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ON GENERALIZATION OF DRAGOMIR’S INEQUALITIES

HUSEYIN BUDAK AND MEHMET ZEKI SARIKAYA

ABSTRACT. In this paper, we establish some generalization of weighted Os-
trowski type integral inequalities for mappings of with bounded variation.

1. INTRODUCTION

Let f : [a,b] — R be a differentiable mapping on (a,b) whoose derivative f’ :
(a,b) — R is baunded on (a,b), i.e. ||f'| := sup [f'(t)| < co. Then we have the
te(a,b)

inequality

b . atb 2
) |- [ s < [}((b_))] (- a)fl.e.

for all z € [a,b][13]. The constant I is the best possible. This inequality is well

known in the literature as the Ostrowski inequality.

Definition 1. Let P:a =129 < z1 < ... < &, = b be any partition of [a,b] and let
Af(z;) = f(xir1) — f(x;) Then f(x) is said to be of bounded variation if the sum

Z |Af ()]
i=1
is bounded for all such partitions.

Let f be of bounded variation on [a,b], and Y (P) denotes the sum Z |Af(x;)]
i=1
corresponding to the partition P of [a,b]. The number
b

\V () =sup {3 (P): P € P(la,b])},

a

is called the total variation of f on [a,b]. Here P([a,b]) denotes the family of par-

titions of [a,b].

In [7], Dragomir proved following Ostrowski type inequalities related functions

of bounded variation:

Theorem 1. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then

a

/bf(t>dt—(b—a)f(af) < [30-a+]- 3] V)
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holds for all © € [a,b]. The constant 5 is the best possible.
In [9], Dragomir gave a simple proof of following Lemma:

Lemma 1. Let f,u : [a,b] — R. If f is continious on [a,b] and u is bounded
variation on [a,b], then

b b b
/ f@du(t)| < / @) d (\/<u>>

a
a

N

P

/ b 11
/|f(t)pd<\a/(u)> ifp>1,];+6:1,

a

1
q

IN

o

IN

b
a t .
s 701/ @)

In [5], Dragomir obtained following Ostrowski type inequality for functions of
bounded variation:

Theorem 2. Let I, : a = 29 < 1 < ... < xx = b be a division of the interval
[a,b] and «; (i =0,1,....,k+ 1) be k + 2 points so that ag = a, ; € [wi—1, T
(i=1,..,k), ags1 =b. If f: [a,b] — R is of bounded variation on [a,b], then we
have the inequality:

k

b
(12 [f@ids =3 (@i - ) £ (o)
a i 0

1=

b
< Bv(h) + max |a 41 — % =01, k— 1] \a/(f)
b
< o) \/(f)

where v(h) := max{h;| i=0,...,n—1}, h; = 241 —z; (1 =0,1,....k—1) and
b
\/(f) is the total variation of f on the interval [a,b].

a

For some recent results connected with functions of bounded variation see [1]-
141, [6],(8],[10]- 121, [14)-[18].

The aim of this paper is to obtain some generalization of weighted Ostrowski
type integral inequalities for functions of bounded variation.

2. MAIN RESULTS

Firstly, we will give the following notations which are used in main Theorem:

Let I, :a = 29 < 21 < ... < 2, = b be a partition of the interval [a,d] ,
a; (i=0,1,....,n+ 1) be n + 2 points so that ag = a, o; € [x;-1,2;] (i =1,...,k),
a1 =b. Let w : [a,b] — (0,00) be continious mapping, and

v(h) :=max{h;| i=0,...,n—1}, h;:=z41 —x; (i=0,1,...,n—1),
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Ti4+1
v(L):=max{L;| i=0,...n—1}, L; = /w(u)du (t=0,1,....,n—1).

x;

Theorem 3. If f : [a,b] — R is of bounded variation on [a,b], then we have the
inequalities:

n Qi1 b

(2.1) > /w(u)du f(a:i)—/f(t)w(t)dt

=0

b
1 x; +x; .
< Hw”oo,[a,b] |:2U(h) + max Qi1 — % U= 0) 17 sy TV — 1:| \/(f)
b
g Hw”oo,[aﬁ]v(h’) \/(f)
and
(2.2)
Q41 b
S| [ wwdn) s - [ s
1=0 a; a
Qi1 Tit+1 b
< 1U(L) + max = w(u)du — / w(w)du \/(f)
- 2 i€{0,1,....n—1} 2 M
T Qi1

b
where \/(f) is the total variation of f on the interval [a,b].

Proof. Let us consider the mappings K defined by

w t € [z1,22)

t
ay

t
asz

w(u)du, tela,z)

t
/w(u)du, t € [Tn_2,Tn-1)

Qn—1

t
/w(u)du, t € [Tn_1,b].
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Integrating by parts , we obtain

(2:3) K(t)df (t)

- >/ K(t)df(t)}

= -71(./tw(u)du) df(t)]

- :C?lw(u)du) f(@iv1) + (ylw(u)du) fls) — :Zlf(t)w(t)dt]

i+1

7 ) (i) + Z (71 ) f(@i) = /bf(t)w(t)dt.

3 © 3 © 3 =8
| I | I | —
[a (=) [a (=) [a

(]

<.
I

I
W'M:
N

In last equality in (2.3), we have

and similarly

(2.5) i:l (71w(U)dU) flwi) = (71w(U)dU) f(a) +§ (71w(U)du) f ().

1=0 = a

Adding (2.4) and (2.5) in (2.3), we get the equality

b
(2.6) / K(t)df (1)

- (jw(u)du> F(b) +7§ (71w(U)du) f(@:)
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On the other hand, taking modulus in (2.6) and using triangle inequality we have

(2.7) ;} / w(u)du | f(z;) /f
= /b K(t)df(t)
= ; /w Ydu | df (t)
33 / / wu)du | df(t)
g n_1| T+t

0o 3| [ (6= ai)drte)
i=0 | ;.

Using Lemma 1 in last inequality in (2.7), we have

Ti+1 t
(2.8) / / w(u)du
X i4+1
Ti41
< sup [t — a1 \/ (f)
te[z;,wiq1] )

Ti41

= max{ai+1 — Ti, Tit1 — Qiy1} \/ (f)

T4

1 i+ Tig Tit1
= 13 (Tig1 — ) + |@ig1 — B — \/(f)
T
Putting (2.8) in (2.7), we obtain
n Q41 b
29 |3 / w(w)du | f(z:) — / F(yw(t)dt.
i=0 a; a
T+ x; N
< wllo o) Z [ (Tiy1 — i) + |Qig1 — % \/ (f)
n—1Ti4+1
1 x1+$1+1
< wllo o [ X 1 {2(%“ )+ |1 — }; y
T+ ’
7 i+1
< o [5o00+ s o = 2522V,
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This completes the proof of first inequality in (2.1).
On the other hand, in last inequality in (2.9), we have

Ti+ Tip1

(210) Q41 — B

1 x; +x;
< §hz and max Qit1 — e

1
< —v(h).
i€[0,...,n—1] 2 - 2U( )

Adding (2.10) in last inequality in (2.9), we obtain inequality (2.1).
Finally, for proof of inequality (2.2), taking modulus in (2.6), we have

n Qg1 b
(2.11) w(uw)du | f(x;) — | f&)w(t)dt.
2/ /

b
- / K()df (1)

Tit1 t

_ ; Z lw@m df (t)
< X / / w(u)du | df(t)|.

Using Lemma 1 for the last integral of (2.11), we have

Tit1 t
(2.12) / /w(u)du df (t)
T i+1
t Ti+1
< sup /w(u)du \/(f)
t€[z; ,wit1] x;
i1
Qg1 Tit1 Tit1
= max /w(u)du, /w(u)du \/(f)
T; Qif1 i

Ti41 Qi1 Ti41

— %/w@m+%/w@m—/wwm V ()

T4 Tq Q41
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Adding (2.12) in (2.11), we obtain

n Qit1 b
S| [ wtwdu ) f@) - [routa
=0\ &, a
n—1 1 s 1 e e Tit+1
< 3 /w(u)du+ 3 /w(u)du— /w(u)du \/ f)
i=0 z; T ait1 Ti
1 Ti+1 1 Qi1 Ti+1 n—1Tit1
< ie{o,rlr,la..},(n—u 3 /w(u)du+§ /w(u)du— /w(u)du ; \/(f)
T4 T Q41 =Y T
1 1 Qi1 Ti+1 b
< iv(w) +i€{0711r71?>,(n_1} 3 /w(u)du— /w(u)du \/(f)
z; Qg1 @
This completes the proof. [l

Remark 1. Under assumptions Theorem 3 with w(u) = 1, the inequality (2.1)
reduces inequality (1.2).

Remark 2. If w(u) = h'(u) (differantiable with respect to u) in Theorem 3, then
we have the inequality

(2.13)
n Qg1 b
wiodu | fa) — [ Fepos
ny /
b
< [ mex i) - 2] V)

b
< v(@)\/(f)

which was proved by Kuei-Lin Tseng et al. in [17].

Remark 3. If we choose w(u) =1, h(u) = u in (2.13), inequality reduces inequality

(1.2).

Corollary 1. Under assumption Theorem 3, choosing xog = a,x1 = b, ap = a,
a1 = o, a9 = b in inequality (2.2) we obtain the inequality
(2.14)
« b b
/w(u)du fla)+ /w(u)du f(b) f/f(t)w(t)dt
«@ b b
1
< §/w(u)du + = /w(u)du - /w(u)du \/(f)
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Remark 4. 1) In 2.14, if we take a = b, then we have the "weighted left rectangle
inequality "

b b b

Jutwau | s - /bf(t)w(t)dt < | [wwan ) Vo)

a

a a

2) If we take o« = a in 2.14, then we have the "weighted right rectangle inequality”

b b b b

Jutau ) 1)~ [ s < | [wtd] V).

a a a a
3. APPLICATIONS FOR QUDRATURE RULE

Let us consider the arbitrary division I, : a = z¢g < 21 < ... < ©, = b and let
w : [a,b] — (0,00) be continious mapping with

Tit1
v(L):=max{L;| i=0,...n—1}, L; = /w(u)du (t=0,1,....,n—1).

Then the following Theorem holds.

Theorem 4. Let f : Q@ — R is of bounded variatin on Q and &; € [x;, Tt
(i=0,...,mn—1). Then we have the quadrature formula:

b n—1 & n—1 [ Fit?
/f(t)w(t)dt = Z /w(u)du f(ml)—&—z /w(u)du f@ip1)+ Ry (In, fLw, €).
s =0 \;, i=0 \ ¢
The remainder term Ry, (I, f,w,&) satisfies
) . & Tit1 b
Rull S ©) < | 5o+ max o fotdu— [ wtdd |\
i & “
Proof. Applying Corollary 1 to interval [x;,z;11], we have the inequality
(3.1)
fi Ti41 Ti41
Jutwdu | f@)+ | [ wtdu| £ - [ e
X §i a
Tiy1 &, Tiq1 Tip1

IN

/w(u)du—k% /w(u)du— /w(u)du V)

DN | =
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Summing the inequality 3.1 over ¢ from 0 to n — 1, then we have

n—1 lel 1 & Tita Tit1
Rutn fon)] < 3|5 [ widus 3| fwtan [weil| V)
) Tit1 1 & Tit1 n—1Tit1
< ie{()’rlr,l?}’(n_l} i/w(u)du—i—g /w(u)du— /w(u)du ; \/(f)
b 2 ¢ =0 x;
| 1| s b
< |quw)+_ max 5/ w)du — /w(u)du \a/(f).
This completes the proof. ([

Remark 5. 1) If we choose &, = x;11, then we have the weighted left rectangle rule

b n—1 Tit1
/ Ftutd =3 / wu)du | f(2:) + Ruor(In, f,w).
a i=0 T;

The remainder Ry, 1 (I, f,w) satisfies

b

|RwL(In7 f?w)| S U(L) \/(f)

a

2) Similarly, choosing §; = x;, we have the weighted right rectangle rule

b n—1 [ ¥t
/f(t)w t)dt = /w(u)du f(@i41) + Rwr(In, f,0).
. =0\ 7.

And, the remainder term Rygr(I,, f,w) satisfies

(1]

2]

b

|RurL, frw)] < 0(L) \/ (/)

a
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