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INEQUALITIES FOR THE AREA BALANCE OF FUNCTIONS
OF BOUNDED VARIATION

S. S. DRAGOMIR!:2

ABSTRACT. We introduce the area balance function associated to a Lebesgue
integrable function f : [a,b] — C by

ABj (a,b,-) : [a,b] — C, ABj (a,b,z) = % [/:f(t)dtf/azf(t)dt]

We show in this paper amongst other that, if f : [a,b] — C is a function of
bounded variation on [a, b], then

’ABf (a,b,z) — (a+b

—x) 7 (@)

T . b t
A (G)oe  (d)s
T b
S;[(w—a)\/(f)Jr(b—w)\/(f)]
L[ Be-otfe—]vim.
ng

[NIES

VAGEEVAGEAAGIICEOR

for any = € [a,b].
Applications for Lipschitzian and convex functions are also given.

1. INTRODUCTION

For a Lebesgue integrable function f : [a,b] — C and a number z € (a,b) we can
naturally ask how far the integral f; f(t)dt is from the integral [ f (t)dt. If f is
nonnegative and continuous on [a,b], then the above question has the geometrical
interpretation of comparing the area under the curve generated by f at the right
of the point x with the area at the left of . The point x will be called a median

point, if
b T
/f(t)dt:/ £ ) dt.

Due to the above geometrical interpretation, we can introduce the area balance
function associated to a Lebesgue integrable function f : [a,b] — C defined as

b T
ABf(a,b,-):[a,b]—>C,ABf(a,b7w)::;[/ f(t)dt—/ f(t)dt].

1991 Mathematics Subject Classification. 26D15; 25D10.
Key words and phrases. Functions of bounded variation, Lipschitzian functions, Convex func-
tions, Integral inequalities.

1


sever
Typewriter
Received 10/02/14


2 S.S. DRAGOMIRY2

Utilising the cumulative function notation F : [a,b] — C given by

F(2) = /xf(t)dt
then we observe that
ABy (a,b,2) = %F(b) —F(z), z €la,b].
If f is a probability density, i.e. f is nonnegative and f: f (@) dt =1, then
ABy (a,b,x) = % —F(z), x €a,b].

In this paper we obtain some inequalities concerning the area balance for functions
of bounded variation and Lipschitzian functions. Applications for differentiable
functions and convex functions are provided. Bounds for the Jensen difference

ﬂ@;f@j(a;%

with sharps constants are also established.
Jensen difference is closely related to the Hermite-Hadamard type inequalities
where various bounds for the quantities

CETIC Ry

2

b a
= [ rwa-r(“5)
are provided, see [1]-[6] and [8]-[18]

and

2. PRELIMINARY RESULTS

The following representation result holds:

Theorem 1. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then
we have the representation

(2.1) ABj (a,b,x) = <a+b

DIC

L1
2

x b
/'afawﬁuw+/ wwdﬂo]

(2.2) ABy (a,b o) = O el @ TO+T(@),

2 2
b
~3 [ -l

for any x € [a,b], where the integrals in the right hand side are taken in the
Riemann-Stieltjes sense.
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Proof. We observe that since f is of bounded variation, then the Riemann-Stieltjes
integrals involved in (2.1) and (2.2) exist.

Utilising the integration by parts formula for the Riemann-Stieltjes integral, we
have

T b
(2.3) / (t—a)df (t) + / (b—t)df (1)

T b
=(t—a)f(t)lii—/ f(t)dt+<b—t>f<t>|f;+/ oy
b
—(w—a)f /f b dt - ($)+/ Ft)dt

=2z—a—-0)f(zx)+2ABy (a,b,x)

for any x € [a,}].
Dividing (2.3) by 2 and rearranging the equation, we deduce (2.1).
Integrating by parts, we also have

ey [ It—mldf(t)=/r(x—t)df(t)+/ (t — ) df (1)

x b
=<x—t>f<t>|f;+/ f(t)dt+<t—x>f<t>|2—/ £ (t)dt

=—(x—a)f(a)+(b—2x)f() —24B(a,b,z)
=bf (b) +af (a) = [f (b) + f (a)|x — 2ABj (a, b, x)
for any « € [a,b].
Dividing (2.4) by 2 and rearranging the equation, we deduce (2.2). O

Corollary 1. Let f : [a,b] — R be a monotonic nondecreasing function on [a,b].
Then

bf () +af(a)  f(b)+f(a)
2

(2.5) .

x> ABj (a,b, x)

> (S -a) s

for any x € [a,b].
In particular,

(2.6) i (b—a)[f(b) - f (a)] > AB; <a,b7 a;”) > 0.

The constant % is a best possible constant in the sense that it cannot be replaced by
a smaller quantity.

Proof. The inequalities (2.5) follow from the representations (2.1) and (2.2) by
taking into account that f is monotonic nondecreasing.

The inequality (2.6) follows by (2.5) for z = %£2.

Consider the function f : [a,b] — R given by

0 ifze [a,‘%b)

f@) =
1 ifxe [42,b].
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This function is monotonic nondecreasing on [a, ],
1 1

T 0-a)[f ()~ f(@) =7 0b—0)

ABf <a b a+b)

and
+b

V;f(t)dt—[Q f(t)dt]
(5) o do-n

which shows that the equality case is realized in the first inequality in (2.6). That
proves the sharpness of the constant %. O

N~ N~

Remark 1. If f : [a,b] — R is monotonic nondecreasing and nonnegative (non-

positive) on [a,b] then ABj (a,b,z) >0 for x € [a, “2] ([2£2,]).

If f : [a,b] — R is monotonic nondecreasing, f( ) # —f(a) and
b (b) +af (a) _
27) FO T @ <
then
(2.8) AB; <a,b, W) <.

If f : [a,b] = R is monotonic nondecreasing and f (a) > 0, then (2.7) holds and
the inequality (2.8) is valid.

3. BOUNDS FOR FUNCTIONS OF BOUNDED VARIATION

For a function of bounded variation v : [a,b] — C we define the Cumulative
Variation Function (CVF) V : [a,b] — [0,00) by

the total variation of v on the interval [a,t] with ¢ € [a,D].

It is know that the CVF is monotonic nondecreasing on [a,b] and is continuous
in a point ¢ € [a,b] if and only if the generating function v is continuing in that
point. If v is Lipschitzian with the constant L > 0, i.e.

|v(t) —v(s)] < L|t—s| for any t,s € [a, D]

then V is also Lipschitzian with the same constant.
The following lemma is of interest in itself as well, see [7] for a simple proof and
related results.

Lemma 1. Let fiu:[a,b] — C. If f is continuous on [a,b] and u is of bounded
variation on |a, b] then

b
)< [ra |d< ()) ol 01 .

We can state the first results as follows:

(3.1) t) du (t
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Theorem 2. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then

(3.2) 'ABf (a,b,2) — (“‘2”) _ x) f (@)

b x
< By, (abe) - (57 =) V)

[y (Vo)

1

2

for any x € [a,b].

Proof. From the equality (2.1) and by Lemma 1 we have

(3.3) ‘ABf (a,b,x) — (a;b x> f (@)
< /:(t—a)df(t)+/:(b—t)df(t)

[ e-aw |+

b
g;[ /w(b—t)df(t)]
. t b t
S;Va (t—a)d(\/(f))—i—/x (b—t)d<\/(f)>]

a x

for any z € [a,b].
Since for t > x we have \/t:v (f) = \/ta (f) = Vi (f), then

/:(b—t)d<\;/(f)> =/:(b—t)d<\t/(f)>

a

and by (3.3) we have

for any x € [a,b].
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Now, on utilizing the representation (2.1) for the CVF \/_ (f) we have

t

/:(t—cod(\/(f)) +/:(b—t)d<\t/(f)>]

a a

(3.5) %

x

= ABy, ) (a,b,z) - (a;b - =’E> V()

a

for any x € [a, ], we deduce from (3.4) the first inequality in (3.2).
Utilising the integration by parts formula for the Riemann-Stieltjes integral, we
have

(3.6) /z(t—a)d<\/(f)> —(t-a)\

a

Then

which proves the equality in (3.2).
Since \/7 (f) < \/* (f) for t € [a,2] and \/% (f) <V (f) for t € [z,b], then

t

T T b T b
/ (\/(f))dt+/ <\/(f>dt< (@—a)\/ () +0b-2)\/(f)
a t z T a x
for any x € [a, b] , which proves the second inequality in (3.2).
The last part is obvious by the max properties and the fact that for ¢,d € R we
have
c+d+|c—d|
—
The details are omitted. (]

max {c,d} =
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Corollary 2. With the assumptions of Theorem 2 we have the inequality

b b
(3.8) ‘ABf (a, b, a;) ‘ < ABV;I(f) <CL, b, a;r>

atb atb

:% / \7(f) dt+/ab+b

t p] a

dt

<=
=

m‘+
o

b

<10-a\ ).

a
The constants 5 and § are best possible in (3.8).

Proof. Consider the function f : [a,b] — R given by

0 ifzxe [a,‘%b)

f) =

1 ifwe [42,0].

This function is of bounded variation on [a, b], \/Z (f) =1,

b

e
+

<

(f)=1for any t € [a,a;b)7

<~

(f) =0 for any ¢ € [m,b],

a+b 2

b a«ZFb
ABf<a,b,a;b> - ;[Mf(t)dt—/ f(t)dt]

1 a+b 1
s d-ten

and
afd afl b t

/a \/(f) dt*/a;b a\/b(f) dt:%(b—a).

Replacing this function in the inequality (3.8) we obtain in all terms the same
quantity § (b—a). O
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Theorem 3. Let f: [a,b] — C be a function of bounded variation on [a,b]. Then

bf (b) +af(a) f(b);f(a)x_ABf (a,b,x)

(3.9) ' .

for any = € [a,b].

Proof. Taking the modulus in the equality (2.2) and utilizing Lemma 1 we have

(3.10)

’bf( )+af(a) f(b )+f(a)x_ABf(a,b,:c)

/It—wldf | /|t—w|d< )
—;[/:@—wd(\/(f))% <t—x>d(\/<f>>]

a

for any z € [a,}].
Utilising the identity (2.2) for the CVF \/_ (f) we also have

b t
/t—xd(\/ ) % — ) (f) — ABy. (s, (a,b,) > 0

and the first inequality in (3.9) is proved.
Integrating by parts in the Riemann-Stieltjes integral we have

(3.11) / (@ —t)d <\t/ ) x—t(\t/(f)> —1—/:<\t/(f)>dt

a a

x

a
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for any x € [a,b].

Making use of (3.11) and (3.12) we get the equality case in (3.9).

Since \/;, is monotonic nondecreasing on [a, b] while \/* is nonincreasing in the
same interval, we have

t b

/j(\/(f)dm xa\:/ ) and /:<\/(f>dt< bx\:/

a t

for any x € [a, b], which gives the second inequality in (3.9).
Using the properties of the maximum, we have

x b
@—a)\/(H+b-2)\/(f)

{ max{:z:—a,b—:c}\/i(f)
<

mas {V; (/). V2 (1)} (b= a)
{ [L(b—a)+ |z — =2V (f)

RHGER A ERVAGIES

for any x € [a,b], and the proof is complete. O

Corollary 3. With the assumptions of Theorem 3 we have

1

(3.13) '4<b—a> () = f (a)] - AB ( b “”’)‘

b
gi(b—a)\/(f) ABy (5 <a b, ”)

S (Ve [ (o) o

] b
Si(b*a)\/(f)-

The constants 3 and § are best possible in (3.13).
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Proof. Consider the function f : [a,b] — R given by

0 fz=a

This function is of bounded variation on [a, b], \/Z (f) =1,

b
=1 for any t € [a,a+ ),

\:/(f)
\b/(f):Oforanyte {““’,b},

ABf(a,b,a;_b> - 1[ b f(t)dt—/a2f(t)dt]

and

a

atb t b b
V (\/(f)> dt+/az+b <\t/(f)> dt] :%(b—a).

Replacing this function in the inequality (3.13) we obtain in all terms the same
quantity § (b—a). O
4. BOUNDS FOR LIPSCHITZIAN FUNCTIONS

If v is Lipschitzian with the constant L > 0, i.e.
|v(t) —v(s)] < L|t—s| for any t,s € [a,b]

then, it is well known that for any Riemann integrable function g : [a,b] — C the
Riemann-Stieltjes integral fab g (t) dv (t) exists and

b b
(4.1) / g (8 dv (t) gL/ g (8)] dt.
Theorem 4. If f : [a,b] — C is Lipschitzian with the constant L > 0 on [a,],
then
b
(42) 48, @b - (S5 - 0) s @)

1|1 ) a+b\?
< — — — —
_2Ll4(b a) +<x ; )
for any x € [a,b].

In particular, we have
b
AB; (a,b, “;)‘ <

The constant % is best possible in (4.3).

(4.3)
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Proof. Taking the modulus in the equality (2.1) and utilizing the property (4.1) we

have

(4.4) ‘ABf (a,b,) — (a;b x) f (@)
<1 /;(t—a)df(t)+/:(b—t)df(t)
<s /j(t—a)df(t)‘wL/wb(b—t)df(t)]
S;LVaw(ta)dtJr/:(bt)dt]

=-L [(m —a)’ + (b w)ﬂ

for any « € [a,b].

Since
% (2~ a + (- )?] :%(b—a)2+ <m— “‘2”’)2

for any x € [a,b], then by (4.4) we deduce the desired inequality (4.2).
Consider the function f : [a,b] — R, f(t) = t. The function f is Lipschitzian
with the constant L = 1 and
a+b

a+b 1]t 2
AB — ) == —
(ent5?) =5 | [ [l

L[t ]

2
1] a+b\°
_ b2 2 2( 2=
1 +a ( 5 >
1
=5 (b= a)’.
If we replace this function in (4.3), then we obtain in both sides the same quantity
L(b—a)? 0
3 .

The following result also holds:
Theorem 5. If f : [a,b] — C is Lipschitzian with the constant L > 0 on [a,b],

then
W SO e SO@, g
1|1 ) a+b\’
§§L i(b—a) —|—<a:— 5 )

for any x € [a,b].
In particular, we have

-0l -7 @] - a8 (a0, <

(4.6)




12 S.S. DRAGOMIRY2

The constant & is best possible in (4.6).

Proof. Taking the modulus in the equality (2.2) and utilizing the property (4.1) we
have

2
b 1 b
/\t—x\df(t) g—L/ it — | dt
a 2 a
I b

:%L _/j(m—t)dt—i—/w (t—x)dt}

Tor 2 2
:ZL _(J}*a) +(bfz)]

1. [1 ) a+b\>

‘bf(b)—i—af(a) x — ABj (a, b, z)

f(b) + f(a)
2

1
2

for any x € [a,b] and the inequality (4.5) is proved.
Consider the function f : [a,b] — R, f(¢t) = t. The function f is Lipschitzian
with the constant L = 1 and, utilizing the calculation in Theorem 4 we have

1 a+b
L0070~ 7 (@) - 48 (a0, °17)
Replacing this function (4.6) we get in both sides the same quantity & (b — a)’. O

5. APPLICATIONS FOR DIFFERENTIABLE FUNCTIONS

The following approximation for differentiable functions can be stated:

Proposition 1. Let g : [a,b] — C be a differentiable function and such that the
derivative g’ is of locally bounded variation on (a,b). Then we have the represen-
tation

6.1 9() = 10 (o= 1) o (0



INEQUALITIES FOR THE AREA BALANCE 13

and the bound

N

T T b t
:% /a (\t/ (g’)) dt+/$ (\! (g’)) dt}
x b
<z [(ﬂc— a)\/ (¢') + (b—x)\/(g’)]
L Be-a+]e-5t]Ve),
=3

b T b
Vo) + 5 |Vi) - Ve @)] 0-a).
If ¢’ is Lipschitzian with the constant K > 0 on (a,b), then we also have

1@ 190 (, 2y

(53) g(@) — 10 y

111 ) a+b\2
< — — — —
_2K[4(b a)+(x 5 )

Proof. Since ABjy (a,b,x) = 3F (b) — F (z), where F (z) := [ f(t)dt, then by
(2.1) we have

(5.4) F(m):;F(b)—<a;‘b_gg>f(x)
= b
-3 L a—awﬁuwgé<b—ﬂ#@ﬂ

for any « € [a,].

If we choose in (5.4) f = ¢’ and perform the required calculations, we get the
representation (5.1).

The inequality (5.2) follows from (3.2) while (5.3) follows from (4.2). O

Remark 2. If g is a differentiable function and such that the derivative g’ is of
locally bounded variation on (a,b), then by the inequality (5.2) we have

g(a)+g(b)_g(a+b>'

(5.5) .

IA
= |
—
=
\
Q
~—
e <~
—
Q
\—>
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The constant L is best possible in the first inequality (5.5).
Indeed, if we consider the function g : [a,b] — R, g (t) = t*then ¢’ (t) = 2t and

‘g(a)—i—g(b) _g(a—i—b)’: (b —a)®

2 2 4 ’
a;—b ¢
a+b a+b
Vr=2("3" 1), Vr=2(- 57
t a+b
2
while
ate [eft bt
/ !
/a \ (¢ dt+[l+b \ (¢) | at
g t 2 atb

I
[\
—

|
N
IS
+
>
|
~
~__
ISH
~
+
[\
—
s
7N
~
|
IS
v +
>
~__
QL
~

(b-ay (-0 _(b-a)

4 4 2

Replacing these values in the first inequality in (5.5) we get in both sides the same

2
quantity %.

Remark 3. If ¢ is Lipschitzian with the constant K > 0 on (a,b), then we also
have

(5.6) ’g(a)+g(b)_g(a+b)‘<

1 2
SK(b—a)?.
2 5 )| =gk®-a)

The constant & is best possible in (5.6).
Indeed, if we take g : [a,b] — R, g (t) = t2, then ¢’ (t) = 2t which is Lipschitzian
with the constant K = 2. Moreover,

‘g(a)gg(b) g<a;b>' (b—4a)2

(b—a)?

and replacing in (5.6) we get in both sides the same quantity =

Proposition 2. Let g : [a,b] — C be a differentiable function and such that the
derivative ¢’ is of locally bounded variation on (a,b). Then we have the represen-
tation

(5.7) g(a)= LD FI0) bW Fag(@) g B+ (),

B 2 2 2
1 b
4y [ le=alag 0
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and the bound

(5.8) ‘ g(x)— + - z

b T b
Vo) + 5 Vi) - Ve @)] 0-a).
If ¢’ is Lipschitzian with the constant K > 0 on (a,b), then we also have

(59) ‘g(m) . g(a) ;’g(b) + by’ (b) -;ag/ (a) B g (b) -|2—g/ (a)w’

1.1 ) a+b\?
< — — — —
_2Kl4(b a)+<x 5 >

for any x € [a,b].

Proof. By the equality (2.2) we have

(5.10) F(z) = %F(b) _bf (b)ﬂ;af (@) | f(b);f(a)x

b
+%/a [t —a| f'(t)dt

for any x € [a,}].

If we choose in (5.10) f = ¢’ and perform the required calculations, we get the
representation (5.7).

The rest follows from (3.9) and (4.5). O

Remark 4. If g is a differentiable function and such that the derivative g’ is of
locally bounded variation on (a,b), then by the inequality (5.8) we have

s [fo-al®)-g @) - L0 ()

IN

b
1 a+b
i (b—a)\/(g/) _ABVa(g/) (a, b,2>

IN
I
—
>
\
Q
=
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The constant % is best possible in the first inequality in (5.11).
Indeed, if we consider the function g : [a,b] — R, g (t) = t* we have

L=l 0 - @] - L0 g (430
1 2

and

/ <\/ (g')) ws [ (b <g’>> at

2

:2/aa21)(t—a)dt+2[f (b—t)dt

b

2

1 1 1
:Z(b—a)2+1(b—a)2=§(b—a)2a

which gives in the both sides of the first inequality in (5.11) the same quantity
1 2

Remark 5. If ¢ is Lipschitzian with the constant K > 0 on (a,b), then we also
have

(512) L0-a)lg (0~ g (@) -
1
g

) 1), (10)

<

K((b—a).

The constant & is best possible in (5.12).
We observe that the equality is realized in (5.12) if we take the function g :
[a,b] = R, g(t) =t2. The details are omitted.

6. APPLICATIONS FOR CONVEX FUNCTIONS

Suppose that I is an interval of real numbers with interior [ and f:I—-R
is a convex function on I. Then f is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if z,y €l and z < y, then .. () < f(z) <
I (y) < f% (y) which shows that both f’ and f/ are nondecreasing function on L
It is also known that a convex function must be differentiable except for at most
countably many points.

For a convex function f : I — R, the subdifferential of f denoted by Jf is the

set of all functions ¢ : I — [—00, 00| such that ¢ (I) C R and

fx)>f(a)+(x—a)p(a) forany z,ac€l.

It is also well known that if f is convex on I, then 0f is nonempty, ', f\ € 0f
and if p € 9f, then

fl(z) <p(x) < fi(x) foranyze L

In particular, ¢ is a nondecreasing function.
If f is differentiable and convex on I, then f = {f'}.
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Utilising these notations, we can state, for a convex function f : I — R and
a,b €l with a < b, the following identities

(6.1) f<x>=W+(x_“;b)¢<x)
z b
—;ll @—GVW@%+1;®—ﬂd¢@ﬂ
and
(6.2) fwyfﬂ®+f®)7wwyuwm)+¢@+¢mh

N 2 2 2
1 b
+*/ [t — x| dp ().
2 a
If f is differentiable and convex on i, then we can replace ¢ by f’.

We have the following inequalities for a convex function f : I — R and a,b el
with a < b and ¢ € Jf:

(6.3) 0<

o) - o ()| @< {0010 - vla.

and

a+b b

V [go(t)—so(a)]dw/[go(b)—so(t)]dt].

a+b
2

The constant 3 is best possible in (6.3) and (6.4).
If ¢ is Lipschitzian with the constant K > 0, then

(6.5) ()Sf(a);'g(b)_f<@—2|-b)S;K(b_a)27

and

(6.6) O<i(b_a)[@(b)—w(a)]—f<a);_f(b)+f(a—2|—b>
< LK (b a)

The constant § is best possible in both inequalities (6.5) and (6.6).
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7. APPLICATIONS FOR MEANS

Consider the function f, : [a,b] — (0,00) defined by f,(t) = ¥ with p €

R\ {—1}. Then
1 b P
ABy, (a,b,x) = 3 / tpdt—/ tPdt
1 /Pt — gl gptl _ gptl
T2 < p+1  p+l )
_ 1 [A (prrl ap+1) _ Ierl]
p+1 ’
for z € [a,b], where A(c,d) := <% is the arithmetic-mean of the nonnegative

numbers ¢, d.
If f 1 :[a,b] — (0,00) is defined by f_1 (t) =¢~!, then

(L
{m (2) ~In (2)} —In [G(zb)] :

for z € [a,b], where A (c,d) := Ved is the geometric-mean of the positive numbers

¢, d.
For p > 1 we have f/ (t) = pt?~! and since

ABy_, (a,b,z) =

1
2
1
2

sup |f, (t)] = pb~!
t€la,b]

then f) is Lipschitzian with the constant L, = pb?~'.
From the inequality (4.2) we get

1

(7.1) ‘W [A (0P, 0P — 2Pt — [A(a,b) — 2] 2®
< g {00+l - Ao,

while from (4.5) we have

1
+1 _p+1 D P p+1 _p+1 p+1
A(bp , )—A(b,a)az—il [A(b , )—x ]

< %pb”_1 [i (b— a)2 + [z — A(a, b)]z}

(7.2)

for any x € [a,b].
Similar inequalities may be obtained for p € (0,1)\ {—1}.
If we take x = A (a,b) in (7.1) and (7.2), then we get

(7.3) 0< AP aPtY) — AP (a,0) < —p(p+ 1) P (b—a)®

0| =
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and
(7.4) 0< AP aPth) — A(VP,aP) A(a,b)
1
— = [A(pPtL grtl) — gptl
A - 4 @)
1
< gpbpi1 (b—a)?
We also have f’; (t) = —t~2 and since

1
sup |f71 ()| = =
t€la,b]

then from the inequality (4.2) we get

X

(7.5) ‘m {G(“’ b)] CA(ab) — ]!

< % E (b—a)? + [x—A(a,b)]Q}

while from (4.5) we have

: 1—H " (a,b)a " —In | ——
7o) |
< 5o 70— @ o= A b
< 5.3 |1 a T a,
for any z € [a,b] . Here H (a,b) := % denotes the harmonic-mean of the positive

numbers a,b > 0.
If we take x = A (a,b) in (7.5) and (7.6), then we get

o< [ed] <1 ()

and

(7.8) 0<1—-H *'(a,b) A" (a,b) —In [282} g;<2—1>2.
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