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NEW JENSEN AND OSTROWSKI TYPE INEQUALITIES FOR
GENERAL LEBESGUE INTEGRAL WITH APPLICATIONS

S. S. DRAGOMIR!:2

ABSTRACT. Some new inequalities related to Jensen and Ostrowski inequali-
ties for general Lebesgue integral are obtained. Applications for f-divergence
measure are provided as well.

1. INTRODUCTION

Let (2, A, 1) be a measurable space consisting of a set £, a o — algebra A of
parts of 2 and a countably additive and positive measure p on A with values in
R U {o0}. Assume, for simplicity, that fQ du = 1. Consider the Lebesgue space

L(Q,u):={f:Q—R, fis y-measurable and /Q |f ()| dp(t) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdp instead of

Jow () dp(t).
In order to provide a reverse of the celebrated Jensen’s integral inequality for
convex functions, S.S. Dragomir obtained in 2002 [29] the following result:

Theorem 1. Let ® : [m, M] C R — R be a differentiable convex function on (m, M)
and f: Q — [m,M] so that o f, f, ® o f, (&’ o f)-f e L(Q,u). Then we have
the inequality:

(1.1) 0</Q<I>ofdu—<1></9fdu>
< [ 1@ opdu= [ @osdn | ran
<z on-o ) [ |r- [ faan

In the case of discrete measure, we have:

Corollary 1. Let @ : [m, M] — R be a differentiable convex function on (m,M).
Ifz; € [m,M] and w; >0 (i=1,...,n) with W,, :== Y1 w; = 1, then one has
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2 S.S. DRAGOMIRY2

the counterpart of Jensen’s weighted discrete inequality:

— zn: wifb’ (Jﬁl) zn: W; T;
1=1 =1
[@ (M Zwl Ti — ijatj .

Remark 1. We notice that the inequality between the first and the second term in
(1.2) was proved in 1994 by Dragomir & Ionescu, see [36].
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If f,g : @ — R are p—measurable functions and f, g, fg € L(, ), then we
may consider the Cebysev functional

(1.3) T(f.g) = / fodu~ [ fdu [ gdn
Q Q Q
The following result is known in the literature as the Griiss inequality
provided
(1.5) —o<y< ft)<T <00, —0<d<g(t)<A<oo

for u —a.e. t € Q.

The constant % is sharp in the sense that it cannot be replaced by a smaller
quantity.

If we assume that —oco < v < f(t) < T < oo for p — a.e. ¢t € Q, then by the
Griiss inequality for ¢ = f and by the Schwarz’s integral inequality, we have

(1.6) /Qf—/gfdu'dus ngzdu—</gfdu)2rS;(F—v)-

On making use of the results (1.1) and (1.6), we can state the following string of
reverse inequalities

(1.7) og/q>ofdﬂ—q></§2fdp>
/f o f)dp /ch'ofdu/gfdu

§§[<I>’(M)f<1>'(m)]/ ‘f/fdu‘du
< 1@ (M) - Vdeu </fdu>r
si[@’(M)—cb’(mn(M—m),

provided that ® : [m,M] C R — R is a differentiable convex function on (m, M)
and f: Q — [m, M] so that ®o f, f, ®' o f, f-(®'o f) € L(Q,p), with [,du=1.
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The following reverse of the Jensen’s inequality also holds [33]:

Theorem 2. Let @ : I — R be a continuous convex function on the interval of real
numbers I and m, M € R, m < M with [m, M| C I, where I is the interior of I. If
f:Q — R is u-measurable, satisfies the bounds

—co<m< f(t) <M < oo for p-a.e. t€Q
and such that f, ® o f € L(Q, ), then

i 0s foesuo(f )
<M‘A”@(AMWWQ@UQ:§mw

< 3 (M —m) [2 (M) — @/, (m)],

where ®'_ is the left and ®', is the right derivative of the convex function ®.

IA

For other reverse of Jensen inequality and applications to divergence measures
see [33].

In 1938, A. Ostrowski [54], proved the following inequality concerning the dis-
tance between the integral mean 31— f: ® (t) dt and the value @ (x), x € [a, b].

For various results related to Ostrowski’s inequality see [6]-[9], [15]-[41], [43] and
the references therein.

Theorem 3. Let @ : [a,b] — R be continuous on [a,b] and differentiable on (a,b)

such that ®' : (a,b) — R is bounded on (a,b), i.e., ||®'|| = sup |®' ()] < oo.
t€(a,b)

Then

2
1 r— atb
(1.9) < 4+< b_2 ) 1] (b—a),

for all x € [a,b] and the constant 1 is the best possible.

b
bo) - = [ Fa

Now, for v,I' € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions [34]

Ulay) (7,1)
= {f : [a,b] — C|Re {(F —f () (m —7)} > 0 for almost every ¢ € [a,b]}
and

Amm%m:‘&:mmﬂcﬂfm”+r

1
5 §§|F77| fora.e.te[a,b]}.
The following representation result may be stated [34].

Proposition 1. For any~,I' € C, v # I', we have that U[%b] (7,T) and A[%b] (,T)
are nonempty, convexr and closed sets and

(110) U[a,b] (’771—‘) = A[a,b] (’V»F) .

On making use of the complex numbers field properties we can also state that:
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Corollary 2. For any ~,I' € C, v # I",we have that
(1.11) Ujay (7, 1) ={f : [a,b] = C| (Rel —Re [ (t)) (Re f (t) — Ren)
+(ImI' —Im f (¢)) (Im f (¢) —Im~y) >0 for a.e. t € [a,b]}.

Now, if we assume that Re (I') > Re () and Im (I") > Im (vy) , then we can define
the following set of functions as well:

(112)  SuyOnT) = {f:[08 - C| Re(T) > Ref (f) > Re ()
and Im (T") > Im f (¢) > Im (y) for a.e. t € [a,b]}.

One can easily observe that 5'[{17;,] (7,T') is closed, convex and

(113) 0 7& S[a,b] (’Y?F) c U[a,b] (77P) .

The following result holds [34]:
Theorem 4. Let ® : I — C be an absolutely continuous functions on [a,b] C I, the
interior of I. For some~,T € C, v # T, assume that ®' € Upgp) (7,T) (= Ay (1,1)) -

If g : Q — [a,b] is Lebesgue p-measurable on Q and such that ® o g, g € L(Q,u),
then we have the inequality

+T 1
/<I>ogdu—<1>(fc)—77 /gdu—fc Sfll“—vl/lg—rﬂldu
Q 2 Q 2 Q

for any x € [a,b].
In particular, we have

(1.14)

(1.15) /@ogdu@(a;—b)’y—gr</gd/£a—2’_b>’
Q Q
1 a+b 1
< - |I'- — <Z(b—a)|l' -
N P Y
and
(1.16) /Q@Ogdu—<1></ﬂgdu>’ fIF 7|/’ gdu‘

o\ 1/2
<Yy au- ([ ga
<5I0=nl{ [ g*dn gdp

Q Q
<Tb-a)r -
<1 a ~l.

Motivated by the above results, in this paper we provide more upper bounds for

the quantity
/@ogdu@(x))\(/ gdﬂx>
Q Q

under various assumptions on the absolutely continuous function ®, which in the
particular case of z = fQ gdp provides some results connected with Jensen’s inequal-
ity while in the case A = 0 provides some generalizations of Ostrowski’s inequality.
Applications for divergence measures are provided as well.

;@ € [a,b],
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2. SOME IDENTITIES

The following result holds [34]:

Lemma 1. Let ® : I — C be an absolutely continuous functions on [a,b] C ID', the
interior of I. If g : Q — [a,b] is Lebesgque p-measurable on Q and such that ® o g,
g € L(Q,u), then we have the equality

(2.1) /Q<I>ogdu—<1>(x)—)\</ﬂgdu—a:>
=/Q[<g—x>/01<<1>’<<1—s>x+sg)—x>ds} dy

for any A € C and x € [a,b].
In particular, we have

(2.2) /Q@ogdu—w)—/ﬂ[<g—x>/01<1>’<<1—s>m+sg>ds]du,

for any x € [a, b].

Remark 2. With the assumptions of Lemma 1 we have

(2.3) /Q@ogdu—‘l)(a;rb)
+ sg> ds} dp.

L) [ om0

Corollary 3. With the assumptions of Lemma 1 we have

(2.4) /Q@ogd#—@(/ gdp)
-l o) [ 10 [ )

Proof. We observe that since g : Q — [a,b] and [, dp = 1 then [, gdp € [a,b] and
by taking = = [, gdp in (2.2) we get (2.4). O
Corollary 4. With the assumptions of Lemma 1 we have
(2.5) /@ogdu—i/ x)dr — A < )
1 b 1
:/ / [(gm)/ (@’((ls)ersg))\)ds} dz ¢ dp.
Q b—a a 0

Proof. Follows by integrating the identity (2.1) over € [a, b], dividing by b—a > 0
and using Fubini’s theorem. |

Corollary 5. Let ® : I — C be an absolutely continuous functions on [a,b] C IO,
the interior of I. If g,h : Q — [a,b] are Lebesgue p-measurable on Q and such that
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DPog, Poh, g, he L(Q,u), then we have the equality

(2.6) /@ogd,uf/@ohdu A(/gd# /hdu)
//{ »/O (@ (A=) h(7 )+Sg(t))/\)ds}

X dp (t) dp (1)

for any A € C and z € [a, b)].
In particular, we have

(2.7) /‘Pogdu / o hdp
/” ”/01‘1”((1s>h<¢>+sg<t>>ds} dpe (1) dp (7)

for any x € [a, b].

Remark 3. The above inequality (2.6) can be extended for two measures as follows

(2.8) /@ogdul /92<I>ohdu2—)\</ngdﬂl_/92hdﬂ2>

X dpy (t) dpg (),

for any A € C and x € [a,b] and provided that ®og, g € L (Qy, uy) while Doh,h €
L (Q2HU/2) .

Remark 4. If w > 0 p-almost everywhere (p-a.e.) on Q0 with fQ wdp > 0, then by

replacing dy with f;uil:iu in (2.1) we have the weighted equality

@/Qw@omdu@(z)A(M/ngduO

- [<g—x>/01<<b'(<1—s>x+sg>—A)ds] an

for any A € C and x € [a,b], provided ® o g, g € Ly, (2, 1) where

Lo (9,p1) = {g| [ wislau < oo} |

The other equalities have similar weighted versions. However the details are omit-
ted.

(2.9)

3. INEQUALITIES FOR DERIVATIVES OF BOUNDED VARIATION

The following result holds:

Theorem 5. Let ® : I — C be an absolutely continuous functions on [a,b] C I,
the interior of I and with the property that the derivative ® is of bounded variation
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n la,b]. If g : Q — [a,b] is Lebesgue p-measurable on Q and such that ® o g,
g € L(Q,u), then we have

(3.1) ‘/@ogdu—@(x)—@,m);@l(b)(/ﬂgdu—x)‘

b

1

<=\ (@ /Ig*x\du
a Q

(\}

for any x € [a,b].
In particular, we have

(3.2) /@ogdu_q)<a—2|'b>_(I)/(a);"q)/(b)</diu_a—2‘,—b)‘
;\b/ ? [ -5 <1<b—a>\:/<<1>'>
and

o [femm-e{fow)]<3
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Proof. From the identity (2.1) we have
! !
(3.4) /@ogdu—@(w)—W(/gdu—x)
Q Q

:/Q [(g—x)/ol (@’((l—s)m—ksg)—(bl(@;q}/(b))ds} dp

for any z € [a, b].
Taking the modulus in (3.4) we get

(3.5) ‘Aéogdu@(z)‘w(/ggdux)‘

2
1 "(a /
< (g—m)/ <<I>'((1s)z+sg) W) dsdy
/|9*9:|/ &' ((1—s)z+ sg) — (I)();F(I)(b) dsdp

for any x € [a, b].
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Since @’ is of bounded variation on [a,b], then for any s € [0,1], = € [a, ] and
t € Q) we have

' (a) + @' (b)

O ((1—s)z+sg(t)) — 5

= S 19 (1= s)w +59.(5) @ (a) + & (1 = )2+ 59 (1)) ~ ¥ (8)
< 19 (1= 8)w + 59 (1)) — @ ()| + [/ (8) — @' (1= )2 + 59 ()]
1

-2

b
\V (@).

Then we have

1 P’ Y
(3.6) |g—x|/ @’((1—s)x+sg)—M dsdp
Q 0 2
K
< =\/ (¢ -
<5V @) [[lo—alan
for any z € [a, b].
Making use of (3.5) and (3.6) we deduce the desired result (3.1). O

Remark 5. Let ® : I — C be an absolutely continuous functions on [a,b] C I, the
interior of I and with the property that the derivative ® is of bounded variation on
la,b]. If x; € [m, M] and w; >0 (i=1,...,n) with W, := 3" w; =1, then one
has the weighted discrete inequality:

(3.7) Zwﬁb (z;) — D (x) — w (Z Wi T — a:) |
2_1 b n N
< 5\/(@’)2101 |x; — x|

for any x € [a,b].
In particular, we have

n

a+b) @ (a)+ () [ a+b

i=1 =1

(3.8)

n

b
< V@)Y w

i=1

a+b 1 b ,
3| =00V @)

xTr; —
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and

(3.9)

n n b
Zwiq) (Z‘Z) - (Z wixi> < %\/((I)’)Zwl

IN
N =
Q<v
g
(3=

g

8
<o

I
N
(3=

g
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4. INEQUALITIES FOR LIPSCHITZIAN DERIVATIVES

The following result holds:

Theorem 6. Let ® : I — C be an absolutely continuous functions on [a,b] C I,
the interior of I and with the property that the derivative ® is Lipschitzian with
the constant K > 0 on [a,b]. If g : Q — [a,b] is Lebesgue p-measurable on Q and
such that ® o g, g € L (Q, 1), then we have

(4.1) ’/Q@ogd,u—@(x)—@’(m)</di,u—x>‘

< %K lai (9) + (/diu—x)j

for any x € [a,b], where o, (g) is the dispersion or the standard variation, namely

o= ([ () ) = ([ (o))

In particular, we have

(4.2) /q>ogdu—q>(a+b>—q>’(a+b> (/gdu_a—&-b)‘
o 2 2 o 2
1 a+b\*
<K |o2(g +( gdp — )
; lm [ gau -5
and
1 1
(4.3) /@ogdu—@(/gdu)‘gKgi(g)SK(b—a)Q.
Q Q 2 8

Proof. From the identity (2.1) we have for A = ®' (x) that

(4.4) /Q<I>ogdu—<1>(a:)—¢’/(x) </diu—x>
=/Q[<g—x>/01<¢’<<1—s>x+sg>—@'(x))ds} an

for any x € [a, b].
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Taking the modulus in (4.4) we get

/Q@ogd,u—@(:c)—@/(m) </di,u:c)‘

< [1g-4l /01<@’<<1s>z+sg)@'<x>>ds
</ [|gx|/01|<<1>’<<1s>x+sg>¢'<x>>ds] au

1
SK/ [gzl/ SlgwldS}dﬂlK/(gm)zdu
Q 0 2 Ja

for any x € [a, b].
However,

REER

:/Q(g—/ggdw/ggdu—xfdu

= o fo) v [ o= L) (o) s
(e

< (o fo) o (o)

for any x € [a,b], and by (4.5) we get the desired result (4.1). O

(4.5)

dp

Corollary 6. Let ® : I — C be a twice differentiable functions on [a,b] C I with
2" [[{4,0),00 = €58 SUPye[q ) |27 ()| < 00. Then the inequalities (4.1)-(4.3) hold for
K = {|2"]|4,4],00 -

Remark 6. Let ® : I — C be an absolutely continuous functions on [a,b] C I and
with the property that the derivative ®' is Lipschitzian with the constant K > 0 on
la,b]. If z; € [m, M] and w; >0 (i =1,...,n) with W, := > ."  w; = 1, then one
has the weighted discrete inequality:

Zwl@ (x;) — @ (z) — @' (x) <Z wiT; — 1:) |

(4.6)

2
1 5 .
< 5[( oo (x)+ (;_1 Wi — 1’)

for any x € [a,b], where

n n 2
Ow (X) 1= Zwi T; — Zwkxk
i=1 k=1

The following lemma may be stated:

1/2 1/2

n n 2
— E 2 2 :
= wi;xr; — WE Tl
i=1 k=1
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Lemma 2. Let u : [a,b] — R and I, L € R with L > I. The following statements
are equivalent:
(i) The function u—L e, where e (t) =t, t € [a,b] is & (L — 1) —Lipschitzian;
(ii) We have the inequalities

(4.7) 1< u(t) —uls)

P < L foreach t,s € [a,b] with t+#s;

(iii) We have the inequalities
(48) l(t—s)<u(t)—u(s)<L(t—s) foreach t,s€la,b] with t>s.
Following [52], we can introduce the definition of (I, L)-Lipschitzian functions:

Definition 1. The function u : [a,b] — R which satisfies one of the equivalent
conditions (i) — (iii) from Lemma 2 is said to be (I, L)-Lipschitzian on [a,b].

If L >0 and | = —L, then (—L, L) — Lipschitzian means L-Lipschitzian in the
classical sense.

Utilising Lagrange’s mean value theorem, we can state the following result that
provides examples of (I, L)-Lipschitzian functions.

Proposition 2. Let u : [a,b] — R be continuous on [a,b] and differentiable on
(a,0) . If —oo < I = infycpqp) v’ (t) and sup,ej, 0’ (t) = L < oo, then u is (I, L)-
Lipschitzian on [a,b].

The following result holds.

Corollary 7. Let ® : I — R be an absolutely continuous functions on [a,b] C IO,
with the property that the derivative ®' is (I, L)-Lipschitzian on [a,b], wherel, L € R
with L > 1. If g : Q — a,b] is Lebesgue p-measurable on  and such that ® o g,
g€ L(Q,u), then we have

(4.9)

(B0 gin—0 @)~ (2) (/diu—m>

an (9) + </di“m>2]
- %(L—l) lai(gﬂ— (/dill—x>2]
for any x € [a,b].

In particular, we have

(4.10) ‘/q)ogd’u_(b<a;b)_¢),<a42—b> (/diu_a—2|-b>
<gdﬂ_a+b>2
oo ()

1
—Z(LH)

——(L+l
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and
iy | [ @oga-a( [ gan) - {20 < @-not)
1
§1—6(L—l)(b—a)2.

Proof. Consider the auxiliary function ¥ : [a,b] — R given by
U (z) = (z) —i(L—l—l)x2

We observe that ¥ is differentiable and
V' (x) = @' (x) —%(L—i—l)x

Since ®' is (I, L)-Lipschitzian on [a,b] it follows that ¥’ is Lipschitzian with the
constant % (L —1), so we can apply Theorem 6 for ¥, i.e. we have the inequality

(4.12) [ Wogip—v@) - ¥ (@) </diu—a:>‘
<ty [Ji(9)+</ggdu—:ﬂ>2]'
However
Jwesan-w) - v @) [ gn-o)

/cbogdu o (z) —  (2) (/diu—x>
o[ (o)
:/Qfl)ogdu—@(x)—fbl(x) (/diu—x)

Ly 0,2,,(9)+</diufv>2]
and by (4.12) we get the desired result (4.9). 0

Remark 7. We observe that if the function ® is twice differentiable on I and for
[a,b] C I we have

—00 <1< ®" () <L < oo for any x € [a,b],
then ® is (I, L)-Lipschitzian on [a,b] and the inequalities (4.9)-(4.11) hold true.
The following result also holds:

Theorem 7. Let ® : I — C be an absolutely continuous functions on [a,b] C I,
the interior of I and with the property that the derivative ®' is Lipschitzian with
the constant K > 0 on [a,b]. If g : Q — [a,b] is Lebesgue p-measurable on Q and
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such that ® o g, g € L(Q, ), then we have

/@ogdu—@(x)—@'(/gdu) (/gdu—x)
Q Q Q
1
<2K[x—/gdu/Ig—wldw/lg—xl g—/gdu‘du}
Q Q Q Q
1
SQle—/gdu’Jng—/gdu ]/Ig—wldu
Q Q Q00| /O

for any = € [a,b], where

Hg - / gdu
Q

In particular, we have

[ (52) - ([ o) [ 22)

(4.13)

1= esssup
Q,00 teQ

g(t)—/ggd/z’ < 00.

(4.14)

1 a-+b a-+b
<K - d - —d
<3 { 5 /qu/gg 5 |

a-+b

+/ 9= —5— Hg—/gduldu]

Q Q

1 a+b a+b
< 5K || /gdu‘+Hg/gdu ]/ 9-—5 ‘du-

Q Q Q00| /O

Proof. From the identity (2.1) we have for A = @’ ( [, gdp) that

(4.15) /Q@ogdﬂ—@(x)—@/ (/diu> </di/¢—x>
=/Q [(g—x)/o1 <@’((1—8)x+89)—<1>’ (/diu>>ds} dp

for any z € [a, b].
Taking the modulus in (4.15) we get

i) [ [ oot oo ([ an) ([t
S/Q\g—ml /01 <‘I>'((1—S)x+sg)—<1>’ </diu)>ds
S/Q[g—xl/ol <¢"((1—S)x+sg)—‘1” </diu>> dS} dp

1
SK/ [9—$| (1—S)a:+sg—/gdu ds}du
Q 0 Q

o

= B.

dp

(1—S)$+89—(1—3)/diu—8/ﬁgdu

ds} du

13
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Using the triangle inequality we have for any ¢ € )

/01 (1—S)x+89(t>—(1—8)/deu—s/ggdu
S/Ol(l—S) m—/ﬂgdu ds+/018 g(t)—/diu
L[ lpo- L

(417)  B< %K/ng—wl [x—/ﬂgdu'Jr‘g(t)—/ﬂgduH dp
1
2

= K{x/gdu‘/gfvldu+/lgx g/gdu‘du]-
Q Q Q Q

Making use of (4.16) and (4.17) we deduce the desired result (4.13). O

ds

ds

and then

Corollary 8. Let ® : I — R be an absolutely continuous functions on [a,b] C IO,
with the property that the derivative ®' is (I, L)-Lipschitzian on [a,b], wherel, L € R
with L > 1. If g : Q — [a,b] is Lebesgue p-measurable on Q0 and such that ® o g,
g€ L(Q,u), then we have

/Q@ogdué(z)qf(/ﬂgdu) (/diug;)

(4.18)

A
Si(L—l){w—/diu‘/ﬂg—wld/H/ng—w Q—Agdu’du]
Si(Lfl) [z/ﬂgdu'+Hg/diu Q,J/gllgxdu

for any x € [a,b].
In particular, we have

fiomn-o(232) - ([oa) ([ 0-25)
Q 2 Q Q 2
a-+b 2
03(9)—( 5 —/gdu)
Q
Ma+b a+b
— d —
5 /qu/gg 5 'du
b
5 Hg—/gdu‘du}
Q
Q,oo‘|/Q

1 a+b
< ;L= */gdu +'9/gdu
Q Q

(4.19)

S
+ o

a-+b
2

g—

‘ dp.
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5. APPLICATIONS FOR f-DIVERGENCE

One of the important issues in many applications of Probability Theory is finding
an appropriate measure of distance (or difference or discrimination ) between two
probability distributions. A number of divergence measures for this purpose have
been proposed and extensively studied by Jeffreys [46], Kullback and Leibler [51],
Rényi [57], Havrda and Charvat [44], Kapur [49], Sharma and Mittal [60], Burbea
and Rao [5], Rao [56], Lin [52], Csiszédr [12], Ali and Silvey [1], Vajda [66], Shioya
and Da-te [61] and others (see for example [53] and the references therein).

These measures have been applied in a variety of fields such as: anthropology [56],
genetics [53], finance, economics, and political science [59], [64], [65], biology [55],
the analysis of contingency tables [42], approximation of probability distributions
[11], [50], signal processing [47], [48] and pattern recognition [4], [10]. A number of
these measures of distance are specific cases of Csiszar f-divergence and so further
exploration of this concept will have a flow on effect to other measures of distance
and to areas in which they are applied.

Assume that a set Q2 and the o-finite measure u are given. Consider the set of all
probability densities on p to be P := {plp: Q = R, p(t) >0, [,p () du(t) =1}.
The Kullback-Leibler divergence [51] is well known among the information diver-
gences. It is defined as:

(5.1) Dxkr (p,q) ::/Qp(t) In {ng du(t), p,q€P,

where In is to base e.

In Information Theory and Statistics, various divergences are applied in addition
to the Kullback-Leibler divergence. These are the: wvariation distance D,, Hellinger
distance Dy [45], x*-divergence Dy, a-divergence D, Bhattacharyya distance Dp
[3], Harmonic distance Dy, Jeffrey’s distance Dy [46], triangular discrimination
D [63], etc... They are defined as follows:

(5.2) Dy (p.g) = /Q (1) — g ()] du(t), pgeP;
(5.3) Dy (p, q) :=/Q‘\/m—\/Q(t)‘du(t)7 p,q € P;

(5.4) D, (p,q) == /Qp(t) KZEB) - 1] du(t), p,q€P;

65 Dalpd)im g [ [ DO G0 o). pae,
(56) Dy (p.0) = [ Vo@a@idn(t). p.aeP

(57) DHa (p7 q) ::/ %(t)q(t))dﬂ (t)7 p,q € P;

(5.8) Dy ()= [ (0~ a(0]1n [”ﬂ du(t), pacP;
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() —a @),

b WO PIEP

(5.9) Da (pyq) = /

For other divergence measures, see the paper [49] by Kapur or the book on line [62]
by Taneja.
Csiszdr f-divergence is defined as follows [13]

(5.10) )= [ 20 [m di(t), pgeP,

where f is convex on (0,00). It is assumed that f (u) is zero and strictly convex
at u = 1. By appropriately defining this convex function, various divergences are
derived. Most of the above distances (5.1)-(5.9), are particular instances of Csiszar
f-divergence. There are also many others which are not in this class (see for example
[62]). For the basic properties of Csiszar f-divergence see [13], [14] and [66].

The following result holds:

Proposition 3. Let f: (0,00) — R be a twice differentiable convex function with
the property that f (1) =0 and there exists the constants v,T' so that

—c0o<y< f(t) <T < 0.
Assume that p,q € P and there exists the constants 0 <r <1 < R < oo such that

(t
(t)

If x € [r, R], then we have the inequality

~—

S

(5.11) r < < R for p-a.e. t € Q.

bS]

(612) |11 a)~ @)~ 5 @) (=)~ (4D [Dya (.0) + (1~ 2]

—

(L=1)[Dyz (p.q) + (1 - 2)?].

In particular, we have

(513) nea- (50 -1 (550) (1-57)
S sz<p,q>+(1—”2R)2

<=0 [Dxa o+ (1-55)
and
(5.14) Pﬂﬂ@‘i@+”Dﬁ@ﬂW§i@_nDﬁ@ﬂf
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Proof. From (4.9) we have

q(t) ~ () — ' (z .
/Qp(t)f<p(t))du(t) F)— f (@) (1)

[»0 (]‘ﬁgg)gdw)—wu—x)ﬂ

1 a®))’ - 2
s4<L—z>Vﬂp<t>(p(t)) ) =141 >]

for any x € [r, R], which is equivalent to (5.12). O

—%(LH)

Utilising Corollary 8 we can state the following result as well:

Proposition 4. With the assumptions in Proposition 3, we have

(5:15)  |Ir(r.0)— f (&) = /' () (1 =) = 3 (L+D) [Dys (o) — (1 = 2]

1
4

1 q
1E=D [Izl/ |q55pdﬂ+/|q17p|‘1‘dﬂ]
Q Q p

1
/ lg — xp|dp
Q

q
Z(L_l) l|m—1|+Hp—1
If we consider the convex function f: (0,00) — R, f(t) = ¢Int then
1) = [0 20w [ 13 au0 = [a0m] 20 a0
= Dkr(q,p)-

We have f’(t) =Int+ 1 and f” (¢t) = } and then we can choose [ = % and L = 1.
Applying the inequality (5.14) we get

IN

IN

Q,00

for any x € [r, R].

R+r R—r
' _ (Bt < D :
510 |prslon) - (L) De o) < G De )
If we consider the convex function f : (0,00) — R, f(t) = —Int then
q(t) p(t)
1) == [ pom |28 a0 = [ pem |23 auo
s rOR o’ O [
= Dkr (p,q) -
We have f'(t) = —1 and f” (t) = % and then we can choose | = 45 and L = .
Applying the inequality (5.14) we get
R? + 2 R? — 2
(5.17) ‘DKL (p,q) — WDX‘Z (p, Q)‘ < WDXQ (P, q)-
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