
PERTURBED COMPANIONS OF OSTROWSKI�S INEQUALITY
FOR ABSOLUTELY CONTINUOUS FUNCTIONS (II)

S. S. DRAGOMIR1;2

Abstract. Perturbed companions of Ostrowski�s inequality for absolutely
continuous functions whose derivatives are Lipschitzian are given. The case of
convex functions is also analyzed. Some applications are provided.

1. Introduction

In [16] we established the following companion of Ostrowski inequality [27] for
Lebesgue sup-norm:

Theorem 1. Let f : [a; b] ! R be an absolutely continuous function on [a; b] : If
f 0 2 L1 [a; b] ; then we have the inequalities
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for any x 2
�
a; a+b2

�
; where

kgk[c;d];1 := ess sup
t2[c;d]

jg (s)j :

The inequality (1.1), the �rst inequality in (1.1) and the constant 18 are sharp.

If in Theorem 1 we choose x = a; then we get
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with 1
4 as a sharp constant (see for example [21, p. 25]).

If in the same theorem we now choose x = a+b
2 ; then we get�����f
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with the constants 1
8 and

1
4 being sharp. This result was obtained in [15] by a

di¤erent argument.
It is natural to consider the following corollary.

Corollary 1. With the assumptions in Theorem 1, one has the inequality:
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The constant 18 is best possible in the sense that it cannot be replaced by a smaller
quantity.

In the same paper [16] we established the corresponding inequalities for Lebesgue
p-norms with p � 1 as well as have provided some applications for cumulative
distribution functions and some quadrature rules.
For a monograph devoted to Ostrowski type inequalities, see [21].
For research papers on Ostrowski�s inequality see [1]-[20], [22]-[24] and [26].
In the recent paper [19] we established the following identity:

Lemma 1. Assume that f : [a; b] ! C is an absolutely continuous function on
[a; b]. Then we have the equality
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The following particular cases are of interest:
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Corollary 2. With the assumption of Lemma 1 we have the equalities
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The following particular result with no parameter in the left hand term holds:

Corollary 3. Assume that f : [a; b] ! C is absolutely continuous on [a; b]. Then
we have the equality
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for any �1 2 C, while from (1.8) we get
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Utilising these identities we obtained in [19] some inequalities for absolutely
continuous functions whose derivatives are Lipschitzian are given. The case of
convex functions is also analyzed. Applications for cumulative distribution function
are provided as well.

2. Inequalities for Lipschitzian Derivatives

We say that the function g : [a; b] ! C is Lipschitzian with the constant L > 0
if

jg (t)� g (s)j � L jt� sj
for any t; s 2 [a; b] :

Theorem 2. Assume that f : I ! C is an absolutely continuous function on
[a; b] � �I; the interior of I. If the derivative f 0 is Lipschitzian with the constant
K > 0; then�����12 [f (x) + f (a+ b� x)] + 12 (x� a)2 f 0 (b)� f 0 (a)b� a � 1
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:
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Taking the modulus in (2.2) we have�����12 [f (x) + f (a+ b� x)] + 12 (x� a)2 f 0 (b)� f 0 (a)b� a � 1
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�
and the inequality (2.1) is proved. �

Corollary 4. With the assumptions of Theorem 2 we have the inequalities
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The following dual result also holds:

Theorem 3. With the assumptions of Theorem 2 we have����12 [f (x) + f (a+ b� x)] + 12 (x� a)2 f 0 (a+ b� x)� f 0 (x)b� a(2.6)
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Proof. If we take in the equality (1.5) �1 (x) = f 0 (x) ; �2 (x) = f 0
�
a+b
2

�
and

�3 (x) = f
0 (a+ b� x) then we have
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� 1

b� a

Z b

a

f (t) dt
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�
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�
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�
:
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6
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6
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and Z a+b�x
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�
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�
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Then

J =
K

3 (b� a)

"
(x� a)3 + 2

�
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2
� x
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and by (2.8) we get the desired result (2.6). �

Corollary 5. With the assumptions of Theorem 2 we have

(2.9)

�����f
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f (t) dt
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24
K (b� a)2

and ����12
�
f

�
3a+ b

4

�
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�
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4

��
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+
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a

f (t) dt

�����
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3. Inequalities for Convex Functions

Suppose that I is an interval of real numbers with interior °I and f : I ! R
is a convex function on I. Then f is continuous on °I and has �nite left and right
derivatives at each point of°I. Moreover, if x; y 2°I and x < y; then f 0� (x) � f 0+ (x) �
f 0� (y) � f 0+ (y) which shows that both f 0� and f 0+ are nondecreasing function on°I.
It is also known that a convex function must be di¤erentiable except for at most
countably many points.
For a convex function f : I ! R, the subdi¤erential of f denoted by @f is the

set of all functions ' : I ! [�1;1] such that '
�
°I
�
� R and

f (x) � f (a) + (x� a)' (a) for any x; a 2 I:

It is also well known that if f is convex on I; then @f is nonempty, f 0�, f
0
+ 2 @f

and if ' 2 @f , then

f 0� (x) � ' (x) � f 0+ (x) for any x 2°I.

In particular, ' is a nondecreasing function.
If f is di¤erentiable and convex on °I, then @f = ff 0g :

Theorem 4. Let f : [a; b] ! R be a convex function with the lateral derivatives
f 0� (b) and f

0
+ (a) �nite. Then we have the inequality

(3.1)
1

b� a

Z b

a

f (t) dt � 1

2
[f (x) + f (a+ b� x)] + 1

2
(x� a)2

f 0� (b)� f 0+ (a)
b� a

for any x 2
�
a; a+b2

�
:
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Proof. If we take in the equality (1.5) �1 (x) = f 0+ (a) ; �2 (x) = f 0+
�
a+b
2

�
and

�3 (x) = f
0
� (b) then we have

1

2
[f (x) + f (a+ b� x)] + 1

2
(x� a)2

f 0� (b)� f 0+ (a)
b� a � 1

b� a

Z b

a

f (t) dt(3.2)

=
1
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a

(t� a)
�
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�
dt
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1
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x
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2

��
' (t)� f 0+

�
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2
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dt

+
1
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Z b
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(t� b)

�
' (t)� f 0� (b)

�
dt

for any x 2
�
a; a+b2

�
and ' 2 @f; since f 0 = ' almost everywhere on [a; b] :

Let x 2
�
a; a+b2

�
: We have

(t� a)
�
' (t)� f 0+ (a)

�
� 0 for any t 2 [a; x]

and

(t� b)
�
' (t)� f 0� (b)

�
= (b� t)

�
f 0� (b)� ' (t)

�
� 0 for any t 2 [a+ b� x; b] :

Also �
t� a+ b

2

��
' (t)� f 0+

�
a+ b

2

��
� 0 for any t 2 [a; a+ b� x] :

Therefore the right hand side of (3.2) is nonnegative and the inequality (3.1) is
proved. �

Corollary 6. With the assumptions in Theorem 4 we have

(3.3) 0 � 1

b� a

Z b

a

f (t) dt� f
�
a+ b

2

�
� 1

8
(b� a)

�
f 0� (b)� f 0+ (a)

�
and

1

b� a

Z b

a

f (t) dt � 1

2

�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
(3.4)

+
1

32
(b� a)

�
f 0� (b)� f 0+ (a)

�
:

Remark 2. If the f : [a; b] ! R is a twice di¤erentiable convex function with the
lateral derivatives f 0� (b) and f

0
+ (a) �nite, then we have the inequality

0 � 1

2
[f (x) + f (a+ b� x)] + 1

2
(x� a)2

f 0� (b)� f 0+ (a)
b� a(3.5)

� 1

b� a

Z b

a

f (t) dt

� 2S

3 (b� a)

"
(x� a)3 +

�
a+ b

2
� x
�3#

for any x 2
�
a; a+b2

�
; provided that 0 � f 00 (t) � S for any t 2 (a; b) :
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In particular we have

0 � f
�
a+ b

2

�
+
1

8
(b� a) [f 0 (b)� f 0 (a)]� 1

b� a

Z b

a

f (t) dt(3.6)

� 1

12
S (b� a)2

and

0 � 1

2

�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
+
1

32
(b� a) [f 0 (b)� f 0 (a)](3.7)

� 1

b� a

Z b

a

f (t) dt

� 1

48
S (b� a)2 :

4. Applications for PDF

Now, let X be a random variable taking values in the �nite interval [a; b] ; with
the probability density function (PDF) f : [a; b] ! [0;1) and with the cumulative
distribution function (CDF) F (x) = Pr (X � x) =

R x
a
f (t) dt: We know that F

is monotonic nondecreasing and absolutely continuous on [a; b] ; F 0 = f almost
everywhere on [a; b] and F (a) = 0; F (b) =

R b
a
f (t) dt = 1:

Proposition 1. Let X be a random variable taking values in the �nite interval
[a; b] ; with PDF f : [a; b]! [0;1) and with CDF F (x) = Pr (X � x) =

R x
a
f (t) dt:

If f is Lipschitzian with the constant L > 0, then����12 [F (x) + F (a+ b� x)] + 12 (x� a)2 f (b)� f (a)b� a � b� E (X)
b� a

����(4.1)

� 2L

3 (b� a)

"
(x� a)3 +

�
a+ b

2
� x
�3#

and ����12 [F (x) + F (a+ b� x)] + 12 (x� a)2 f (a+ b� x)� f (x)b� a(4.2)

�b� E (X)
b� a

����
� L

3 (b� a)

"
(x� a)3 + 2

�
a+ b

2
� x
�3#

for any x 2
�
a; a+b2

�
:

Proof. Follows by Theorem 2 and 4 applied for the CDF F (x) =
R x
a
f (t) dt and

taking into account that Z b

a

F (t) dt = b� E (X) :

�

In particular, we have
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Corollary 7. With the assumptions in Proposition 1 we have����12
�
F

�
3a+ b

4

�
+ F

�
a+ 3b

4

��
+
1

32
(b� a) [f (b)� f (a)](4.3)

�b� E (X)
b� a

����
� 1

48
L (b� a)2

and ����12
�
F

�
3a+ b

4

�
+ F

�
a+ 3b

4

��
(4.4)

+
1

32
(b� a)

�
f

�
a+ 3b

4

�
� f

�
3a+ b

4

��
� b� E (X)

b� a

����
� 1

64
L (b� a)2 :
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