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ON OSTROWSKI TYPE INEQUALITIES FOR FUNCTIONS OF
TWO VARIABLES WITH BOUNDED VARIATION

HUSEYIN BUDAK AND MEHMET ZEKI SARIKAYA

ABSTRACT. In this paper, we establish a new generalization of Ostrowski type
inequalities for functions of two independent variables with bounded variation
and apply it for quadrature formulae. Some connections with the rectangle,
the midpoint and Simpson’s rule are also given.

1. INTRODUCTION

Let f : [a,b] — R be a differentiable mapping on (a,b) whoose derivative f’ :
(a,b) — R is baunded on (a,b), i.e. ||f'| := sup |f'(t)| < co. Then we have the

te(a,b)
inequality
1 i 1 (:E — GT—H))Q /
(1.1) f(i’?)—bia/f(t)dt < l4+(b—a)2] b=a)lfllw>

for all z € [a,b][19]. The constant 1 is the best possible. This inequality is well
known in the literature as the Ostrowski inequality.

In [11], Dragomir proved following Ostrowski type inequalities related functions
of bounded variation:

Theorem 1. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then

/bf(t)dt(ba)f(m) <[Lo-asf- "2 Vo

a

holds for all @ € [a,b]. The constant % is the best possible.

2. PRELIMINARIES AND LEMMAS

In 1910, Fréchet [16] has given the following characterization for the double
Riemann-Stieltjes integral. Assume that f(z,y) and a(x,y) are defined over the
rectangle Q = [a,b] X [¢,d]; let R be the divided into rectangular subdivisions, or
cells, by the net of straight lines z = x;, y = vy,

a=x0<x1<..<xp=b, andc=yo <y < ... <Ym = d;
let &;,m; be any numbers satisfying {; € [z;—1,%i], n; € [yj-1,¥;], (i = 1,2,...,m;
j=1,2,...,m); and for all 7, j let
Avia(zs,yj) = a(wi—1,yj-1) — a(@i—1,y5) — alws, yj-1) + (s, yj)-
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Then if the sum
n m
S=>>"F (&) Analzi,y))
i=1 j=1
tends to a finite limit as the norm of the subdivisions approaches zero, the integral

of f with respect to « is said to exist. We call this limit the restricted integral, and
designate it by the symbol

b d
(2.1) [ [1@dsdate.).

If in the above formulation S is replaced by the sum

n m

ST =3 F (& mig) Anrali, ),
i=1 j=1
where ,;,7;; are numbers satisfying §;; € [z;—1,2:], m;; € [yj—1,y;], we call the
limit, when it exist, the unrestricted integral, and designate it by the symbol

(2.2) /b/df(aa y)dyda(z,y).

Clearly, the existence of (2.2) implies both the existence of (2.1) and its equality
(2.2). On the other hand, Clarkson ([8]) has shown that the existence of (2.1) does
not imply the existence of (2.2).

In [7], Clarkson and Adams gave the following definitions of bounded variation
for functions of two variables:

2.1. Definitions. The function f(z,y) is assumed to be defined in rectangle R(a <
x < b, ¢ <y <d). By the term net we shall, unless otherwise specified mean a set
of parallels to the axes:

x = z;(1=0,1,2,...m), a=x0 < 21 < ... < Ty, = b;

Y

Each of the smaller rectangles into which R is devided by a net will be called a cell.
We employ the notation

y;(7=0,1,2,...,n), c=yo <y < .. <y, =d.

Auf(ffzwyj) = f(xi+17yj+1) - f($i+1ayj) - f(xiaijrl) + f(xiayj),

Af(@isyj) = f(@it1,y541) — f(26,95)-
The total variation function, ¢(Z) [¢(7)], is defined as the total variation of f(Z,y)
[f(z,7)] considered as a function of y [z] alone in interval (c,d) [(a,b)], or as +00
if f(z,y) [f(x,7)] is of unbounded variation.

Definition 1. (Vitali-Lebesque-Fréchet-de la Vallée Poussin). The function f(z,y)
is said tobe of bounded variation if the sum

m—1,n—-1

Z |A11f (@i, y;)]

i=0 , j=0

is bounded for all nets.
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Definition 2. (Fréchet). The function f(x,y) is said tobe of bounded variation if

the sum
m—1, n—1

Z €i€j | A1 f (i, y5)]
i=0 , 5=0
is bounded for all nets and all possible choices of €; = 1 and €5 = £1.

Definition 3. (Hardy-Krause). The function f(x,y) is said tobe of bounded vari-
ation if it satisfies the condition of Definition 1 and if in addition f(T,y) is of
bounded wvariation in y (i.e. &(T) is finite) for at least one T and f(x,7) is of
bounded variation in y (i.e. ¥(y) is finite) for at least one .
Definition 4. (Arzela). Let (x;,y;) (1 =0,1,2,...,m) be any set of points satisfiy-
ing the conditions

a = <1< ... < Ty =0

c Yo <Yy < oo <Y =d.

Then f(x,y) is said tobe of bounded variation if the sum
Z |ASf (93]
i=1

is bounded for all such sets of points.

Therefore, one can define the consept of total variation of a function of variables,
as follows:
Let f be of bounded variation on Q = [a,b] X [¢,d], and let > (P) denote the

n m

sum Z Z |Aq1f(2s,y;)| corresponding to the partition P of Q). The number
i=1 j=1

d b
Vi =VV @ =sw{> (P):PecP@}.

Q a
is called the total variation of f on Q. Here P([a,b]) denotes the family of partitions
of [a,b].
In [17], authors proved foolowing Lemmas related double Riemann-Stieltjes in-
tegral:

Lemma 1. (Integrating by parts) If f € RS(a) on @, then a € RS(f) on Q, and
we have

d b d b
(2.3) / / F(t, $)dsdsalt, 5) + / / alt, s)duds f (1, 5)

= f(ba d)Oé(b, d) - f(bv C)Oé(b, C) - f(aa d)Oé(CL, d) + f(aa C)a(aa C).
Lemma 2. Assume that g € RS(a) on Q and « is of bounded variation on Q, then
d b
(2.4 [ [szddaen) < sw gtV @.
P (z,9)€Q Q

In [17], Jawarneh and Noorani obtained following Ostrowski type inequality for
functions of two variables with bounded variation:
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Theorem 2. Let f: Q —— R be mapping of bounded variation on Q. Then for
all (z,y) € Q, we have inequality

(2.5)

<b—a><d—c>f<x,y>—/d/bfa,s)dtds < E(b—a)+|x— !

1
X [(dc)Jr’y
2
where \/ (f) denotes the total (double) variation of f on Q.

For more information and recent developments on inequalities for mappings of
bounded variation, please refer to([1]-[6],[9]-[15],[17],[18],[20]-[24]).

The aim of this paper is to establish a new generzlization of Ostrowski type
inequalities for functions of two independent variables with bounded variation and
apply it for quadrature formulae. Some connections with the rectangle, the mid-
point and Simpson’s rule are also given.

3. MAIN RESULTS

First, we give the following notations used in main our Theorem;
Let
An,m = {('1:07 yo) (1‘0’ yl) (:E07 ym) ) ('Tla yo) (371, ym) PR (.Tn, yO) 3 (mna yl) PRERY) (‘rnv ym)}

is a partition of Q = [a,b] X [c,d] satisfaying a = zg, b = Zp, Yo = ¢, Yym = d
with ag = a, a; € [x;— 1,:51] (i=1,..,n), apt1 = band B, = ¢, B; € [Yi—1,9;]
(G=1,...,m), B, =d.

v(h) :=max{h;] i=0,...,n—1}, h; :=x;41 —

’U(l) = max{lj| j = 0, ey — 1}, lj = Yi+1 — Y-
Theorem 3. If f : Q — R is of bounded variatin on Q, then we have the inequality

b d
(3.1) ZZ (ip1 — By — j) f(zi,yj) —//f(t,s)dsdt

=0 j=0

T + Tit1

1
< [U(h) 4+  max oy — 5

2 i€{0,...,n—1}

1 T Y41 v
[ g o2 VY0
b d
S OLONAVE

where \/\/(f) is the total variation of f on Q.
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Proof. Let us consider the mappings K and L given by

t— o, t€la,z1) s— By,
t—OéQ, t€[$1,$2) S—ﬁ2,
K= CLe={
t_anfla te [$n727$n71) S_ﬁmfla
t—Oén, t e [.’Enf]_,b] S_Bma

Integrating by parts using Lemma 1, we obtain

ERS [cayl)
s € [yby?)

ENS [ym72aym71)
s € [ym,l,d] .

(3.2)
b d ne1m—1 _wi+1y_f+1
[ [xwreddres - [ KOLE)ds )
2 e =0 j=0 | . o

n—1m—1 —mi+1yj+1

= Z > / / (t = ig1) (5 = Bjy1) dsde f(2, 5)

Ti Yj

ey [(@ig1r — air1) (i1 — Bjyr) F(@ivn, yj)

—(zip1 — air1) (5 — Bjrr) F@iv1,y5)

— (i — aip1) (Yjr1 — Bj41) f(@i, yj41)

Ti+1Yj+1

(o — i) (95— Byan) ;) — / / £t 5)dsdt

b d

+ . (x; — aig1) (yj - 6j+1) f(xivyj) - //f(t,s)dsdt.

a ¢
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In last equality, we have

(3.3)
3 (- ) (- ) Fon)
G- an)[@=B,) fbd)+ b an) Y (45— 8) F0.1;)
j=1
A= B,) Y e a0) fand) + 30 Y (- ) (s~ 6,) faiwy)
Similarly, we have
(3.4)
n m-—1
Z 5j+1) f(xhyj)
i=1 j:0
(b= an) (c=B1) f(b,e) + (b—an) D (v = Bja) f(b35)
n—1 n—1m—1
(C_BI)Z( _al) f(CEi,C)-F (xl al) (y] 5]+1) f(mlvyj)
i=1 i=1 j=1
(3.5)
n—1 m
> (@i — i) (y; = B;) fl@i,y))
=0 j=1
m—1
= (a—a)(d=B,,) fla,d)+(a—a1) ) (y; - 5;) fla,y;)
j=1
Fd=B) Y (- con) Fland) + 303 (i ai) (35— 8,) Flanny)
and
(3.6)
n—1m-—1
Z Z (i — aiy1) (yj - 5j+1) f (i, ;)
i=0 j=0

= (a—a)(e—B) ] (a afa1§f 8,01) Fa,yy)

n—1 n—1m—1

+(C_51)Z($i — i) f(@i,c "‘Z Z — Qit1) »3j+1) f(zi, 7).

i=1 i=1 j=1



OSTROWSKI TYPE INEQUALITIES FOR FUNCTIONS

Adding (3.3)-(3.6) in last equality of (3.2), we obtain

//K s)dydy f(t, 5)

= (b—an)(d Brn) (b, d) + (b — o) (By =€) (b, )

+ (1 —a)(d—B,) f(a,d) + (a1 —a) (B, —¢) f(a,¢)

m—1 m—
b— o) Z j+1 TPy f(by;) + (a1 —a) (Bj—l—l *Bj) fla,y;)
=1 i=1
n—1 n—1
+(d—B,,) Z (atip1 — o) f(xi,d) (i1 — o) f(z4,0)
i=1 z:l

b d
(aip1 — o) (Bj41 — B;) (@i, y;) // f(t,s)dsdt
b d

= 3 (@i =) (B — ) o) / /f(t,s>dsdt.

a c¢c

On the other hand, we have

(3.7)
I nelm—1 | Tit1¥i+1
a/ / K(t)L(s)dsd; f(t,s)| = ; 2 { / / K(t)L(s)ddy f(t’s)]

Tit1Yj+1

IN

(t —ai1) (s = Bjy1) dede f (L, 5)| -
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Using Lemma 2 in the last part of the (3.7), we have

Tit1Yj+1
(3.8) / / (t— cis1) (5 — Byp1) dada f (£, 5)
Ti Y5
Tit1 Yj+1
< sup [t — il |s = B4 \/ \/
te[x,iq1] z;
s€[y;,Yj+1]

Tit1 Yj+1
= max{ai41 — T4, Tip1 — Qi1 Max {5j+1 — Y5, Yj+1 — jH} \/ \/
ZTq

|

Yi + 2/ 1
ﬁj-i—l dj T Jj+1

Ti+ Tit1

Q41 — B

1
= [2 (Tit1 — ) +

:| Ti+1 Yj+1

V Vo

1
X5 (Yj+1 —vj) +

Putting (3.8) in (3.7), we obtain

b d
o) |[ [KoOLoddfE.s)

a c
n—1m-—1
1 Ti+ Tt
< Z : [2(33z+1—$z‘)+ ai+1—121+]
=0 j5=0
1 yj+yj+1 Tit1 Yj+1
X {2 Wit1 = y5) + B — \/ \/

S ey [; (i1 — @) + |aigs — % ]

X e [1 (Yj+1 = Yj) + |Bjq1 — YT Uikl —I—y]+1 } 7: :: 01 xg/ yvl
< Bv(h) L L w ]

X {;U(l) +j€[0r,r.1.,a:ﬁ71] B — Yi t Y1 y]+1 } \i/\j/(f)

which completes the proof of first inequality in (3.1).
In last inequality in (3.9), we get

T; + Xigp1

(3.10) Qg1 — 5 < §hi and max Q41—

i€[0,...,n—1]
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and similarly,
Yi +yir| _ 1

3.11 m - < o).

(3.11) Jelmm—1] Bi 2 < 3v0)

If we add (3.10) and (3.11) in (3.9), the proof of theorem is completed. O

Now, using the result of the Theorem 3, we give some applications as follows:

Corollary 1. With the assumptions of Theorem 3. If we choose

v —a o _a+x o T+ X2 N  Tp2+Tpo1 N _ ZTpo1+b o b
0 — &, 1 — 2 ) 2 — 2 g ey bn—1 — 9 ) n — 2 ) n+1l —
and

c+y1 Y1+ Y2 Ym—2 + Ym—1 Ym-1+d
60267 61 762 Ta aﬁn 1_%7 Bn:mT7 67n+1:d

in Theorem 3, then we have the inequality

i [(b = 2n—1) (d = ym-1) f(b;d) + (b — 2n—1) (y1 — ) f(b; )
+ (21— a) (d = ym-1) f (a,d) + (x1 — a) (1 — ¢) f (a,¢)
— Tp-1 Z Yi+1 — Yi-1) f(b,y;) + (z1 — a) Z (Yj+1 — yj-1) fla,y;)

n—1

+(d=ym-1) Y (@ir1 = zi) f(@id) + (g1 =€) Y (@igs — zic1) f(@iy€)

=1 =1

n—1m-—1
+Z Z (i1 — xiz1) (Tip1 — xi—1) i, y;) //f (t,s)dsdt

i=1 j=1

b d
v\ V()
L (i =0,1,..,n) and

Corollary 2. In Corollary 1, if we take x; == a + (b —a)~
yj=c+ (d— c)% (j =0,1,...,m), then we have the inequality

(b—a)(d—c) ey j)e+jd
— f(b,d)+ f(b,e)+ f(a,d)+ f(a,c)+2 ]:1f< m)
ey (m—j)c+jd — (nfz a+zb — (n—1) aJrzb
j=1 i=1 i=1

n—1m-—1 ( ) +ib ( ) +id b d
n—i)a+ib (m—j)c+j B
+4§§ f< Jaxih m=i) ) / / £(t, 5)dsdt
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Corollary 3. Under assumption Theorem 3, choosing T = a, ©1 = b, ag = a,
o =a, a0 =b,yo =c¢, 1 =4d, By =c¢ B =B and By = d, we obtain the
inequality

(3.12) (@ —=a) (B =c)fla,c) + (a—a)(d=f) fla,d)

b d
(b= a)(B—c) f(b,e) + (b—a) (d— B) f(b,d) - / / £, 5)dsdt

¢ [rueorfo-t32 o b2

Remark 1. a) If we put a = b and B = d in (8.12), then we have the "left rectangle
inequality "

b d

(0= a)@c) fla0)~ [ [ ft,5)dsi

a c

b d
< ( SONAVS))

b) If take a = a and B = c in (3.12), then we have the "right rectangle inequality "

b d

b d
(=0 fbd) - [ [fes)dsat] < 0= a)@- 0\ V(£

c) Similarliy, if we put a = aT*'b and B = # in (3.12), then we get the "trapezoid
inequality "

fbd)+ fb.0)+ fad)+ fae) 1 -
‘ 1 <b—a><d—c>//f“’ Jdsdt
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Corollary 4. Under assumption Theorem 3, taking a < x1 < b, a < a3 < z1 <
ag <b,c<y <d, c <Py <y < By < d we obtain the inequality

(3.13) (1 = a) (B1 = ¢) f(a,¢) + (1 —a) (By = B1) fla,y1)
+ (1 —a)(d=Py) fla,d) + (az — 1) (By — ¢) f(a1,¢)
+ (a2 — 1) (B2 = 1) f(21,91) + (2 — an) (d = B5) f (21, d)
+(b—az) (B — ) f(b;¢) + (b — a2) (B2 — B1) f(b,51)
+(b—az2)(d—By) f(b,d) — /b/df(t, s)dsdt

11 +b + +0b
< *_i(b_a)-i- z1 a2 ‘ aq a2:z:1 a2_m12 ‘
oy et a2_$1+bm
2
(1 c+d c+y v +d
X_i(d—cﬂ' (1 5 ‘-i- B 7 L+ |8y — 12 ‘
c+y y1+d ¢
1 1
+1181 — 5 =18, 5 H] (f)
1 a+b 1 c+d|]\" )\
o R | LA e A
b d
< (b-a)d-o\ V.

Remark 2. If we put ay = a, as = b and B, = ¢, By = d in (8.13), then we get
the inequality

b d
(b—a)(d—0) f(zr, ) - / / F(t, s)dsdt

a+b 1

2 [Fa-a+ g -3 \:/\j/(f)
c+d

=%, then we get the "midpoint inequal-

Ty —

1 1
< [Q(b—a)+2

a+b

Particularly, if we take x1 = and y1 =

ity"

(ba)(dC)f<a;rb,C+d> //ft s)dsdt

which is obtained by Jawarneh and Noorani in [17).

e A
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12
Remark 3. If we choose a; = Sagrb, ay = %‘r’b, T € [%, “Jg‘r’b], B = 556+d,
By = CJFGE’d and y, € [SCTH, %] in (3.13), then we have the inequality
(b_a‘)<d_c) f(b,d)+f(b,c)+f(a,d)+f(a,c)
9 4
b d
(@) + (@1, £ (b) 4§ (o) +47 @a)] = [ [ 1t s)dsde
101 1 a+b 2a+b| |a+2b
< Z\|Z(— — _ _ _
< 4[2(8) a)+2x1 5 ’—i—max{xl s |'73 7 H
1 1 c+d 2c+d| |c+2d b
c[ptamas 3o s ma o - 250 |25 -} VO
Particularly, if we chose 1 = ‘IT'H’ and y; = c;d,then we have the "Simpson’s rule
inequality "
b,d b d
b0 (o) [LOD 100 + F(a.d) + S0,
36
() 47 (52,0) £ (050 4 (50)
9
4 b d r
a+0b c+
(et )] - o

b d
< BE0=IV Vi

which is proved by Jawarneh and Noorani in [17].

4. SAME COMPOSITE QUDRATURE FORMULA

Let us consider the arbitrary division I, : a = 29 < 1 < ... < ©, = b, and

Imic=yo <y1 < ... <yYm =d, hj == xip1 —x;, and 1 =y 11 — Yy,

v(h) :=max{h;| i=0,..,n—1},

v(l) ==max{l;| j=0,..,m—1}.
Then, the following theorem holds.

Theorem 4. Let f : Q@ — R is of bounded variatin on Q and &; € [z;,Ti11]
(i=0,...,n=1), m; € [yj,yj+1] (=0,....,m—1). Then we have the quadrature
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formula:

b d
(4.1) // f(t,s)dsdt

- (6 — ) (0 — w3) F(anyy)

+ Z (& — =) (yJ-H N ) (@i, y41)

The remainder R(§,n, In, Jm, [) satisfies

(4.2) |R(&, 1, Lns T, )]
1 Ti+ Tit1
< g+ e {6 - T
) vi +y b od
x {27) ) jedhax 1}{ n; — = 2J+1 H \a/\c/(f)

IN

b d
o)\ V()

forall §; € [z, 2i41] (i=0,...,n — 1) and n; € [y;,yj4+1] (j=0,..,m —1).

Proof. Aplying Corollary 3 on the bidimentional interval [z;, Zi11] X [y, yj41], we
get

43) (& — ) (n; —vy) fliyyy)

+ (& = @) (yjer — ) f@isyi) + (i1 — &) (n; — ¥3) f(@iv1,y5)

Ti+1Yj+1

+ (Tip1 — 5)(?/J+1 1 )f($z+1vyy+1) / /f(tas)det

Ti Yj
Ti+ it 1
} {2lj+

2

Y —|—y+1
gi_ J) " djrl

V Vi

:l Ti+1 Yj+1

1
< —h;
< [gh+
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Summing the inequality (4.3) over ¢ from 0 to n — 1 and j from 0 to m — 1, then
we get

(4.4)
|R(&, 1, I, T, f)]
n—1m—1 Tit1 Yj+1
it @i || |1 Yi TYj+1 +1UJ+1
<zz[h+ . H2zj+nj \/\/
1 Ty + Tyt
< —h; Bk
- ie{g.l%:z(l}{Q A 2 }
1 y‘+y‘ n—1m—1%i41 Yj+1
21 _Ji J+1
" jeform—1} {2 3| 2 — ;) y Y(f)
1= = i F
1 T+ Titq
< Zulh o i+
- {21}( ) ie{0, Z{ 1}{ & 2
b od
1 Yj T Yji+1
X [2v(l) +j€{(§1%1}{ n— s \a/\c/(f)

which copletes the proof of first inequality in (4.2).
In last inequality

L : Ti + Tip1 1
" I U - ——— | < -v(h),
( ) €1 2 =9 aln 16[0171’1%}5 1] 2 S 2’(}( )
and similarly,

Yi T Yji+1 1

4, Cwtun| 1
( 6) je[o{??ﬁi_l} J 9 = QU()
If we add (4.5) and (4.6) in (4.4), we obtain the required result. 0

Corollary 5. Let f, I, and J,, be as above.
1) If we choose §; = xi1 and n; = yji1 in (4.1), then we have the "left rectangle
rule”

n—1m-—1

//ft st =3 32 s 5 s + Rl I )
0 j=

2) If we choose §; = z; and n; = y; in (4.1), then we have the "right rectangle
rule”

b d n—1lm—1

//f(t s)dsdt =" (i1, yj41)hily + Rr(In, I, f)-

a ¢ =0 j=0
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3) Finally, if we choose &; = ““51 and n; = TEZEL G (4.1), then we have
the "trapezoid rule”

d
/ f(t, s)dsdt

Z xzayj + f(xHyJ"rl) + f( Tit1, Z/j) + f($i+17yj+1)] h’ilj + RT(ITL? Ims f)
7=0

\v

a

vlk\’—‘

Theorem 5. Let f, I, and J,, be as above and x; < Oél(»l) <¢ < 045»2) < Ziya,

y; < ﬂ;l) <n; < ﬂf) < yjt1. Then we have the quadrature formula

= Z , (agl) - $z> (5(1) - yy) f(@i, y5)
—1m—1

2.2 (e

(%

(o =) (37 = 87) saism,)
= (=) (s = ) Floinsen)
(o =) (8 - 15 £60rn)
= (o — o) (82— ") £(6im)
+ZZ(& ® — aM) (g1 B2) F(€ya)
(W ol?)
( )
( )

(1)
ﬁ _yj> $l+17y_j)

Ti4+1 — Oé

Tit+1 — Oé

(%
(8 = 8) fl@iraim))
(

Yj+1 — ) (xi+17yj+1)
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The remainder R(§,n, a (1), 52),,3§1),ﬁ§2),1n, JIm, [) satisfies

(48) R0l 0l 80 8. 1, T £)]
1 Ti+ Tit1
- {27} )+i€{0, n 1}{ 2 H

Yty yy+1

H \i/\j/(f)

I

e
—
=
=
=
<
—
=

Proof. Aplying Corollary 4 on the bidimentional interval [z;, Zi+1] X [y, yj41], we
have

(4.9)
‘ (%(1) - mz) (5(1) - y]) f@isy;) + (az('l) - wz) (55'2) - 55'1)) f@iyng)

+ (a W ) (yj+1 ) f(@isyj+1) + (%(-2) (1)) (5(1) yj) f(&,95)
+ (a ? - )) ( ) f(fmm) ( 1(2) - 04(1)) (yj+1 5( ) f(&yi1)
+ ($z+1 o ) (5(1 - y]) (iv1,95) + ($z+1 —af ) (ﬂ@ 5§1)) f(@iv1,m;)

b d
+ (xiﬂ - agm) (yj+1 B 6;_2)) F@ien,yyan) — //f(t,s)dsdt.

b

Ti+ it Yty + y3+1

&— =

:l Ti+1 Yj+1

\/\/>~

- 2

1
< |:hl +
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Summing the inequality (4.9) over ¢ from 0 to n — 1 and j from 0 to m — 1, then
we get

|R(&,m0", 0l 50, 8, L, o, 1)

n—1lm—1 z, 4+ 1 " +y Ti41 Yj+1
i it+1 +1
< S X [l - 222 V Vo
1=0 5=0
1 Ti+ Tiy1
< y _ T Tin
- ie{é?.%:f—l}{? & 2 }
n—1m—1%i+1 Yj+1
1 Yj +yg+1
X max {lj+n =2t \/\/ f)
je{0,..,m—1} | 2 par e S
1 Ti + Tip1
< |=zv(h - —
- {21}( )+ie{(€naﬂ)§ 1}{5 2 }]
b d
1 Y +y +1
x | Zo(l . J) " JdiTl
70+ gy o flvvo
b d
< v\ V()
This completes the proof of Theorem. O
Corollary 6. Under assumption of Theorem 5 with agl) =z, 0452) =41, § =

ma ﬁ('l) =Yj ﬁ(?) =yj+1 and n; = M then we have the "midpoint rule”

n—1lm-—1
//f (ts)dsdt =5 57 f (“:“L““"“ Yi +2yf+1> hily + Rar(In, o, f)

1=0 j5=0

where the remainder satisfies
b od

(Bt (L, T DI < 300\ ().

a (&
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