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INTEGRAL INEQUALITIES OF JENSEN TYPE FOR M-CONVEX
FUNCTIONS

S. S. DRAGOMIR!:2

ABSTRACT. Some integral inequalities of Jensen type for A-convex functions
defined on real intervals are given.

1. INTRODUCTION

1.1. h-Convex Functions. We recall here some concepts of convexity that are
well known in the literature.
Let I be an interval in R.

Definition 1 ([40]). We say that f: I — R is a Godunova-Levin function or that
f belongs to the class Q (I) if f is non-negative and for all x,y € I and t € (0,1)
we have

(11) Flte+(=0)9) < S f @)+ 1 f )

Some further properties of this class of functions can be found in [30], [31], [33],
[46], [49] and [50]. Among others, its has been noted that non-negative monotone
and non-negative convex functions belong to this class of functions.

The above concept can be extended for functions f: C C X — [0,00) where C
is a convex subset of the real or complex linear space X and the inequality (1.1) is
satisfied for any vectors z,y € C and ¢ € (0,1). If the function f: C C X — R is
non-negative and convex, then is of Godunova-Levin type.

Definition 2 ([33]). We say that a function f : I — R belongs to the class P (I)
if it is nonnegative and for all x,y € I and t € [0, 1] we have

(1.2) flr+ (1 —t)y) < f(2)+ f(y).

Obviously @ (I) contains P (I) and for applications it is important to note that
also P (I) contain all nonnegative monotone, convex and quasi convex functions, i.
e. nonnegative functions satisfying

(1.3) [tz + (1 —1t)y) <max{f(z),f(y)}

for all z,y € I and t € [0,1].
For some results on P-functions see [33] and [47] while for quasi convex functions,
the reader can consult [32].
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If f:CC X —[0,00), where C' is a convex subset of the real or complex linear
space X, then we say that it is of P-type (or quasi-convex) if the inequality (1.2)
(or (1.3)) holds true for =,y € C and t € [0,1].

Definition 3 ([7]). Let s be a real number, s € (0,1]. A function f : [0,00) — [0, 00)
is said to be s-convex (in the second sense) or Breckner s-convex if
flte+(1-t)y) <t°f(2) +(1-1)°f(y)

for all z,y € [0,00) and t € [0,1].

For some properties of this class of functions see [1], [2], [7], [8], [28], [29], [41],
[43] and [52].

The concept of Breckner s-convexity can be similarly extended for functions
defined on convex subsets of linear spaces.

It is well known that if (X, |-||) is a normed linear space, then the function
f(z) =|z||”,p>11is convex on X.

Utilising the elementary inequality (a + b)® < a® + b* that holds for any a,b > 0
and s € (0, 1], we have for the function g (z) = ||z||® that

gtz +(1—-1)y) [tz + (L =) yl” < (¢l + @ =2) yl)
Nzl + (L =)yl
= tg@)+(1-1)"g(@)

for any x,y € X and t € [0, 1], which shows that g is Breckner s-convex on X.

In order to unify the above concepts for functions of real variable, S. Varosanec
introduced the concept of h-convex functions as follows.

Assume that I and J are intervals in R, (0,1) € J and functions h and f are real
non-negative functions defined in J and I, respectively.

Definition 4 ([55]). Let h : J — [0,00) with h not identical to 0. We say that
f:1—10,00) is an h-convex function if for all x,y € I we have

(1.4) flez+ A=ty <h(@)f(@)+h(1-1)f(y)
for allt € (0,1).

IN

For some results concerning this class of functions see [55], [6], [44], [53], [51] and
[54].

This concept can be extended for functions defined on convex subsets of linear
spaces in the same way as above replacing the interval I be the corresponding
convex subset C of the linear space X.

We can introduce now another class of functions.

Definition 5. We say that the function f : C C X — [0,00) is of s-Godunova-
Levin type, with s € [0,1], if
1 1
1.5 t 1—t < — —_—
(1.5 P+ 0= 00) < £ @)+ sl ).
for allt € (0,1) and z,y € C.

We observe that for s = 0 we obtain the class of P-functions while for s = 1
we obtain the class of Godunova-Levin. If we denote by @, (C) the class of s-
Godunova-Levin functions defined on C', then we obviously have

P(C)=Qo(C) C Qs (C) Qs (C) CQ1(C)=Q(C)
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For different inequalities related to these classes of functions, see [1]-[4], [6], [9]-
[39], [42]-[44] and [47]-[54].

A function h : J — R is said to be supermultiplicative if

(1.6) h(ts) > h(t)h(s) for any t,s € J.

If the inequality (1.6) is reversed, then h is said to be submultiplicative. If the
equality holds in (1.6) then h is said to be a multiplicative function on J.

In [55] it has been noted that if & : [0, 00) — [0, 00) with & (£) = (z + ¢)’" ", then
for ¢ = 0 the function A is multiplicative. If ¢ > 1, then for p € (0, 1) the function
h is supermultiplicative and for p > 1 the function is submultiplicative.

We observe that, if h, g are nonnegative and supermultiplicative, the same is
their product. In particular, if A is supermultiplicative then its product with a
power function £, (t) =t" is also supermultiplicative.

1.2. A\-Convex Functions. We start with the following definition (see also [25]):

Definition 6. Let A : [0,00) — [0,00) be a function with the property that A (t) > 0
for allt > 0. A mapping f : C — R defined on convex subset C of a linear space X
is called \-convex on C' if

ax + By AMa)f(z)+X(B) f (v)
f<a+ﬂ)< Xa+B)

for all a, 8 > 0 with «+ B > 0 and z,y € C.

(1.7)

We observe that if f: C' — R is A-convex on C, then f is h-convex on C with
h(t) =3 te(0,1].

If f: C — [0,00) is h-convex function with h supermultiplicative on [0, c0) , then
f is A-convex with A = h.

Indeed, if o, 8 > 0 with a« + 5 > 0 and z,y € C then

(o552) = 1)) o

h(@) f(z) +h(B)f(y)
h(a+pB) '

The following proposition contain some properties of A-convex functions [25].

IN

Proposition 1. Let f : C — R be a A-convex function on C.
(i) If A(0) > 0, then we have f (x) > 0 for all x € C;
(i) If there exists xo € C so that f (xo) > 0, then

AMa+B) < A(a)+A(B)

for all a, 8 > 0, i.e. the mapping X is subadditive on (0, 00) .
(iti) If there exists xo,yo € C with f(xg) > 0 and f (yo) < 0, then

AMa+B)=A(a)+A(B)
for all a, 8 > 0, i.e. the mapping X is additive on (0, 00) .

We have the following result providing many examples of subadditive functions
A:[0,00) — [0,00).
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Theorem 1 ([25]). Let h(z) =Y.~ anz" a power series with nonnegative coeffi-
cients a, > 0 for all n € N and convergent on the open disk D (0, R) with R > 0
or R=o0. If r € (0, R) then the function A, : [0,00) — [0,00) given by

h(r)
1.8 A () i=In | ——F——
- = h e
is nonnegative, increasing and subadditive on [0, 00) .

We have the following fundamental examples of power series with positive coef-
ficients

1
1. =Y = 1
(1.9 h(z) nZ:Oz T z€ D(0,1)
h(z)—iiz exp (2) zeC
—n:On! = exp )
h(z):i ! 2?" = cosh z, z € C;
— (2n)! ’ ’
h(z):Z(Zni— )ZQ"H:Sinhz, z € G
h(z)—ilz"—ln ! z€ D(0,1)
_n:1n - _27 ) *

Other important examples of functions as power series representations with positive
coefficients are:

(1.10)  h(z)=> ! 22"_1:;1n<1+z), z€ D(0,1);

1—=2

h(z) = Z \/EF((QT—FQI))n!Z%H = sin~! (2), z2€ D(0,1);

1
h(z) = Z 5 1z2”71 = tanh ™! (2), 2€D(0,1);

oo

F'n+a)T(n+8)T(v) .,
h(z) =2 Fl (avﬂavaz):n;o n'F(a)F(ﬁ)I’(n—i—'y’)Y z aaaﬂ,7>07

z€ D(0,1);
where ' is Gamma function.
Remark 1. Now, if we take h(z) = ,2€ D(0,1), then
1— _
(1.11) A (t) =1In [TXP()}
-

is nonnegative, increasing and subadditive on [0,00) for any r € (0,1).
If we take h(z) = exp (z), z € C then

(1.12) Ar () =71 —exp (—t)]

is nonnegative, increasing and subadditive on [0,00) for any r > 0.
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Corollary 1 ([25]). Let h(z) = > 07 janz" a power series with nonnegative coef-
ficients a,, > 0 for all n € N and convergent on the open disk D (0, R) with R > 0
or R=o00 andr € (0,R). For a mapping f : C — R defined on convex subset C' of
a linear space X, the following statements are equivalent:

(i) The function f is \.-convex with A, : [0,00) — [0, 00),

_ h(r) ,
el
(1) We have the inequality

az+By

019 | e i ﬁ))]f( " e ) . I ell&)/a))]ﬂy)

for any o, 8 >0 with a4+ B > 0 and z,y € C.
(i1i) We have the inequality

a1y el heen 5;@;)1“” < (b (@A (22422)

[ (rexp (—a — g (55
for any o, 8> 0 with a+ 8 >0 and z,y € C.

Remark 2. We observe that, in the case when
A (t) =r[l—exp(=t)], t >0
then the function f is \.-convex on convexr subset C' of a linear space X iff
ORI CE2 AR ORI SN0
ot B 1= exp(—a—p)

for any o, 8 >0 with a4+ B > 0 and z,y € C.
We observe that this definition is independent of r > 0.
The inequality (1.15) is equivalent with

ox + By exp (B) [exp (@) — 1] f (z) + exp (a) [exp (8) — 1] f (v)
(1.16) f( a+p >§ exp(a+p3)—1

for any o, 8> 0 with a+ 8 >0 and z,y € C.

2. UNWEIGHTED JENSEN INTEGRAL INEQUALITIES
The following discrete inequality of Jensen’s type has been obtained in [26]:

Theorem 2. Let A : [0,00) — [0,00) be a function with the property that X (t) > 0
for allt > 0 and a mapping f : C — R defined on convex subset C of a linear space
X. The following statements are equivalent:

(i) f is A-convex on C;

(ii) For all z; € C and p; > 0 with i € {1,...,n}, n > 2 so that P, > 0, we have
the inequality

(2.1) / <;n Zpﬂ%) < )\(;n)

The proof can be done by induction over

n
=1

> 2

A(pi) f (i) .
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Corollary 2. Let f : C — R be a A-convex function on C and a; € [0,1], i €
{1,...,n} with 321" a; = 1. Then for any z; € C with i € {1,...,n} we have the
inequality

(2.2) <Z am) < m Z () f ().
In particular, we have

s <x++fv> < o(m) T @)+t (@)

(2.3) -

where

We have the following version of Jensen’s inequality:

Corollary 3. Let f: C — R be a A-convex function on C and x; € C and p; > 0
with i € {1,...,n}, n > 2 so that P, > 0. Then we have the inequality

(2.4) ( Zp,a:Z)gAlzn: (”l) (1)

The proof follows by (2.2) for a; = 5=, 7 € {1,...,n}.

Corollary 4. Let h(z) = ZZOZO anz™ a power series with nonnegative coefficients
an > 0 for all n € N and convergent on the open disk D (0, R) with R > 0 or
R = 0. For a mapping f : C — R defined on convex subset C' of a linear space X,
the following statements are equivalent:

(i) The function f is \.-convex with A, : [0,00) — [0, 00)

A () = In [h(h@“)}

rexp (—t))
on C}
(ii) We have the inequality
= i i L 7, T4
(25) G U e
' h(rexp(—Py)) h(rexp (—p;))
for any z; € C and p; > 0 withi € {1,...,n}, n so that P, > 0.

We have the following Jensen inequality for the Riemann integral:

Theorem 3. Let u : [a,b] — [m, M] be a Riemann integrable function on [a,b].
Let A : [0,00) — [0,00) be a function with the property that X (t) > 0 for allt >0
and the function f : [m, M] — [0,00) is A-convex and Riemann integrable on the
interval [m, M| . If the following limit exists

A(t)

(26) eI

=k € (0,00)

then

(2.7) f(bia/ab ()dt) b_a/f
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Proof. Consider the sequence of divisions

dy : acg") :a—i—%(b—a), i€{0,..,n}
and the intermediate points

55") :a—i—%(b—a), i€40,...,n}.

We observe that the norm of the division A,, := max;eo,... n—1} ( :cgi)l — :cg")) =

b—a

—2 — 0 as n — oo and since v is Riemann integrable on [a, b], then

n—1

/bu(t)dt = lim Zu(ggm) [xm_ xg")}

b—a '~ 1
= Jm — ;Ou <a+ - (b a))

Also, since f : [m,M] — [0,00) is Riemann integrable, then f o u is Riemann
integrable and

/abf(u(t))dt:nllnéob;aj_iéf[u(aﬂ—;(b—a)ﬂ.

Utilising the inequality (2.1) for p; := =% and z; := u (a + £ (b — a)) we have

(2.8) f(biab;a§u<a+;(b—a)>>

g 2 (50 (s(o+ f0-w)
s (5 S0 (v e+ s 0-0))
~so—ao=a* () b;ay.i;f(“(”:z(b_a)»

for any n > 1.
Observe that

IN

|
>

dm —pi— = lim —= =k € (0,00),

NCORNYt
and by taking the limit over n — oo in the inequality (2.8), we deduce the desired
result (2.7). O

Corollary 5. Let u : [a,b] — [m,M] be a Riemann integrable function on [a,d]
and h(z) = Y07 qanz" a power series with nonnegative coefficients a,, > 0 for
all n € N and convergent on the open disk D (0, R) with R > 0 or R = oo and
r € (0,R). Let A, : [0,00) — [0,00) be given by

0 [t ]
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and the function f : [m, M] — [0,00) is \.-convex and Riemann integrable on the
interval [m, M) . Then

T e ey

h(rexp(—(b—a)

Proof. We know that A, is differentiable on (0, 00) and

rexp (—t) h' (rexp (—t))
h (rexp (—t))

A (t) =

for ¢t € (0, 00) , where

o0
= E na,z" !
n=1

Since A, (0) = 0, therefore

oy A8 gy TR ()
k—slir&_ . =X, (0) = A0 >0 forr € (0,R).
Utilising (2.7) we get the desired result (2.9). O

The following Hermite-Hadamard type inequality holds:

Corollary 6. With the assumptions of Theorem 3 for f and X and if [a,b] =
[m, M), then we have the Hermite-Hadamard type inequality

(2.10) f(a;b) < /:mdt

Remark 3. Assume that the function f : [m, M] — [0,00) is A-convex and Rie-
mann integrable on the interval [m, M| with

Alt)=1—exp(—t), t>0.

Ifu: [a,b] — [m, M] is a Riemann integrable function on |a,b], then

f(bla/a”u@)dt) < et [

In particular, for [a,b] = [m, M| and u (t) = t we have the Hermite-Hadamard type

inequality
a+b
/ < / 7
2 1—exp( —a)

The proof follows from (2.7) observing that

o 2O oy
b=l =N O =1

Utilising a similar argument and the inequality (2.4) we can state the following
result as well:

Theorem 4. Let u : [a,b] — [m, M] be a Riemann integrable function on [a,b].
Let A : [0,00) — [0,00) be a function with the property that X (t) > 0 for allt >0
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and the function f : [m, M] — [0,00) is A-convex and Riemann integrable on the
interval [m, M) . If the limit (2.6) exists, then

b b
(2.11) f <bia/ u(t)dt) < )\(1)(kb—a)/ (b)) dt

Examples of such inequalities are incorporated below:

Corollary 7. Let u : [a,b] — [m,M] be a Riemann integrable function on [a, ]
and h(z) = Y07 qanz" a power series with nonnegative coefficients a,, > 0 for
all n € N and convergent on the open disk D (0, R) with R > 0 or R = oo and
€ (0,R). Let Ay : [0,00) — [0,00) be given by
h(r)
A ()i =ln | —2——
0= e )

and the function f : [m, M] — [0,00) is A.-convex and Riemann integrable on the
interval [m, M) . Then

(2.12) f(bla/:u(t)dt> < e )ln[rhlr b o / f(u

h(

We also have the Hermite-Hadamard type inequality:

Corollary 8. With the assumptions of Theorem 4 for f and X and if [a,b] =
[m, M], then we have the Hermite-Hadamard type inequality

(2.13) f<a;b>_A = / e

Remark 4. Assume that the function f : [m, M] — [0,00) is A-convex and Rie-
mann integrable on the interval [m, M| with

At)=1—exp(—t), t >0.

If u: [a,b] — [m, M] is a Riemann integrable function on [a,b], then

f(bla/ab“(t)dt> 71 bfa/f

In particular, for [a,b] = [m, M| and u (t) = t we have the Hermite-Hadamard type

inequality
a+b e 1 b
< .
f( 2 >_e—1 b—a/af(t)dt

3. WEIGHTED JENSEN INTEGRAL INEQUALITIES

We can prove now a weighted version of Jensen inequality.

Theorem 5. Let u,w : [a,b] — [m, M] be Riemann integrable functions on [a,b]
and w(t) > 0 for any t € [a,b] with f t)dt > 0. Let A : [0,00) — [0,00) be a
function with the property that A (t) > 0 for all t > 0 and the function f : [m, M] —
[0,00) is A-convex and Riemann integrable on the interval [m, M]. If the following
limit exists, is finite and

t
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then

1 b 1 b
(3.2) f (fbw(t)dt/a w (t) u(t) dt) géﬁw(t)dt/a Aw (@) f (u(t))dt.

a

Proof. Consider the sequence of divisions
(n) 1 .
dp: z;’ =a+—(b—a), i€{0,..,n}
n
and the intermediate points
W _ by
& =a+—(b—a), 1€{0,...,n}.
n

We observe that the norm of the division A, ;= max;cqo,....n—1} ( :cgi)l — xgn)

— 0 asn — oo.
If we write the inequality (2.1) for the sequences

b—a
n

pi=w<a+i(b—a)> andmi=u<a+;(b—a)), i€ {0, ..}
we get
(3.3) f<2?_01w(a:—fl(b—a)) j:z_;w(a—f—;(b—a))u(a—i—;(b—a)))

1
A (22:01 w(a+L(b— a)))

x:iol)\(w (a-i—2(b—a)>)f(u<a+i(b—a))>,

for n > 1.
Observe that

f(Z?:Olw(a1+5<b—a)) f__:“’<“+;(b_a)>“<“+;(b_a)>>

<
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and
1
AN w (et £ (- a)
F(efor -0 f0-0)
_ Yigw(etg-a) !

Then from (3.3) we get

1
(3-4) f ( boa S~ L (a4 L (b—a))

for all n > 1.
Since
n—1
o Ffer o)
h— n—1
=1 - 1
nLH;o n §w<a+n( a))XIm —a
b
—/ w (t) dt X 0o = 00,
then
n—1 1
‘ i(p_
i 2= PO OZ0) Ly,
TN (Z;L;O w(a+L(b— a))) n—oc A(t)
and by letting n — oo in (3.4) we get the desired result (3.2). O

The following unweighted version of Jensen inequality holds:

Corollary 9. Let u : [a,b] — [m,M] be a Riemann integrable function on [a,b].
Let A : [0,00) — [0,00) be a function with the property that X (t) > 0 for all t > 0
and the function f : [m,M] — [0,00) is A-convex and Riemann integrable on the
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interval [m, M. If the limit (3.1) exists, then

(3.5) f(bla/ u(t)dt) gem)ﬁ/ Fu(t)dt.

Moreover, if [a,b] = [m,M], then by taking w(t) = ¢, t € [a,b], we have the
Hermite-Hadamard inequality

(3.6) f(a;—b>§£)\(1)bia/abf(t)dt.

Remark 5. In order to give examples of subadditive functions A : [0,00) — [0, 00)
with the property that A (t) > 0 for allt > 0 and for which the following limit exists,
s finite and

. t

we consider the power series h(z) =Y - | anz" with nonnegative coefficients a, >

0 for alln > 1, a1 > 0 and convergent on the open disk D (0, R) with R > 0 or
R = 0.
Such examples are the functions

oo " >
n=1
=1
Z —z"=exp(z)—1, z€C,
ot n!
= 1
27(2 n 1)'22"“ =sinhz, 2z € C;
n !
=1 1
—2z" =1In , 2€ D(0,1)
n=1 ==

and others.
Let A, : [0,00) — [0,00) be given by

A (t) :=1n [Wfﬁ_m} '

We know that A, is differentiable on (0,00) and

rexp (—t) W' (rexp(—t))
h (rexp (—t))

No(t) =
fort € (0,00), where

W (z) = Z nanz" L.

n=1

By U’Hospital’s rule we have

lim t lim L
1 — = 11 —.
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Since for the power series h(z) = a1z + azz? + azz® + ... we have b/ (2) = a1 +
2a97 + 3a32% + ... then

rexp (—1) (a1 + 2007 exp (—1) + 3ag (rexp (<)) + ..

A (1)
rexp (—t) (a1 + agrexp (—t) + as (rexp (—t))* + )

a1 + 2agrexp (—t) + 3ag (r exp (_t))Q T
K , t€(0,00).

ay + agrexp (—t) + az (rexp (—t))" + ...
Therefore limy o, .. (t) = 1 and

li t

im —— =

t—o0 Ar (t)

Corollary 10. Let u,w : [a,b] — [m, M] be Riemann integrable functions on [a,b]

and w(t) > 0 for any t € [a,b] with fjw(t) dt > 0. Consider the power series
h(z) =Yo7 | anz"™ with nonnegative coefficients a, > 0 for allm > 1, a; > 0 and

n=1
convergent on the open disk D (0,R) with R > 0 or R = co. Let r € (0,R) and
assume that the function f : [m, M] — [0,00) is \.-convex and Riemann integrable
on the interval [m, M| with

Then we have the inequality

1 b
(3.8) f (fbw(t)dt/a w (t) u(t) dt)

a

LY hr) .
) ffw(t)dt/a : [h(rexp(—w(t)))]f( (t)) dt.

The proof follows by Theorem 5 observing that ¢ = 1.

Remark 6. With the assumptions of Corollary 10 for w, h and f we have

(3.9) f <b_1a /abu(t)dt> <In [h?r(er—)l)] bia/abf(u(t))dt.

In particular, for [a,b] = [m, M] we have the Hermite-Hadamard inequality

(3.10) f<a;b)§ln[fm}bia/abf(t)dt.

4. INTERVAL DEPENDENCY

Let w : [a,b] — [m,M] be a Riemann integrable function on [a,b]. Let \ :
[0,00) — [0,00) be a function with the property that A (¢) > 0 for all ¢ > 0 and the
function f : [m, M] — [0,00) is A-convex and Riemann integrable on the interval
[m, M]. Assume also that the following limit exists

A(t)

lim —= =k € (0,00).
t—0+ ¢
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By Theorem 3 we have that

(4.1) A (f,u )\ [a, b)) /f dt)\(ba)f<bia/bu(t)dt> > 0.

Theorem 6. With the above assumptions for u, A, f and k we have:
(i) For any c € (a,b) we have

(4.2) A(f,u, As[a,b]) = A(f,u, A5 [a, c]) + A (f, u, A [e,b]) = 0,

A (f,u, A;-) is a superadditive function of intervals.
(i1) For any c,d € (a,b) with ¢ < d we have

(4.3) A(f,u, A5 a,b]) = A (f,u, As e, d]) =0,
A(f,u, A;+) is a monotonic nondecreasing function of intervals.

Proof. (i) By the A-convexity of f we have for ¢ € (a,b) that

f<bia/abu(t)dt>
:f(b_la (Lcu(t)dt+/cbu(t)dt>>
:f<2_2<cla/:u(t)dt)+s_z (blc/cbu(t)dt>>

Ae—a)f (Cia [ou) dt) FAb—c)f (bic IR0 dt)
= Nb—a) '
Therefore

A (f,u, s [a,b])

:/Cf( dt+/ f(u dt_llfA(b_a)f(@ia/abu(t)dt>

/f dt+/f dt—%)\(b—a)
[ (ca)f(clafau(t)d)Jr/\(bc)f(blpfcbu(t)dt)]

/f dt—%)\c—a (C_a )
o [ rwwa- o (

=A(f,u, A\ [a,c]) + A(f,u, A\ |

X

and the inequality (4.2) is proved.
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(ii) For any ¢,d € (a,b) with ¢ < d we have on applying the property (4.2) that
A(f,u A fab]) = A(f,u A la,c]) + A (f, u, A5 e, 0])

A(fou, A a, o) + A (f,u, A e, d]) + A (f, u, A [d, B])

> A(f,u,Nled])

Y

and the proof is concluded. ([

Remark 7. If [a,b] = [m, M] and u(t) =t, t € [a,b] then the functional

s [ 00 a(53) o

is a superadditive and monotonic nondecreasmg function of intervals.
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