taking the integral in (2.4) we get

(2.5) / IF (L= )z + M)y dA
1
<5Kle=ulk [ A0-nax
LIF @y / (1— N dr+ |F )y / AdA

1 1 1 1 1
/ A(L—N)d\= -, / (l—A)dA:/ AN = =,
0 6" Jo 0 2

then we get from (2.5) that

and since

20 [ IF(=Na+ )y dh< 5K e = sl + 5 [IF @l + 17 Gy
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If we assume continuity for the function F' on C' in the norm topology of (X; ||| ),
then the inequality (2.6) holds for any z,y € C. Moreover, if we assume that
(Y5 ||Illy) is a Banach space and F' is continuos on C, then we have the generalized
triangle inequality

and by (2.6) we get

[ ra-nesma| < [IF@-xe+ i
0 Y 0

@) |

[ Fa=nerama| <Rl sl 0F @I +IF W)
0 Y

for any z,y € C.
We can improve this result as follows.

Theorem 2. Let (X;||||yx) and (Y;]||ly) be two normed linear spaces over the
complex number field C with’ Y complete. Assume that the mapping F: C C X —Y
is continuous on the convex set C in the norm topology. If F € BNk (C) for some
K > 0, then we have

F F ! 1
(2.8) H(m)‘;(y)—/ F(1-Naz+x)d\| < oKlo—ylk
0 Y
and
1
e |[ ra-vacma-r (52| < gk
0 Y

for any x,y € C.
The constants 1—12 and 2%1 are best possible.

Proof. From (2.1) we have successively

s/o [(1= A)F (2) + AF (3) = F (1= A) & + Ag)ly dA

1
/0 [(1=XN)F(z)+AF(y) — F((1—=XNz+ A\y)]dA

Y

1 1
< §KH:1:—Z/H§(/ A(1—X)d,
0

which produces the desired result (2.8).
Utilising (2.2) we have

(2.10) HF((l—)\)x-i-)\y)-l—F()\x—&-(l—)\)y)_F(x+y)
2 2 )y
1
< gEIA =N+ e — (1= Nyl
1 ) . 1 1\ )
— §K =2 oyl = 55 (A= 3) -l

for any x,y € C and X € [0, 1].
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Integrating in (2.10) we get

(2.11) ‘/Ol[F((l)\)erAy);rF()\l’Jr(l/\)Z/)_F(l’;y)]d)\
S/01 F((1—A)x+Ay)—2FF(/\x+(1—/\)y)_F<$;y> ydA
gquxy§[f<A;fdxzﬂumu

and since

1 1
/ F((lf)\)er)\y)d/\:/ F(x+(1—-Ny)dA,
0 0

then from (2.11) we get (2.9).
Now, consider the function Fy : H — R, Fy(z) = ||z||> where (H,(.,.)) is a
complex inner product space. If z,y € H and X € [0,1], then

—~

1= X) Fo (z) + AFo (y) — Fo (1 —A)z+ Ay)

(L= N flall® + Allgll® = (1 = N = + Al

= (1= fl2l* + Allgll® = (1 = 2? fl2]* =21 = D) ARe (@, ) = X° [y
= (1= A [lle]* = 2Re 2,5} + IyI*] = (1 = V) A llz =yl

showing that Fj is continuous and K-bounded norm convex with K = 2 on H.
We have

/IFO((l—)\)m—F)\y)d)\
0
1
:/0 11— )z + Ay[* dA
= [ a2l 20 = D ARe (@) + 52 Ju?

1
= 3 |I2l® + Re (2 ) + lylF’

for any z,y € H.
Therefore

Fy ( Fy ( 1
$ / Fo (1= X) z+ Ay)dA
0

ﬂmw+mf} [wu+Ruxw+mn]
= & lle - yl?

showing that we have the same quantity § ||z — y||? in both sides of (2.8).
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We also have

/OlFO((l—)\)x+)\y)d)\—F0<x;y>

= 2 [I1® + Re{z) + ] - § I +2Re (w5} + o]
1 2
= L=l
showing that we have the same quantity - |z — y||° in both sides of (2.9). O

3. SOME EXAMPLES IN BANACH ALGEBRAS

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0,00) such that
(B, |I-]l) is a normed space, and, further:
[labl| < llall 6]

for any a,b € B. The normed algebra (B, ||-]|) is a Banach algebra if ||-|| is a complete
norm.

We assume that the Banach algebra is unital, this means that B has an identity
1 and that ||1]] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written ¢! or % The set of invertible elements of B is denoted by Inv5. If

a,b €lnvB then ab €lnvB and (ab) ' =b'a"1.
For a unital Banach algebra we also have:

(i) If a € B and lim, o [a”||*/™ < 1, then 1 — a €InvB;
(ii) {a e B: |1 -] <1} C InvB;

(iii) InvB is an open subset of B;

iv) The map InvB 3 a — a~! €InvB is continuous.

(iv
For simplicity, we denote z1, where z € C and 1 is the identity of B, by z. The
resolvent set of a € B is defined by

pla) ={z€C: z—ae€InvB};
the spectrum of a is o (a) , the complement of p (a) in C, and the resolvent function
of ais R, : p(a) —InvB,
Ry (2):=(z—a)"".
For each z,w € p(a) we have the identity
R, (w) — Ry (2) = (2 — w) Ry (2) Ry (w) .
We also have that
o(a)c{zeC: |z] <|a|}.
The spectral radius of a is defined as
v(a) =sup{|z|: z €0(a)}.
If a,b are commuting elements in B, i.e. ab = ba, then
v(ab) <v(a)v(b) and v(a+0b) <wv(a)+v(b).
Let B a unital Banach algebra and a € B. Then

(i) The resolvent set p (a) is open in C;



8 S.S. DRAGOMIRY2

(ii) For any bounded linear functionals A : B —C, the function Ao R, is analytic
on p(a);
(iii) The spectrum o (a) is compact and nonempty in C;
(iv) We have
v(a)= lim [la"|"/".

n—oo

Let f be an analytic functions on the open disk D (0, R) given by the power
series

F)=3 0y (o <B).

If v (a) < R, then the series > 22 aja’ converges in the Banach algebra B because
Z?io laj| ||a?|| < oo, and we can define f(a) to be its sum. Clearly f(a) is well
defined and there are many examples of important functions on a Banach algebra
B that can be constructed in this way. For instance, the exponential map on B
denoted exp and defined as

o0
1 .
expa := g ,—'aj for each a € B.
— ]
Jj=0

If B is not commutative, then many of the familiar properties of the exponential
function from the scalar case do not hold. The following key formula is valid,
however with the additional hypothesis of commutativity for a and b from B

exp (a+b) =exp (a)exp ().

In a general Banach algebra B it is difficult to determine the elements in the range of
the exponential map exp (B), i.e. the element which have a "logarithm". However,
it is easy to see that if a is an element in B such that |1 —a| < 1, then a is in
exp (B) . That follows from the fact that if we set

n=1

then the series converges absolutely and, as in the scalar case, substituting this
series into the series expansion for exp (b) yields exp (b) = a.

Concerning other basic definitions and facts in the theory of Banach algebras,
the reader can consult the classical books [31] and [45].

Now, by the help of power series f (A) = > " a, A" we can naturally construct
another power series which will have as coeflicients the absolute values of the coef-
ficients of the original series, namely, f, (A) := > " |a,| A™. It is obvious that this
new power series will have the same radius of convergence as the original series.
We also notice that if all coefficients a,, > 0, then f, = f.
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As some natural examples that are useful for applications, we can point out that,
if

(3.1) f=3 (_;)nvzlnl%, NeD(0,1);

(-1) )\2"—(:05)\ A e C;

(Qn + 1!

(_l)n A

n=0

2
h(\) = i ﬁvnﬂ =sin\, A eC;
53 AeD(0,1);

1
TN
then the corresponding functions constructed by the use of the absolute values of
the coefficients are

(3.2) fa()\):i%)\"zlnli/\,)\eD(O,l);

o0 1 n
ga (N) = Z 7271)!)\2 =cosh A\, A € C;

ha(\) = WV"“ —sinh A, A € C;

1
la(N) =) A" = Ty AE€D0.1).
n=0

Other important examples of functions as power series representations with non-
negative coefficients are:

— 1
(3.3) exp (A) = Z a)\" A eC,

n=0

1 1+ e
Sl () = D(0,1);
2“(1—A> Z2n—1/\ . AeD(01);

A2t AeD(0,1);
Zf2n+1 b G (7)1

tanh~ (A):Z#ﬁ"—l, Ae D(0,1)
F'n+a)T'(n+p)T "
3 ( )L ( )L ()

oIy (a, By, A) = 2l (a) T (B)T (n +7)
Ae D(0,1);

a7/377>07

where I' is Gamma function.
The following result provides a class of functions that are K-bounded norm
convex on closed balls from Banach algebras.
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Theorem 3. Let f(z) = Y oo anz™ be a function defined by power series with
complez coefficients and convergent on the open disk D (0, R) C C, R > 0. For any
x,y € B with ||z|, |ly]| < M < R, M >0 we have that

(3-4) [[(L=A) f(z) +Af(y) = F((A =Nz + )| < %A (L= X) f (M) ||z = y|I”

for any X € [0,1].

In other words the function f : B (0, M) C B — B where B (0, M) is the closed
ball {z € B, ||z|| < M} defined by f(z) =", anx € B(0, M) is K-bounded
norm convex with K = f!/ (M) .

Proof. We use the identity (see for instance [6, p. 254])
(3.5) a” —b" = Z a" I (a—b) W

that holds for any a,b € B and n > 1.
Let z,y € B. We have by (3.5) that

(3.6) [(A=Nz+ " —a"=2)[A-Naz+ )" (y—a)a?
j=0
and
3.7 (A=Nz+x " —y"=-(1-1) ) (=N a+ )" (y—a)y
7=0

forn>1and X € [0,1].
Multiply (3.6) by 1 — X and (3.7) by A and add the obtained equalities to get
(3.8) [(1=XNz+ )\y]n (1=X)z" = A"

n

=A(1-2) [(l—A)erAy]”*l*j (y— ) (2 =)

3u,
»—lO

Nz + My (y - 2) (27 —y7)

=

<.

forn >2and X € [0,1].
If 7 > 1 we also have

Jj—1
o=y =) @ @ —y)y
{=0

and by (3.8) we have

(3.9) (T=XNz"+Xy" = [(1 =Nz + M\y]"
n—1j—1
—OD D M= Na+ M T T (-2 ()
j=1 =0

for n > 2 and X € [0,1], which is an equality of interest in itself.
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Let m > 2 and x,y € B. Then, by utilizing (3.9), we have
m m m
(3.10) (1= Z anx”™ + A\ Z any” — Z an [(1 =Nz + \y]"
n=0 n=0 n=0

=S a1 - Nam Ayt - [(1- N+ )]
n=0

=S an[(1-Na" + A" — [(1 - Nz + Ayl

=A(1-X)
n—15—1 ) )
X Z“n M=z +x)"" T y—a)ad @ —y)yf
7j=1+4=0
for all m > 2, x,y € Band A € [0,1].
Taking the norm in (3.10) and using repeatedly the generalized triangle inequal-
ity we have

f)\)iana:"+)\iany"fian[(lf/\)er)\y]"

(3.11)
n=0 n=0 n=0
<A(1-A)
n—15—1 )
XZ|an| S =Ne 20 - ) ) |
j=1+4¢=0

If ||z, llyll < M < R, then [|(1—=XNz+Ay| < M for A € [0,1] and using the
Banach algebra properties we have
(3.12) [(E=Na+ 2" (g =) 2 @ =)y

n—1—j i1—¢ Y
<HA=Nz+xl lly ==l =" e =yl yl

2 n-l=g j—1—4¢ L
= [ly =2l [[(1 = X))z + Ayl [l llyll
<y —a|f> MP MM = |y — 2P M

for n > 2.
Therefore, by (3.11) and (3.12) we have

m

(313) Zanﬂj +)\Za'ny Zan [(I—A)J?—'—Ay]n
n=0
n—1j—1
Zlanl YDyl M
j=14=0

m n—1

=21 =N [ly — | Z jan] M2
= j=1

A=A ly - = Z (n— 1) |ay| M"~?
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for any ||z||,|lyll < M < R, m > 2 and X € [0,1].
Since the series whose partial sums involved in (3.13) are convergent and

oo oo
Z apz" = f (1‘) ) Z apy" =
n=0 n=0

Yoanll=Na+ A" =f((1-Nz+Ny),

and
Y on(n=1)lay| M"72 = f7 (M),
n=2
then by letting m — oo in (3.13) we deduce the desired result (3.4). O

Corollary 1. With the assumptions from Theorem 8 we have the inequalities

(3.14) Hf At / FIA= Nz +\y) d)\H

and

1
< 1 () e -yl

(3.15) < 5ple

/olf((lA)er/\y)dAf(z;y)H <% FOD Ll

for any z,y € B with ||z|, |yl <M < R, M > 0.
The constants 1—12 and i are best possible.

It is known that if z and y are commuting, i.e. xy = yz, then the exponential
function satisfies the property

exp (z) exp (y) = exp (y) exp () = exp (z + y) .
Also, if z is invertible and a,b € R with a < b then

b
/ exp (tz)dt = 2~ [exp (bz) — exp (az)].

Therefore, if x and y are commuting and y — x is invertible, then

/ exp (1 — 5) + sy) ds = / exp (s (y — 2)) exp (x) ds
0 0

_ (/01 exp (s (y — ) ds> exp ()

=(y—2)"'[exp(y —z) — 1] exp (z)
= (y—2)" [exp (y) — exp ()],
and by (3.14) and (3.15) we get

310) |22EEOPO) (o) e () - ex (@] < e (00 o ol
and
310 -0 w0 - ew ] - e (T2 | < e (0 o - ul?

provided ||z, ||yl < M, M > 0.
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4. THE CASE OF TWICE DIFFERENTIABLE MAPPINGS IN NORMED SPACES

We first recall some results concerning Taylor’s formula for differentiable map-
pings between two normed spaces, see for instance [11] for the basic definitions and
results.

Lemma 1 (Taylor’s formula, Lagrange’s remainder [11, p. 110 - p. 111]). Let
(X, Il ) and (Y, ||-|ly) be two normed linear spaces, @ an open subset of X and
f:Q =Y a(k+1)-differentiable mapping on Q with k > 0. Suppose that x,y €
are such that the segment [x,y] := {(1 —A)x + Ay, A € [0,1]} is contained in .
Then

(4.1) fly)=f@)+ Y @) @y—2)+ %f@) (@) (y — 2,y — )

1

where
(4.2) 1R ()
1 k+1 H (k+1) H
< — |y — 1-A A .
= Qe Vo I AWy

We observe that if  is open and convex, then the equality (4.1) holds for any
x,y € €. In this case we also have the bound

1
(@3) IR y)ly < gy I = oI5 sup 1470 (2)

(k+1)! L(xr1y)’

for any z,y € Q.
We can prove the following result:

Theorem 4. Let (X, ||| ) and (Y, |-||y-) be two normed linear spaces, C an open
conver subset of X and f : C — Y a twice-differentiable mapping on C. Then for
any x,y € C and X € [0,1] we have

(L) (=2 F @)+ AF () = (1= N o+ )y < 5EA1=X) g = 2l
where
(4.5) K := sup | f" (Z)||,c(x2;y)
zeC
is assumed to be finite.

Proof. Using the above Lemma 1 we can state that

(16) 15 () = £ @) = 7' (0) (= )l < 5K~ ol

for any u,v € C, where K is given by (4.5).
Let z,y € C and A € [0,1]. By (4.6) we have

W) @) - (=N dg) - A (L N+ ) (@~ 9l
< SEX |y ok
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and
(4.8) 1f () = F(A=Na+ ) = 1= (A=Nz+ ) (y—2)]y
< 3K (=0 ly = ol
Multiply (4.7) by 1 — X and (4.8) by A and add the obtained inequalities to get
(4.9)  A=Nf @) = F(Q=Naz+dy) = A (L=Nz+ ) (- y)lly
A @) = F(E=Nz+ )+ A=) (=N + M) (@ - y)lly
< SRR (=)l ol + 5K (1= 0 Ally — al%

= SN =Ny -k

By the triangle inequality we also have

(410) A =X)f(x)+Af () = F (A =Nz + )y
SA=NIf @) = F(A=Nz+Ay) = A (L= Nz + M) (- y)lly
HAF @) =LA =Nz + ) + (1= (A= Nz +2y) (2 - y)lly

for any =,y € C and A € [0,1].
Making use of (4.9) and (4.10) we deduce the desired result (4.4). O

Corollary 2. With the assumptions from Theorem 4 we have the inequalities

(4.11) Hf 2+ 1 / F((1= N2+ Ay) dA

Y
1 2
hS 12 Sup If" (= )||[:(X2;Y) lz —yllx
and

(4.12)

/f (1= M)z + Ay)dA — f(x“’)

1
= 24 sup 1" (2 )”c(x?;y) |z — Z/HX

Y

for any x,y € C .
The constants 1—12 and i are best possible.

5. RELATED INEQUALITIES
We have the following result as well:

Theorem 5. Let (X;|-||y) and (Y;|-|ly) be two normed linear spaces over the
complex number field C with' Y complete. Assume that the mapping F: C C X —Y
is continuous on the convex set C in the norm topology. If F € BNk (C) for some
K > 0, then we have

1

(5.1) o 1

1 A
/ F(uy+ (1 —u)x)du— / F(sz+(1—s)y)ds
0 1-X

F
1 2
< La - N -l

for any X € [0,1], A # § and z,y € C.
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Proof. Since F € BNk (C) for K > 0, then
(5.2) ||(1—>\)F(u)+)\F(v)—F((l—)\)u+)\v)||y§%K/\(l—)\)||u—v||§<
for any u,v € C and A € [0,1].
Let t € [0,1] and for z,y € C, take
u=1-8((1-XNz+y) +ty, v=tz+1-t)(1-Nz+Iy) eC
in (5.2) to get
6:3) 11N F( - 01N+ ) + )
+AF(tz+ (1=t (1= XN x+ \y))

“F(A=N[A =) (L =Na+Ay) +ty] + Alte+ (1 —=1) (L= Nz + )y
< AL )0 - 0)/((1= Xz dg) 1y [+ (1) (L= N w4 M)l
Observe that

A=N[A =) (A =Nz +y) +ty]+ Afte+ (1 —1) (1 =)z + Ay)]
=1=NA-)(@=Nz+ry)+ 1=ty
+ Az + AL =) (1 =X z+ Ay)
=1-t)(T=XNaz+y)+ (1 =Nty + Az
=[(1-8) Q=N+ XMaz+[(1-)XA+1-Ntly

1
1

and
I=-t((1=Nz+Axy)+ty—[tz+ 1 —1t)((1 =N z+ \y)]
=1-t)1-Nz+(1-t)y+ty—tz—1-t)1-Nz—(1-t) Iy
=t(y—uz).

Then by (5.3) we have

(5.4) [[A=XF (1 =1)((1=XNz+M\y) +ty)

+AF(tz+(1—8)(1=XNz+Ay))
—F(A=) A=) +Mz+[1-)A+ 1 =Nyl

1
< SEAL= N2y -2,

for any t,A € [0,1] and =,y € C.
Integrating the inequality (5.4) over ¢ on [0, 1] and using the generalized triangle
inequality for norms and integrals, we get

(5.5) ’(1>\)/0 F((1-t)({(1=XNz+Ay) +ty)dt

+/\/1F(ta:+(1t)((l)\)er)\y))dt
0

—/1F([(1—t)(1—)\)+)\ﬁ]x+[(1—t))\+(1—)\)ﬁ]y)dt

Y

1
< SEXL= V) [ly 2l
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for any A € [0,1] and z,y € C.
Observe that

(5.6) /o FI(1—=t)(Ay+ (1 =X z)+tyldt

/lF[((lt))mLt)er(lt)(lA)m]dt
0

and

1
(5.7) /0 Flz+(1—-t)(1—=X)x+ Ay))dt

:/1F((1—t)x—i—t((l—A)x—&-Ay))dt

—

:/ FtAy + (1 — At) ] dt.
0

If we make the change of variable u := (1 —¢)A 4+ ¢ then we have 1 — u
(1—=t)(1—=X) and du = (1 — A) du. Then

/F[((l—t)/\+t)y—|—(1—t)(1—/\)x]dt ﬁ Fluy + (1 u) 2] du.
0 A

If we make the change of variable u := At then we have du = Adt and

1 1
/()F[t)\y+(lf)\t)x]dtzx/0 Fluy + (1 — u) z] du.

Therefore
1
(1—)\)/ FI(1-t)(Ay+ 1 —=XNaz)+ty]dt
—&-A/ tAy+ (1 —=Nz)+(1—t)z]dt
/Fuy—l—(l—u) du—|—/ Fluy+ (1 —u)z]du

/ Fluy+ (1 —u)z]du,

and we have the simple equality
(5.8) (1—)\)/1F((1—t)((l—)\)x—i—)\y)—i—ty)dt
0
Jr)\/lF(ta:Jr(lt)((l)\)er)\y))dt
0

:/0 Fluy+ (1 —u)z]du

for any A € [0,1] and z,y € C.
Consider now the integral

/1F([(1—t)(l—)\)+/\t}x+[(1—t)A—i—(l—A)t]y)dt.
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Put
s=1-t)1=XN+X=1-2+2A-1)t.
Then
l—s=({0=-t)A+ (1 =Nt

IfX# %, then s =1 — A+ (2\ — 1) ¢ is a change of variable with dt = Til and we
have

/1F([(1—t)(1—)\)+)\t]x+[(1—t)>\+(1—)\)t]y)dt
0

1 A
= 2)\71/1_/\F(sx+(1—s)y)ds.

Now, making use of (5.5) we get the desired result (5.1). O

Remark 1. We observe that for A\ — % we recapture from (5.1) the inequality

(2.9).
If we take in (5.1) A = 3, then we get

1 3/4
(5.9) / Fluy+ (1 —u)x]du—2 F(sz+(1—-s)y)ds
0 1/4 »
1 2
< 3*2KH3/*=TH)(-
Let f(2) = D07 ganz" be a function defined by power series with complex

coefficients and convergent on the open disk D (0, R) C C, R > 0. For any z,y in
the Banach algebra B with ||z||, [|y|| < M < R, M > 0 we have that

1 1 A
(5.10) ‘/0 f(uy—i—(l—u)ac)du—2)\71 1_)\f(sac—l—(l—s)y)ds
< G OOA =) fy 2

for any A € [0,1], A # 3.

Let (X,|||x) and (Y, |-[[y) be two normed linear spaces, with Y complete, C
an open convex subset of X and f : C' — Y a twice-differentiable mapping on C.
Then for any z,y € C and A € [0,1], A # %, we have

1 A
2A—1 /1y

(5.11) ‘ flsz+(1—s)y)ds

/ fluy+ (1 —u)z)du—
0

1 2
< G sup 1" (Dl eexzany AA =) ly —2”.
zeC

6. APPLICATIONS FOR GATEAUX DIFFERENTIABLE FUNCTIONS
Following [11, p. 59], let (X, ||-||x) and (Y, ||-|y') be two normed linear spaces,
2 an open subset of X and f: Q@ =Y. Ifa € Q, u € X \ {0} and if the limit

lim 2 [f (a + tu) — f (a)]

t—0 t
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exists, then we denote this derivative 9, f (a) . It is called the directional derivative
of f at a in the direction w. If the directional derivative is defined in all directions
and there is a continuous linear mapping ® from X into Y such that for all u € X

Ouf (a) = @ (u),

then we say that f is Gateaux-differentiable at a and that ® is the Gateaux dif-
ferential of f at a. If a mapping f is differentiable at a point a, then clearly all its
directional derivatives exist and we have

Ouf(a)=f (a)u, ue X.

Thus f is Gateaux-differentiable at a. However, the Gateaux differential may exist
without the differential existing. The existence of directional derivatives at a point
does not imply that the mapping is Gateaux-differentiable. To distinguish the
differential from the Gateaux differential, the differential is often referred as the
Fréchet differential.

Theorem 6. Let (X;|-||) and (Y;|-|ly) be two normed linear spaces over the
complex number field C. Assume that the mapping F : C C X — Y is defined on
the open convex set C and F € BNk (C) for some K > 0. If x; € C, py > 0 for
ke {l,...n} with > }_px =1 and F is Gateaua-differentiable at Y ,_, prxy €
C, then for any y; € C and ¢; > 0 for j € {1,...,m} with Z;":l g =1 and

D ie143Yj = D=1 PrTk we have

2
m n 1 m n
60 [Sarn-r(Son)| < 5x3 00 - 3w
j=1 k=1 v Jj=1 k=1 X
In particular, we have
(6.2) ZP;‘F(%) - F (Zmu) < iK ij xj— Zpkl“k
j=1 k=1 v j=1 k=1 X

Proof. Since F € BN i (C') then we have
1
IME (y) = F (@) + F (2) = F (A =Nz +Ay)lly < KA =N [lz — ul%

for any z,y € C and A € [0,1].
This implies that

(6.3) HF(y) _F(z)— F($+A(y;w)) —F (x)

<
Y

K-\ z-yl%

N | =

for any z,y € C' and X € (0,1).
If we assume that F' is Gateaux-differentiable at z, then by taking the limit over
A — 0+ in (6.3) we get
1 2
(6.4) 1E'(y) = F(2) =9y F ()lly < 5K |z —ylx

for any z,y € C.
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Now, if F' is Gateaux-differentiable at Y.;_, pyxi € C, then

- F(Son) -85z (S
k=1 k=1 Y
1 2
<5k Zpk”k -
X
for any y € C.

If y; € C and g; > 0 for j € {1,...,m} with >>7" | ¢; = 1, then by (6.5) we have

(6.6) qu —-F (Zpkxk> = Oy, —sr_ e <Z]9k$k>
j=1 k=1 k=1

Y

By the generalized triangle inequality we have

m

6.7) D wF ) - F <2pk$k> =05, gy -, e (Zpk$k>
j=1 k=1 k=1

Y
S (zpkxk) Oy st T (zp>
= k=1 k=1 Y
and by (6.6) and (6.7) we have the following inequality of interest
(6.8) > GF(y;)-F (Z Pk$k> = Oxm | gy —Sp_, pean (Z Pk%)
Jj=1 k=1 k=1 v

2
1 m n
S [
j=1 k=1 X
If we take 37", qjy; = >_j—, ey in (6.8), then we get the desired inequality (6.1).
The inequality (6.2) follows by (6.1) on taking m = n and ¢; = p;, j € {1,...,n}.

Remark 2. If (X;(,-)) is an inner product space, then

n n 2 n
2
> pilles = pewkl| =D psllali —
j=1 k=1 j=1

b'e
and by (6.2) we have

(69) iijm)—F(ipkxk) <
Jj=1 k=1

Y

kLk

X

n

2
> i llzlly -
=1

DN | =
=
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Corollary 3. Let (X, ||| x) and (Y, |-|ly) be two normed linear spaces, C'" an open
convez subset of X and F : C — 'Y a twice-differentiable mapping on C. If xy, € C,
pe >0 for k€ {1,...,n} with Y;_, pr = 1, then

(6.10) ijF(xj) - F (Zmu)
j=1 k=1

Y

n 2
Ty — § PrTk
k=1 X

1 n
< = sup ||F" ;
=95 :gg | (Z)Hc(xi‘;y) ZPJ

We also have:

Theorem 7. Let (X;||||y) and (Y;]||ly) be two normed linear spaces over the
complex number field C. Assume that the mapping F : C C X — Y is defined on
the open convez set C' and F € BNk (C) for some K > 0. Let v, € C, pr, > 0
for k € {1,...,n} with 3"} _,pr = 1 and F is Gdteauz-differentiable at zy, for any
ke {l,...n}. If there exists z € C such that

(6.11) Zpka F (x1) Zpké‘mkF(xk)

k=1

then we have

—_

(6.12) iKZPk lzx — 2% -

— > piF ()
k=1

Proof. From (6.4) we have

Y

1
(6.13) 1E (y) = F (2%) = Oy—ar F (@)l < 5K llok — ul%

for any y € C and for any k € {1,...,n}.
If we multiply (6.13) by px > 0 for k € {1,...,n} and sum, we get

n 1 n
(614) > pelIF(y) = F (o) = 0y F (w)lly < 5K D pellan —vllx
k=1

for any y € C.
By the generalized triangle inequality we get

(6.15) > PrlF (y) = F (2i) = 8y—a, F (w)lly

n

S pi[F (y) = F (@x) — 8o, F (a1)]

k=1

>

Y
=Y oeF (@) = ) Py, F (2x)
k=1 k=1

By the linearity of the Gateaux differential we have

> pkOy—a, F( Zpka F(xk) ZpkaxkF(l‘k)
k=1

k=1

Y



INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE 21

and by (6.14) and (6.15) we have the inequality of interest

n n n
(6.16) - Zka (xk) = > PkOyF (xx) + Y prOa, F ()
= k=1 k=1 y
1
<K il -l
k=1
for any y € C.
Now, if z € C' is such that (6.11) holds, then by (6.16) we get the desired result
(6.12). O

Remark 3. Let x, € C, pr > 0 for k € {1,....,n} with >} _ px = 1 and F is
differentiable at xy, for any k € {1,...,n}. If there exists z € C such that

(6.17) ika’ (z) 2z = ika (k) T,

then we have the inequality (6.12).
Moreover, if the operator Y ;_, piF' (zx) is invertible and

(6.18) <Zka/($k> ( prk () k)EC,
k=1 k=1

then we have the inequality

n -1 n n
(6.19) F (Zpk.F' (xk)) (Zka(xk)$k> = piF ()
k=1 k=1 k=1

Y

[\

lepk Ty — <Zka mk)) (f:ka(xk)xk>
k=1

Corollary 4. Let (X, ||| ) and (Y, ||-|ly) be two normed linear spaces, C' an open
conver subset of X and F : C — 'Y a twice-differentiable mapping on C. If x}, € C,
pe > 0 for k € {1,...,n} with Y.;_, px = 1 and there exists = € C such that
(6.17) holds, then we have the inequality (6.12) with K = sup,cc [|[F" (2)[| £ x2,y) -
Moreover, if the operator > }_, pF’ (zy) is invertible and the condition (6.18)
holds, then we have the inequality (6.19) with K = sup_cc [F” (2)[l z(x2,y) -

X
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