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ON HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES
FOR n-TIMES DIFFERENTIABLE s-LOGARITHMICALLY
CONVEX FUNCTIONS WITH APPLICATIONS TO SPECIAL
MEANS

M. A. LATIF AND S. S. DRAGOMIR!:2

ABSTRACT. In this paper, we establish Hermite-Hadamard type inequalities
for functions whose nth derivatives are s-logarithmically convex functions.
From our results, several results for classical trapezoidal and classical midpoint
inequalities are obtained in terms second derivatives that are s-logarithmically
convex functions as special cases. Finally, applications to special means of the
obtained results are given.

1. INTRODUCTION
The classical convexity is defined as follows.
Definition 1. A function f: I CR — R is said to be convex if

fQz+ @ =Ny) <Af(2)+(1=A)f(y) (1.1)
for all x, y € I and A € [0,1]. The inequality (1.1) holds in reverse direction if f
is a concave function.

The following double inequality holds

f<a+b>§ 1 /a”f(x)dng(a)JFf(b) (1.2)

2 b—a 2
for convex function f: I C R — R and is know as the Hermite-Hadamard inequal-
ity. The inequality (1.2) holds in reverse direction if f is a concave function.

The inequality (1.2) has been subject of extensive research and has been refined
and generalized by a number of mathematicians for over one hundred years see for
instance [1]-[9], [12]-[16], [19]-[23], [25]-[28] and the references therein.

Many mathematicians are trying to generalize the classical convexity in a number
of ways and one of them is so called logarithmically convexity defined as follows.

Definition 2. [27] If a function f: 1 CR — (0,00) satisfies

FOz+Q-Ny <[fF@PF@]' ™, (1.3)

forall x, y € I, A € [0,1], the function f is called logarithmically convex on I. If
the inequality (1.3) reverses, the function f is called logarithmically concave on 1.
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The notion of logarithmically convex functions was generalized by Xi el al. in
[27].

Definition 3. [27] For some s € (0,1], a positive function f: I CR — (0,00) is
said to be s-logarthmically convex on I if and only if

FOa+@=2y) < [f @I 1 @)Y
holds for all x, y € I and X € [0,1].

It is obvious that when s = 1 in Definition 3, the s-logarthmically convex function
becomes the usual logarithmically convex.

Xi et al. [27], obtained the following Hermite-Hadamard type inequalites for
s-logarthmically convex functions.

Theorem 1. [27] Let f : I C [0,00) — (0,00) be a differentiable function on I°, a,
be I° witha < b and f € L([a,b]). If |f (2)|? for ¢ > 1 is s-logarthmically convex
on [a,b] for some given s € (0,1], then

b
‘fm)—bia/ 7 () do
- 1-1/q
<C29(5) el L ea b)) ()
where
F@f " ), 0<|fm@], lfme) <1,
/ , q/(2s)
F@r o R, 1< i@, |f),
Ly (pn,q) < P
F@F O Fis), 0<|[f™@)|<1<|fo@),
F@f @ R, 0<rom)] <1< 5™ @),
W™ F ). 0<|fO @] F00)] <1,
, q/(2s)
Pl R, 1< @] 0,
LQ(,LL,(],U)S )
‘WM ), 0< |fM@)] <1< ™),
, q/(2s)
P R, o< |f0e) <1< £ ()],
= (2v-1-%L) v#£1,
Fl(l/):

3 —
5 l/—l,
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me (V- fm) vAL

Fy(v) =
% v=1,
and
= ™ (a) 5q/2 . £ (a) a/(2s) |f(’n, |MJ/2 " |f(n)(a)|q/(28)
SR PIOIO) N VIO ) | (b)[ =72

Theorem 2. [27] Under the conditions of Theorem 1, we have

o2 1

_ O 1 )(;>1 1/q{[L2 (1,0, )]" + 360/ [Ly ()]}, (15)

where L1 (p,q), Lo (1, q,u), Fy (v), Fy (v) and p; fori =1, 2, 3, 4 are defined as
in Theorem 1.

Theorem 3. [27] Under the conditions of Theorem 1, we have

‘f();rf ﬂ/f

<O @)1%{@2 (0 0]+ [ (0] "} (10)

where Ly (p,q), L2 (@, q,u), F1 (v), Fa(v) and p; fori=1, 2, 3, 4 are defined as
i Theorem 1.

Applications to special means of positive numbers of the above results are also
given in [27].

Motivated by the above definitions and the results, the main purpose of the
present paper to establish new Hermite-Hadamard type inequalities for functions
whose nth derivatives in absolute value are s-logarthmically convex. These re-
sults not only generalize the results from [27] but many other interesting results
can be obtained for functions whose second derivatives in absolute value are s-
logarthmically convex which may be better than those from [27].

2. MAIN RESULTS

First we quote some useful lemmas to prove our mains results.

Lemma 1. [12] Suppose f : I C R — R is a function such that ) exists on I°
forn €N, n > 1. If f™ is integrable on [a,b], for a,b € I with a > b, the equality
holds

a b 1 b —
f();—f()_b_a/af(x kz )f(k()

= (b Q—né'l)n /01 1 (n —2t) f(n) (ta+ (1 —t)b)dt, (2.1)

where the sum above takes 0 when n =1 and n = 2.
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Lemma 2. [17] Suppose f : I C R — R is a function such that f(™ exists on I°
forn € N, n > 1. If f™ is integrable on [a,b], for a,b € I with a > b, the equality
holds

“1 (=D +1]| (b—a)F a
> [ S ;L 2 (;b) S /b f (o) do

k=0

) b’“ /K "(ta + (1 —t)b)dt, (2.2)

where
", teo,1]
K,(t) =
(t_l)nv te (%’1]

The following useful result will also help us establishing our results.

Lemma 3. [17] If 4 > 0 and p # 1, then

1 (1) n! k
/0 t"ptdt = () n+1 '/JZ lnu)kH. (2.3)
Lemma 4. [17] If 4 > 0 and p # 1, then
1 _qyntt k
/0 thptdt = ((111)M)L+1 /2 Z Dy b Y (2.4)
Proof. Tt follows from Lemma 3 after making use of the substitution ¢ = 3 O
Lemma 5. [17] If 4 > 0 and p # 1, then
1 " n! -

/; (1—t)" utdt = ﬁ Y ,;) TR (2.5)
Proof. 1t follows from Lemma 4 after making the substitution 1 — ¢ = w. ]
Lemma 6. [24] For o > 0 and p > 0, we have

a-1,t hl N) -
I (a,p) :z/0 t ptdt = “Z I < 00,

where
(@), =a(a+1)(a+2)..(a+k-1).

Moreover, it holds

I o) —py (-t L)
k=1

|In [In '
(@), S04\/277(771—1)(7”—1) '

We are now ready to set off our first result.

k—1

Theorem 4. Let I C [0,00) be an open real interval and let f : I — (0,00) be a
function such that f) exists on I, a, b € I with a < b and f is integrable on
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[a,b] forn € N, n>2. If |f(")fq is s-logarthmically convex on [a,b] for q € [1,00),

s € (0,1], we have the inequalities

b
Ll L [jwa

2 b—
n—1 n —
S (k:—l)(b—a)kf(k)(a) _b—a) (n—1\' L/a
—  2(k+1) = 2n! n+1
|F™ G [Fr (1, n)]9, 0< [f™(a)],[f™ @) <1
1—s
@[ [F0 )| [Fr ()Y, 1< )], [ 0)]
X
| F™ O] [ ()] 0<|f™(a)| <1< |f™ ()
FO®)° [ @] (R (mn)] T, 0< [FM )] <1< [f)(a)],
(2.6)
n sq
where = J;E%EZ; and
—1)"n![ln u+2 n —1)*[ln p+2
( ()hw)["*li+ L e (T(L—k))!([ln,i;jl w7l
Iy (,LL, 77,) =
= i

Proof. Suppose n > 2. By s-logarthmically convexity of | ) |q on [a,b], Lemma 1

and Holder inequality, we have

2 b—al, 22 (k4 1))
<O ([ etoma)
X (/1 =1 (n — 2t) ’f(")(a)‘ )f( ) b)‘q(l_t) dt)l/q (2.7)
0

Let 0<¢<1<n,0<A<1land 0<s<1. Then
fAS S gs)\ and n)\s S ns)\+1—s.
For 0 < |f™(a)|,|f™(b)| <1, from (2.8) and Lemma 3, we have

qt® q(1-t)°

[ etz o] e
< /01 t" 1 (n — 2t) ‘f(m(a)‘w )f(")(b)

s 1
q/ " (n — 2t) pldt = ’f(”)(b)
0

dt

sq(1-t)

R (), (2.9)

~ |7 )
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@]
£ (B)

For 1 < |f(") (a)|, |f(”)(b)|, from (2.8) and by using Lemma 3, we have

where pu =

/1 "1 (n — 21) ’f(n)(a)‘Qts ’f<n>(b)

‘q(l—t)s
0

(1—s) !
! f b)'q/ t" =1 (n — 2t) ptdt
0

q(1-s) ’

< |£"a)

= |71 )

a
FOw| Fwn). (210)
For 0 < |f(™(a)| <1 < |f™(b)|, from (2.8) and by Lemma 3, we obtain

a(1—t)°

[t oo
0
SM“NMFAt”*m—awa:ﬂﬂ“@VFumm.<zn>

Lastly for 0 < ’f(”)(b)| <1< ‘f(") (a)’ from (2.8) and Lemma 3, we get that

q(1-t)*

/anmmMﬂmmﬁfww@> dt
0

< |1’ ‘f(”)(b))q(lis) /01 =1 (1 — 26) ptdt

q(1—s)

£ (a) Fy(pn) . (2.12)

Combining (2.9), (2.10), (2.11) and (2.12), we get the required result. This com-
pletes the proof of the theorem. O

Corollary 1. Suppose the assumptions of Theorem 4 are satisfied and if g =1, we
have the inequalities

fla) +
2 —a/ I
o o (b—a)"
SR ) <
£ ®)|° Fy (1,m) 0<|f™ )], [f™ )| <1
@[ [F 00| Fy(n), 1< [F (@), [£00)]
X (2.13)
| F™ @) Fy (1,m) 0 < |f™ ()| <1< |f™)
PO £ @) Fr (), 0< [fM@)] <1< |fM ()],
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(n)(a

where p = W and

(=1)"n![ln u+2] (=1)*[In p+2]
G~ e~ M Gty M
Fl (,ua n) =
n—1 _
n+1 /1,—1

Corollary 2. Under the assumptions of Theorem 4, if n = 2, we have the inequal-
ities

fla)+ 1 a>2 AN
| 2 —a/ Il <3>
") 17 (2], 0< |t (@ 7)f"(b)]§1
L A=, \/q
F@f e m e <] @) | o)
X (2.14)
1) 7 (2], 0<|f" <a>\ <1<|f"w)
” S| (1=s) 1/q " ”
o @ E e o< e <1< | ),
@™
where 1 40 and
2(In p+p) In u+34(lnu*u) w1
Fi (n,2) = "

w=1

W

Remark 1. For s = 1, one can get very interesting inequalites from (2.6), (2.13)
and (2.14) for log-convex functions.

Theorem 5. Let I C [0,00) be an open real interval and let f : I — (0,00) be a
function such that f) exists on I, a, b € I with a < b and f is integrable on
[a,b] forn e N, n>2. If ’f(") |q is s-logarthmically convex on [a,b] for q € (1,00),
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s € (0,1], we have the inequalities

fl@+fe 1 —k-1n0b-a"
‘ 2 _b—a/af(x)dx_g 2(k+1)! f(k)(“)‘

1-1/q
< b—a)" {n(2q—1)/(q—l) —(n— 2)(2q71)/(q71)} g1\
- 22—1/ap) 2qg — 1

@) [ (1,m)] 9, 0< [f™(a)],[fM )] <1

£ @) 0G| [Fy ()Y, 1< ™)), ] £™ )]

| (0)] [F (1, m)] 9, 0< [f™(a) <1 <|f™ @)

FO @) [ £ (@) [F ()], 0 < [F00)] <1< [f™)(a)],
(2.15)

sq
)

) (q
where p = H”(”i)ib))

o'} —1)* )kt
B p=1 : ()nq—((l-i-lu))k <o p#l

Fy (,LL, n) =
1
ng—q+1

p=1
and (nq —q+1), =(ng—q+1)(ng—q+2)---(ng—q+k).

Proof. Since |f(")|q is s-logarthmically convex on [a,b] for ¢ € (1,00), s € (0,1],
hence from Lemma 1 and the Holder inequality, we have

2 (k+1)

(b _ a)n 1 1-1/q 1 q 1/q
< ' (/ (n — 2t)4/(= 1) dt) (/ ¢an=1) ‘f(”)(ta +(1—1t) b’ dt)
2”. 0 0

(b—a)" [n@qﬂ)/(qm —(n— 2)(2q,1)/(q,1)} 1=t/ g— 1)1/
<2q - 1>

a b 1 D (k-1)(b—a)
‘f()+f()_b_a/a f(m)dx_kZ_Q(Q)(!)f(k)(a)'

<
- 22—1/ap)

1 3 (1—1)® 1/q
X </ pa(n—1) ‘f(n) (a)‘q ‘f(n) (b)‘q dt) . (2.16)
0

From (2.8), Lemma 6 and by using similar arguments as in proving Theorem 4, we
have the inequality (2.15). This completes the proof of the theorem. (I
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Corollary 3. Suppose the assumptions of Theorem 5 are satisfied and n = 2. Then

‘f<a>+f<b)_bia/abf(x)dx - <q_1>11/q

2 2 2 — 1
7O 1F2 (277, 0<|f"@)|. | b <1
2 ( 75) " 1" "
@ o E e, <@l ] o)
X (2.17)
1) 1F2 (2], 0<|f"(@| <1<t ®)
" S| (1-s) 1/q ” "
ol @ E e o< o)) <1< | @),
" sq
where p = f”((Zi ,
ITD D % <oo p#l
F2 (:uv 2) =

1 —
sy p=l

and (q+ 1), = (g +1)(g+2)---(g+ k).

Corollary 4. Suppose the assumptions of Theorem 5 are satisfied andn =2, s = 1.
Then

fl@+fe 1 f°
‘ —b_a/af(a:)dx

2
<(b—a)2 g—1\""
=2 2 — 1

"

1O 1P 2, (218)

where

k—l( )k—l

e’} —1 In
e pY o S — <00 p# 1
7F2(/L32):

1 —
Py p=1

and (q+1), = (¢+1)(qg+2)-- (g +Fk).

Now we give some results related to left-side of Hermite-Hadamard’s inequality
for n-times differentiable s-logarthmically convex functions.

Theorem 6. Let I C [0,00) be an open real interval and let f : I — (0,00) be a
function such that f) exists on I, a, b € I with a < b and f is integrable on
[a,b] forn e N, n>1. If |f("){q is s-logarthmically convex on [a,b] for q € [1,00),
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s € (0,1], we have the inequalities

S i) [ () [

k+1 |
S 2R (k4 1)) 2

(b=a)" |5 @) {[Fs ()] 2+ [P ()] } 0 < [fM (@], [F™ )] <1

nl2(n+)(a—1)/a(n41)1—1/a ’

G SO YOG A ) e )] (70 )|

nl2(n+)(a—1)/a(n41)1—1/4 ’

IN

(b=a)™ |7 B) | {1 (o) + s ()7} 0<[fM(a)] <1< |F™ )

n12(n+D(a—1/a(n1)1-1/a ’

s

—a)*| (™ (n) ()| n)|/a n)|/a
(b—a)™| £ )| £ (a)| {[Fs ()] T4 [Fa (p,m)] }’ 0 < |f(’n,)(b)| <1< ‘f(n)(a)|

nl2(n+)(a—1)/a(n41)1-1/a
(2.19)

sq
)

) (q
where p = %

—1)"tn! n -1*
el + n!ﬂl/z Zk:o 2n,—k(n£k)?(lnu)k+l7 K 7é 1

(In p)™ 1
F3(p,n) =
271%7 Hm = 1
and
n! n
(In u)/i+1 —nlut2 3, Z"*k(nfkl)!(ln#)’“rl’ p#l
Fy(,n) =

1
on+1 s n = 1.

Proof. Suppose n > 1. By using Lemma 2, the s-logarthmically convexity of | f(™|
and the Holder inequality, we have

n-1 [(*1)'“ +1] (b*“)kf(k) (“”’) - bia /abf(x) dz

2k+1 (k4 1)! 2
(b—a)"
= n! (/

1 1-1/q 1
(1—t)”dt> (/ (1— 1"
3 1=1/a 3 qt® q(1—t)° 1a
n n (n) (n)
+</O tdt) (/Ot f (a)‘ ‘f (b) dt> . (220

From (2.8), Lemma 4, Lemma 5 and the same reasoning as in proving Theorem 4,
we have the required inequality (2.19). This completes the proof of the theorem. O

k=0

)qts

£ (a)

-
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Corollary 5. Suppose the assumptions of Theorem 6 are fulfilled and if ¢ = 1, we
have

n=1(=1)F 41| (b—a)" a
Zo[ 2’“+l<k}+1>! () - —a/f

k=
(b—a)™ u n)+F4(H,n)}’ 0 < |f(n)(a)| : |f(")(b)| <1
—a)? | £ ()[BT () ) Fulp,
(b—a)" | ()] lfm (0)|[{F3(1,n)+Fa (s m} 1< [F™ ()], | £ (b)|
< )
—a)?| £ n n
(b—a) ‘f (b)|{:!3(u )+ Fa(p )}’ 0< |f(n)(a)| <1< ’f(n)(b)|
(b—a)™ ' (a)|(1_s){F3(u,n)+F4(#,n)}7 0< [fM®)| <1< |f(a)

n!

(2.21)

where pn = |1 Z)( and F5 (u,n), Fy (p,m) are defined as in Theorem 6.
700 (b)

Corollary 6. Suppose the assumptions of Theorem 6 are fulfilled and if s =1, we
have

S (-1 +1] <b)—a>’“f(k) Gups [ s

k1 ! —
— 2 (k+1)! 2 b—a
a)" |7 )] {175 ()] 4 [P ()]0
< . (222)
n120 ) (@=1)/a (4 1)1 74
YT
where = HE%EZ; and F3 (p,n), Fy (1, n) are defined as in Theorem 6.

Corollary 7. Suppose the assumptions of Theorem 6 are fulfilled and if n =1, we
have

‘f(aj”)—bla/bm)dx <o
£ {18 G017+ 12 e )] 0<|f@l.|rw| =<1
r@| ol E e m e} 1<]r @] s
x 5O { 1B o 07+ (P2 (u, 1]V o<|r@|<i<|rm|
Fof 7@l {1 w0 e E e o< |r o)) <1< s @

(2.23)
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’ sq
_|f(a)
where p = 7|
2441/ %(In u—2)
2z M 71
F3 (/1'7 1) =
o p=1
and
2p—pt/?(In p—2
By
Fy(p,1) =

w=1.

=

Theorem 7. Let I C [0,00) be an open real interval and let f : I — (0,00) be a

function such that f) exists on I, a, b € I with a < b and f is integrable on

[a,b] forn e N, n>1. If ’f(”) |q is s-logarthmically convex on [a,b] for q € (1,00),
€ (0,1], we have the inequalities

Jo-oF /g
Z[ 2k+;r]j+1) f(k)( ;b)bia/abf(x)dx

(2.24)

(b—a) Va4 [Fe ()
L 0< |fM@], 1 @) <1
(b=a)" |5 @[~ |5 @) {17 ()] T4 [Fo ()]
TRl el (npjf)l,pnl P IBIREI0]
<
(b=a)™ [ £ (0) | { [F5 (1)) 7+ [ Fs ()] /2 " "
| 2n+1'/‘i<np+w Lo o<lm@] <1< 5o
(b—a)" (a) (1—s) 1/q+[F (H)]l/ " "
Ol LRI o < (o) <1< |7(a)].
(n) a sq
where p = J;mi)Eb)) s
1/2 _ ., 1/2
Mlnul’ p#F1 Hl#ﬂ ;o pFEL
F5 (,U/) - ) F6 (,U/ =
%’ p=1 %’ p=1

1 1 _
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Proof. From Lemma 2, the Holder integral inequality and s-logarthmically convex-
ity of ‘f(")‘q on [a,b], we have

n=1(=1)F 41| (b —a)" a
S () - [ s

. M </é tnpdt> P (/é ‘f(”)(a)‘qts ‘f(") (b)‘q(l—t)s dt) q
n! 0 0
¥ ( [ dt) ' ( [ @] [ wf dt) e

Using (2.8) and similar arguments as in proving Theorem 4, we get (2.24). This
completes the proof of the theorem. ([

Corollary 8. Under the assumptions of Theorem 7, if n = 1, we have the inequality

‘f(“;b)—bia/abfm)dx

(b—a) | ®) | {[Fs ()] 1+ [Fs ()]} , ,
‘ 2‘1+1/p(p+1)1/P ) 0< ’f (a)|,|f (b)‘ <1
[FS(M)]I/Q'F[FG(M)]I/(’} / /
21+1/p(p+1)1/P ) 1< |f(a)],|f (b)‘
S )
(b—a)| £ &) [{ [F5 ()] 1+ [ Fo ()] 7} , ,
‘ 2|1+1/p(p+1)1/p ’ 0< ‘f (CL)‘ < 1< (b)‘
(b—a)|f )] {1Fs (1)1 9+ [Fe (1))} , ,
IEs 2111/],@“)1@ Co<|rm)| <1< (@),
(2.26)
oI
a
where 1 40
1/2 _ _,1/2
s B#1 b
Fs (1) = s Fo (1)
%’ = 1 %a n= 1

1,1 _
Corollary 9. Under the assumptions of Theorem 7, if s = 1, we have the inequality

N P N
Zl[( 1;1(1,1(]1(;), V. g (“;b)_bla/abf(a:)dx

k=0

a)" |7 )] {175 ()]"* + [Fe (]}

on+1/p (np + 1)1/17 n! )

(2.27)
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where
1/2_1

_1
b m#1 B n#l

3. APPLICATIONS TO SPECIAL MEANS

For positive numbers a > 0, b > 0, define

b 2ab
Aa,b) = &F G (a,b) = Vab, H (a,b) = =,
l(i)l/(b_a) a#b
I(ab) =4 “\°
a a=2>,
and
p+1_ o1 ] L/P
[7&“)@_@} , p#0,—1and a # b,
boa = —1and a # b,
Lp(a,b): Inb—Ina p n a/?é
I(a,b), p=0and a # b,
a, a=b.

It is well known that A, G, H, L=L_;, I = Lo and L, are called the arithmetic,
geometric, harmonic, logarithmic, exponential and generalized logarithmic means

of positive numbers a and b.
In what follows we will use the above means and the established results of the
previous section to obtain some interesting inequalities involving means.

Theorem 8. Let0<a<b<1l,r<0,r#-1,-2,s€ (0,1 and ¢ > 1.
(1) Ifr # =3, then
‘A (ar+27 br+2) _ [L7'+2 (a, b)]?“+2‘

—a)? 1-1/q
<820 (5) e

2a97pa" 1/q
x [rsq (Inb— lna)}

[a}rqs + 2brqs] L (arqs’ brqs) 1 1/q
araspras (brqs _ arqs) ards

2[L (™, b))

bras (brqs _ arqs)z
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(2) If r = =3, then

'H(zig“l(;b)‘< @-éaf (;>1Uq

2 1/q 92 [L (a—3qs7b—3qs>]2
x {3qsa3qb3q (Ina —In b)} b—3as (b—3as — q—3as)?
[a73qs 4 2b73qs} L (a73qs7b73qs) » 1/q
—a

a—3qsb—3qs (b—3qs _ a—3qs)

Proof. Let f (z) = #&1) for 0 < x < 1. Then ’f” (x)) = 2" and
" q 1" q 1" q
| Qa+ (1= Ny < xm|f @+ a0 [ o)
for z, y € (0,1], A € [0,1], s € (0,1] and ¢ > 1. This shows that f (z) = %

is s-logarthmically convex function on (0, 1]. Since‘f” (a)‘ > ‘f” (b)‘ =b > 1,

hence . o
- fpl -
and
o @ R w)

B 2a97 4" 2[L (a"?, brqs)]Q
~ |rsq(Inb—1na)| | pras (bras — qras)?
[arqs 4 2brqs] L (arqs7 brqs) 1

araspras (brqs _ arqs) aras

Substituting the above quantities in Corollary 2, we get the required inequality. O

Remark 2. The other results given above may also give very interesting inequalities
containing means and the details are left to the interested reader.
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