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COMPANIONS OF HERMITE-HADAMARD INEQUALITY FOR
CONVEX FUNCTIONS (II)

S. S. DRAGOMIRY2AND I. GOMM!

ABsTRACT. Companions of Hermite-Hadamard inequalities for convex func-
tions defined on the positive axis in the case when the integral has either the
weight %2 or %, t > 0 are given. Applications for special means are provided
as well.

1. INTRODUCTION

The following integral inequality

b
8 (%) < it [ rwas HOTI0,

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, for which we would like to refer the reader to the
papers [1] — [61] and the references therein.

Recently we proved the following Hermite-Hadamard type inequality [22]:

Theorem 1. Let f : [a,b] C (0,00) — R be a convex function on [a,b], then we
have the inequalities

o) AL 1) /b L as S @D)
i G?(a,b) T b-al), 83 ~ H(a,b) G?(a,b)’
where )
+
H(p.q) =1 1 Ga) = pq and A(p,q) := ]%
p q

are the Harmonic, Geometric and Arithmetic means, respectively.
If the function f is concave, then the inequalities (1.2) reverse.

Let us recall the following means :
The logarithmic mean:

a ifa=0»b

L=1L(ab):= a,b>0;

b—a .
Inb—1Ina ifazb
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The identric mean:

a ifa=10
I:=1(a,b)= L\ a,b>0;
- (> ifa#b
e \ a®
The p-logarithmic mean:
1
pptl _ gptl } D
—_—— if a # b;
L, =1L, (a,b):= {(p+ 1) (b—a)
a ifa=19

where p € R\ {—1,0} and a,b > 0.

It is well known that L, is monotonic nondecreasing over p € R with L_; := L
and Lo := 1.

In particular, we have the inequalities
(1.3) H<G<L<I<A.

Utilising Theorem 1, we can state the following proposition [22]:

Proposition 1. For any 0 < a < b we have

(1.4) G* > LH,

1 AL
and

1 AL
(1.6) OngfHLSZ(bfa)Q@.

In this paper we establish some companions of Hermite-Hadamard inequalities
for convex functions defined on the positive axis in the case when the integral has
either the weight t% or %, t > 0. Applications for special means are provided as
well.

2. THE RESULTS
We start with the following companion of Hermite-Hadamard inequality:

Theorem 2. Let f : [a,b] C (0,00) — R be a convez function on [a,b], then we
have the inequalities

1 [L(a,b)—a f(a) b—L(abd) f(b)

(2.1) b—a{ L@y o " L@b) b]
) by ¥ G2E:17,b)
Em/a tzf@dtzc(:f((afz))

If the function f is concave, then the inequalities (2.1) reverse.

Proof. Define z := § < 1 :=y and take ¢,s € (z,y) . By the convexity of f on [a, b]

we have f<1)f(2>2ﬂf (i) <1i>
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Integrating over ¢ on [z, y| and dividing by y — x we get

L) (1)

for any s € (z,y) .
Since

1 /y@_lny—lnx_ 1
Yy—7 Jg t_ y—x _L(l',y),
then from (2.2) we get

ey L r(Ha-r(Dza (D) (Y

for any s € (z,y).
Taking s = L (z,y) in (2.3) we get the following inequality of interest in itself

(2.4) yixlff(;%“>f<LG;w>‘

1
t

1Y /1 1 (¥
/ f <) dt = / — f (u) du
Y— J, t y-rJj1 u

b 2 b
:%/ if(u)du w/ %f(u)du

a

Changing the variable u = + we obtain

and since
1 _Iny—Inz In

1
_ _ —a
then from (2.4) we get the second inequality in (2.1).

We know that for any convex function g on [m, M| we have the inequality
M—v v—m
MY ) +
for any v € [m, M].

Now, if we write the inequality (2.5) for m = i =a,v=1and M =1 =bthen

we get ) .
1 1
=== 1 T 1 1
() ()2 ()
x Y Yy x Y

for any t € [z, y], which is equivalent to

- IORGRIORD

for any t € [z,y].
Integrating (2.6) over ¢ on [z,y] and dividing by y — z we get

o 20 ) () (g o)
Sy o

which is an inequality of interest in itself.

(M—-—v)m+(w—m)M

2:5) S o) > f | O )
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Writing the inequality (2.7) in terms of a and b we obtain

e [Tt (T o) o)
> % /ab % (u) du.
Since
(- G )@= (1 7)) 5
=G?(a,b)- L(LGEZ?b;a . ffla)
and
((22((;,5) _a) J(b) = ab L(s,b) - 1) fz()b)
= G2 (a,b) - b_L(L(ClL;’)b) _ fl()b)’

then by (2.8) we get

L |2 L(a,b)—a [f(a) o b—L(a,b) [f(b)
ba[G @h) = ey o T ey
G? (a,b) [* 1
> 2 07 [ .
- b—a /a u? () du
Finally, dividing by G? (a,b) we get the first inequality in (2.1). O

We have the following result as well:

Theorem 3. Let f : [a,b] C (0,00) — R be a convex function on [a,b], then we
have the inequalities

(29) o P @+ FE )
1 (' f(L(a,b))
Zb—a/a ;f(t)dtz L(a,b)

If the function f is concave, then the inequalities (2.9) reverse.
Proof. By the convexity of f we have

f@&)=f(s) = fi(s)(t—s)
for any ¢, s € (a,b).

If we multiply this inequality by % and integrate over ¢ on [a, b] we get by division
with b — a

IS0 I , 1 [
(2.10) m/ Tdt—f(s)m/a AT 1_Sb—a/a Lt

and since
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then we get from (2.10) the inequality

(2.11) _a/f dt — ())_f+()< L(Zb)>

for any s € (a,b), which is an inequality of interest in itself.
By taking s = L (a,b) in (2.11) we get the second inequality in (2.9).
From the inequality (2.5) we get

CL @ )2 £ ()

(2.12)

for any ¢ € [a,b].
If we multiply this inequality by % and integrate over t on [a, b] we get by division
with b —a

b b
bblaf 1dt—1 )+ 1—aﬁ fa %dtf(b) - 1 /b f(t)dt
- bfa b

b—a “ b—a
which is equivalent to
S — 1—
L(a,b) L(a b) f
b—a fla)+ b—a b—a/ dt
which proves the first inequality as well. ([

3. APPLICATIONS FOR SPECIAL MEANS
We have:
Proposition 2. For any 0 < a < b we have
b—L(a,b) L(a b) a

(3.1) b~ a t-=  >G(a,b).

Proof. Using the inequality (2.1) for the convex function f : [a,b] C (0,00) — R,
f(t)=tlnt we get

1 [L(a,b)—a b—L(a,b)
2 -1 —1
(32) b—a{ L) et T mP
G?(a,b G?(a,b
> 1 /bll (t)dt > L(El’b)) IH(L((G"b)))
—1n .
“b—aj, t - G2 (a,b)
Observe that
1 [t 1 (Inb)* — (Ina)?
. 2 S TR
(3.3) b_a/a Fin (e = L=
l[lnb—lna][lnb—&—lna] InG (a,b)
2 b—a L (a,b)
and
1 [L(a,b)—a b—L(a,b) L(a,t) _L(ab)—a
4 -] - 7.1 =1 (= a)L(ab) (b—a)L(a,b)
(34) b—a[ L@ et fp mb n[b “ }

then by (3.2) we get

L, ah)—a ) -
In [b“’b‘f)(”;')‘“)a“’L—(@?(avb)] > In[G (a,b)] 7@ > 1In (G(a’b)> 7
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which is equivalent to

1
b—L(a,b) L(a,b)—a 1 G2 (a, b)\ T(@®
3.5 hp=a)L(a,b) g o—a)L(a,0) > [ tesn > [ —2 7 .
(35) a > (Gl = (T

Taking the power L (a,b) in (3.5) we obtain

b—L(a,b) L(a,b)—a G2 (a,b)
] b e g boa > by > -2
(3.6) bmaa” e >G(a,b) > T (a,0)

The second inequality in (3.6) is obvious, so we drop it. O

The following result also holds:

Proposition 3. For any 0 < a < b we have

G2 (a,b) L(a,b)—a.ln(%)_‘_b—L(a,b) 1n(},)121n1<1 1).

1) =

. -, =

L(a,b) a L (a,b) b

Proof. If we write the inequality (2.1) for the concave function f : [a,b] C (0,00) —
R, f(t) = Int we have

1 {L(a,b)—a In(a) N b— L(a,b) ln(b)}

b—a | L(a,b) a L(a,b) b

(3.8)

G2 (a,b)

< /bll (t)dt<ln(L(“’b)>
— n —s -

“b-a), t? -~ G?(a,b)

Integrating by parts, we have

1 bq 1 b 1
b—a/a tsh’l(t)dt—_b_a\/a 1n(t)d<t>

; , ,

1 1 1
:_bfa, tln(t)a_‘/a ﬂdt]

r b

1 1 1
__b—a, Eh’l(b)_gln(a)"—;a

1 |1 1 1 1
:_b—a_bln(b)_aln(a)+b_a]

1 |1 1 1 1
T _aln(a)+b_a]
LI (1)1 (1)1t
b—a|b b a a b a
LU () L (Y]
b—a|b \b o \a ba’

Observe that

1 1 [1 1 1 1 In7(3,1)
il () -2 () - e
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then by (3.8) we get
1 {L(a,b)—a n(a) b—L(a,b) ln(b)}

b—a | L(a,b) a L(a,b) b
G2(
In I ( L(a )
< — .
e (a b) ~ G (ab)
If we multiply this inequality by —G? (a,b) < 0 we get
G2 (aa b) L (av b) — CL ( ) + —L (CL, b) In (%)
b—a L (a,b) a L (a,b) b

>nl (23 2 In (%)

and the inequality (3.7) is proved.
We notice that the second inequality is obvious, since

11 11 P— =
I >L =_—b o
<b’a) (b a> Iny—Ini
_a-b 1  L(ab)
~Ina—Inb ab  G2(a,b)’
so we drop it. O

We have:
Proposition 4. For any 0 < a <b and p € (—00,0) U (1,00) \ {2} we have
L(a

1 [L(a,b)—a , 4 b ,b)
(39) b—a[ A AT
G?*=2 (a,b)
Lr (a,b)
Proof. Consider the function f : [a,b] — (0,00), f(t) = t? with p € (—00,0) U
(1,00) \ {2}, then f is convex on [a,b] and if we apply the inequality (2.1), we get

]

> L0771 (a,b) >

(3.10) - i - {L%EZ?Z)) a@ -1 ”L(La(‘z)b) .bpl}
b 2p—2
> bia/a tP2dt > GLP(a((Z)b)
Since
1 b
- / =2dt = LV | (a,b)
then by (3.10) we get the desired result (3.9). O

Utilising Theorem 3 we can get the following inequalities for means:

Proposition 5. For any 0 < a < b we have

. b=L(@b) 4y L(ab)—a
(3.11) a =L@ n P =L@ n > [ (a,b).
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Proof. Using the inequality (2.9) for the convex function f : [a,b] C (0,00) — R,
f () =tlnt we get

1 [b—L(a,b) L(a,b) —a
12 1 ————b1
(3.12) b—a[ Llab) “Mat iy omb

b

zﬁ/ Intdt > In (L (a, b))

and since )
m ; lntdt:hlf(a,b)

and

b— L(a,b) L(a,b) —a

b= L@n) ™ T e L@y ™Y

b—L(a,b) a L(a,b)—a b
= 1In |:a(b—a)L(a,b) b®=a)L(a,b) } ,

then by (3.12) we get

b—L(a,b) a L(a,b)—a b
In [aw*aﬂ(avb) b =)L (ad) } >1Inl(a,b) >1In(L(a,b)).
The second inequality is obvious and we drop it. ([l
Proposition 6. For any 0 < a < b we have
b—L(a,b) L(a,b)—a

(3.13) G(a,b)>a t=e b b-a

Proof. Using the inequality (2.9) for the concave function f : [a,b] C (0,00) — R,
f () =1nt we get

(3.14) bia {b;(La(";’)b) In (a) %ﬁn(b)
1 /b1 In (L (a, b))
< b—a/a glntdtg “Llab)
However . G (a,b)
1 1 nG (a,
v—a ) M=
and since
1 [b—L(a,b) L(a,b) —a
b—a{ T @ —Tan ln(b)}

b—L(a,b) L(a,b)—a
= 1In I:a(b—a)L(a,b) b(b—a)L(a,b):| ,

then by (3.14) we get

b—L(a,b) L(a,b)—a 1 1
In [a (b—a)L(a,b) b(b—a)L(a,b):| <InG (a7 b) L(et) < In (L (a7 b) L(a,b) ) ,
ie.
b—L(a,b) L(a,b)—a 1 1
a ®—a)L(a,b) hb—a)L(a,b) < G (a’ b) Lty < L (a,’ b) L(a,b) |
Taking the power L (a,b) > 0 we get

b—L(a,b) L(a,b)—a
b

a b= b bt-a < G(a,b) < L(a,bd).

The second inequality is obvious and we drop it. (I




COMPANIONS OF HERMITE-HADAMARD INEQUALITY (II) 9

Finally, we have:

Proposition 7. For any 0 < a <b and p € (—00,0) U (1, 00) we have
1 L(a,b)fa.apf1 bfL(a,b).bZF1

b—a| L(a,b) L (a,b)

> L") (a,b) > LP7' (a,b).

(3.15)

Proof. Consider the function f : [a,b] — (0,00), f(t) = t? with p € (—00,0) U
(1,00), then f is convex on [a,b] and if we apply the inequality (2.9), we get

(3.16) b i a [b L(Lafcé’)b) W+~ (La(s)b) abp]
- — /abtp—ldt > M = (L(a,b))"".
Since
1 b
bia/a tP~ldt = L (a,b),
then by (3.16) we get the desired result (3.15). O
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