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Abstract

Let f € C"([-1,1]), r > 0 and let L* be a linear right fractional dif-
ferential operator such that L* (f) > 0 throughout [—1,0]. We can find
a sequence of polynomials @, of degree < n such that L* (Q,) > 0 over
[-1,0], furthermore f is approximated right fractionally and simultane-
ously by @ on [—1,1]. The degree of these restricted approximations is
given via inequalities using a higher order modulus of smoothness for f(T).
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1 Introduction

The topic of monotone approximation started in [6] has become a major trend
in approximation theory. A typical problem in this subject is: given a pos-
itive integer k, approximate a given function whose kth derivative is > 0 by
polynomials having this property.

In [3] the authors replaced the kth derivative with a linear differential oper-
ator of order k. We mention this motivating result.

Theorem 1 Let h,k,p be integers, 0 < h < k < p and let f be a real func-
tion, fP) continuous in [—1,1] with modulus of continuity wi (f(p),x) there.
Let aj(x), j = h,h +1,...,k be real functions, defined and bounded on [—1,1]
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and assume ay, () is either > some number o > 0 or < some number 8 < 0
throughout [—1,1]. Consider the operator

and suppose, throughout [—1,1],

L(f)=0. (1)

Then, for every integer n > 1, there is a real polynomial Q, () of degree < n
such that
L(Qn) > 0 throughout [—1,1]

and

max |f (2) — Qu (2)] < CnFPun (f@), 1) ,

—1<z<1 n

where C' is independent of n or f.

We use also the notation I = [—1,1].
We would like to mention

Theorem 2 (Gonska and Hinnemann [5]). Let r > 0 and s > 1. Then there
exists a sequence @, = Qg’s) of linear polynomial operators mapping C" (I)
into P, (space of polynomials of degree < n), such that for oall f € C" (I) , all
|| <1 and alln > max (4 (r + 1), + s) we have

19 @) = (@QuN™ ()] < My (A (@) wn (FO. 80 ), 0< k<1
] 2)
where A, () = 7”1;75 + #, and M, s is a constant independent of f, x, and
n. Above wg is the usual modulus of smoothnees of order s with respect to the
supremum norm.

Theorem 2 implies the useful

Corollary 3 (/2]) Let r > 0 and s > 1. Then there exists a sequence Q, =
Qg’s) of linear polynomial operators mapping C" (I) into P,, such that for all
feC™(I) and alln > max (4(r+1),r + s) we have

1
>, k=0,1,...,r, (3)

n

£ = @un®]| < e (£
0o n'—
where C, s is a constant independent of f and n.

In [2] we proved the motivational



Theorem 4 Let h,v,r be integers, 0 < h < v < r and let f € C" (I), with
) having modulus of smoothness w (f("),é) there, s > 1. Let oj(x), j =
h,h + 1,...;v be real functions, defined and bounded on I and suppose ay is
either > a > 0 or < 8 < 0 throughout 1. Take the operator

L= jz:aj (z) LZ;] (4)

and assume, throughout I,
L(f)=0. (5)

Then for every integer n > max (4 (r + 1) ,r + s), there exists a real polynomial
Qn (z) of degree < n such that

L(Qn) > 0 throughout I, (6)
and o
|70 - W < —Fw, (f(’"), 1) L 0<k<h. (7)
o) n’l"*’l} n
Moreover, we get
X |
|7 - @] < 9., <f<”,>, h+1<k<r, (8)
oo n’ n

were C' is a constant independent of f and n.

In this article we extend Theorem 4 to the right fractional level. Indeed
here L is replaced by L*, a linear right Caputo fractional differential opera-
tor. Now the monotonicity property is only true on the critical interval [—1, 0].
Simultaneous and right fractional convergence remains true on all of I.

We are also inspired by [1].

We make

Definition 5 (/{/) Let « > 0 and [a] = m, ([-] ceiling of the number). Con-
sider f € C™ ([—1,1]). We define the right Caputo fractional derivative of f of
order a as follows:

(="

(D5 1) @) = s [ (E= 27 1 0, ©)

(m —a)

for any x € [—1,1], where T" is the gamma function.
We set

Dy_f(z) = f(2),
D f(z) = (=1)" f" (), V@ e[-11]. (10)



2 Main Result

We present

Theorem 6 Let h,v,r be integers, h is even, 1 < h < v < r and let f €
C" ([-1,1]), with ) having modulus of smoothness wy (f,8) there, s > 1.
Let aj (z), j = h,h+ 1,...,v be real functions, defined and bounded on [—1,1]
and suppose ayp, (z) is either > a > 0 or < 8 < 0 on [-1,0]. Let the real
numbers g =0 < a1 <1 <ay <2< ..<a, <r. Here Dﬁif stands for the
right Caputo fractional derivative of f of order o; anchored at 1. Consider the
linear right fractional differential operator

k
L* =) a;(z)[Dy’] (11)
j=h

and suppose, throughout [—1,0],
L*(f) = 0. (12)

Then, for any n € N such that n > max (4 (r + 1),r + s), there exists a real
polynomial Q,, (z) of degree < mn such that

and
sup |(DVf) (2) = (Di2Qu) (x)] <
—1<z<1
2‘7-*01_7 C’I",s (T) l
T(G—o;+1)n—° <f n) (14)

j=h+1,..,7; Crs is a constant independent of f and n.
Set

L= sup o' (2)aj(2)], h<j<w. (15)
z€[—1,1]

When j =1, ..., h we derive

sup [(D2f) (@) = (D2.Qu) (@)] < S, <f<r>’1>,

_1<a<1 n'=v

T—« h—j h—a;—A | —o;
2T ar oh—a; 9i—aj
Z Z + )
T(r—ar+1) )\'F(h—aj—k—&- 1) I'(j—a;j+1)

(16)
Finally it holds
sup | f (z) = Qn (z)| <
—1<z<1
Crs 1 27T ar
s (r) s
nr— 'u (f ) lhl Z ]_" 7— — o, + 1) 1 (17)




Proof. Here let @, as in Corollary 3.

Let a; >0,j=1,...,r,suchthat 0 <oy <1<y <2<az3<3.<..<

ar <r Thatis [o] =34,5=1,..,m
We consider the right Caputo fractional derivatives

(D) @) = s [ = O

(J —ay)
(Di_f) @) = (=1) 19 (@),
and .
1)’

(D7Qn) @) = 2 [ P Q) v

(D) @) = (-1 @ (@)5 j = Lo

‘We notice that
[(DY2F) () = (DY2Qn) (z)| =

FG—a] /: (=)= O ar - | - QY | -
F(jlaj) /: (t— x)j*%fl (f(j) (t) — Q%J) (t)) dt‘ <
M /; (=)~ 9 () - Q) (0] dt <

1 ! j—a;—1 5\ Crs m 1Y) _
TG —a) (/ t-2) dt) nr—j“’S(f n>

L (1-2)™™ G, ( (") 1)
- - o Ws y | =
FG—o) Goay w20

Jj—oy
(1.— x) Cr,s- w, f(r), l <
F'(j—aj+1)nr—J n

.23*0‘1 CT’S,UJS f(r)’ l )
F(j—a;j+1)nr—J n

We proved for any z € [—1, 1] that

’(Dfif) () — (D?LQ,L) (a:)‘ < . 92—y Crs W, (f(r), 1) .

(j—oj+1)nr=J

Hence it holds

(18)

(19)

(20)

sup (D% F) (2) — (D% Q) ()] < —— 2 COrs <f<r>,711>’

—1<2<1 F(j—aj+1)nJ



F=0,1,..r
Above we set DY_f (z) = f(z), DY_Q, (z) = Qn (), V z € [-1,1], and
ag =0, i.e [ag] =0.
Set also

1 . 2= ;
- (r) = ) j—r
pn . CT,SUJS <f ) ’I’L) (Jz_: ZJ F (,] _ Oéj + 1)” ) : (25)

I. Suppose, throughout [—1,0], a; (z) > « > 0. Let Q, (z), z € [-1,1], be a
real polynomial of degree < n so that

Oz]‘ xh (J/,j
X Dy <f (2) "‘an) —(DY7Qn) (z)| <
2J—a; C. 1
T8 i (ry = )
I‘(j—aj—l—l)nrjwé(f ’n)’ (26)
j=0,1,..,r
When j =h+1,...,7, then
“max [(Dy2f) (@) = (D12Qn) (2)] <
207 Crs 1
(r) = 9
F(]fajJrl)nTJ <f n> (27)
proving (14).
When j =1,...,h we get
. xh> (—1)" /1 g thTI
DY (=) =—— | (t—az) ™ —dt 28
(%) - L ey 2%)

(we see that t=t+1—1,and —t+1—t—1)
(71)j+h7j
(=TG-

h 1 ) .
(h—j()!_rl()j—aj)/ (L—t=1)"7 (¢ —a) ™ dt =

1 . .
TR

h—j .
(we see that (1—1) —1)" 7 =Y (h \ 9) (1) (=1

A=0

(-1)" hj e (h—j—A+1)—1 (j—aj)—1
= ( ) /(l—t) / (t—a)Y " dt

(h =T — o) =




(1h hJ _ _))\
~ (b =) J-%Z/\' h—3j—2A

P(h—j=A+DT(—ay)
T(h—a; —A+1) (l_x)h "

h—j A h—aj—A
_ o ()T A2
= (D" AT (h—a; —A+1)

A=0

(29)

Hence for j =1, ..., h we found that

2 h—j h—a;—X\
o N
DY ( ) )" (30)
! bt 'F —a;—A+1)

M

Therefore we get from (26) that

. )y J( 1 U -
- A=0
(31)
i—aj C, 1
i L
e e (775)
j=1,.. h

Therefore we get for j =1, ..., h, that
max |(D{” f) (z) — (DY2.Qn) (2)]

—1<z<1
h—j h—aj;—A\ j— o
2 i 20— C, 1
(r) 2
p“<ZA'r(h aj—)\+1)>+r(j—o¢]+l)n7’7 (f n) (32)
v 3—017 _
Cy.oWs <f(7’)7 1) ( lenJ”) .
n ;:h T (] — Oé;—F 1)
’ij gh—a; =X L 2T G o, L 1) _
AL (h—a; —A+1) F(jfajJrl)nTJ
_] ag 1
Ch.ows < > Zl— -] (33)
G=h <j —a;+ 1)
h—j 9h—a; =X 9i—ay 1 -
Z)\'F (h—a; —A+1) +I‘(jfaj+1)n’“*j -

ool |Brgam)

IN

j=h



h=y Qh—a;—A 97—
z::»r(h—aJ—AH) "TG-atD

Hence for j =1, ..., h we derived (16):

max ‘(D?jf) (z) — (D17.Qn) (ac)| < Cris W (f(v-)7 i) .

—1<z<1 n"—v

h—j h—a;—\ j—oui
QT —Qr 2 J 21—
Zl Z )
T(r—ar+1) )\'F(h—aj—)\—&—l) I'(j—oa;+1)

(35)
From (26) when j = 0 we obtain
xh C 1
< TS (r) =
7{231‘:};1 f( )+pn A Qn( )' = pr Ws <f ’n) ’ (36)
And o 1
Pn r,s (r) _
_ < En ) =
17 @) - Qu @)l < 5+ St (19,1) (1)
C 27’ T
(r) -
(f ) (Z T(r—oa, + 1) )
Crs 1
s (r) 2 ) =
e Ws (f 7n>
1\ |1 & 27— ar 1
m Z) | = — | <
Crsws (f 7n> h!; TF(T—OKT-I-I)TL’”_T—'_W"} -
C 1 9T—ar
s (r) 1 38
oo (50, )[h,z T | (39)

that is proving (17).
Also if —1 <z <0, then

— h—ayp
@)L Q) = 0 @) L (@) + pup et (39)
a o N (26)
Za (2) [D2Qu (2) = DI f (a) = B2 Dt | >
(1— )" 2= (O, o 1Y)
PT(h—an+1) (ZJFJO‘ T (f( >)_
(1—z)to B (1— )t B
P th—an+1) ™~ "ll“(h—ah—&-l)l]_ (40)



1-T(h—ap+1)
2 ”{ Tt |20 @

(1—2)"™ ™ —T(h—ap+1)
Pr T(h—an+1)

Explanation: We know that I' (1) = 1, I'(2) = 1, and I is convex and positive
n (0,00). Here 0 < h—ap <land 1 <h—ap+1<2. ThusT'(h— oy, +1) <1
and 1 = T'(h—ap +1) > 0. Hence L* (@, (z)) >0, z € [-1,0].
II. Suppose on [—1,0] that ap, (z) < 8 < 0. Let @y, (x), € [—1,1], be a real
polynomial of degree < n so that

h

Dy (F0) =057 ) - (07Q0) )] <

max
—1<x<1

2= O, 1
TG tyw <f > ()

7=0,1,...,7.
Similarly we obtain again inequalities of convergence, see (14), (16) and (17).
Also if —1 <z <0, then

(1 —g)ton

n @)L (@Qn (@) = oy (2) I (F @) = b= g7y

+ (43)

(42)

Zah £L' {Dl Qn( ) D?if( ) ]’L' (Da] x )} <
(1 _ x)hfozh 2J—ay C ., 1 B
—pnm erj_a] 1)nrﬂ (f() n>_
(1—a)t o _ C(h—ap+1)—(1—az)""
Pn<1—w>—[)n< T(h—an+1) )S (44)

_ — h—ayp,
Pn <1F(i51—ozh)+1)> <0, (45)

and hence on [—1, 0] again holds L* (Q, (z)) > 0. =

Remark 7 (to Theorem 6) Suppose that oj (x), j = h, h+1,...,v are continuous
functions on [—1,1], and we have on [—1,0] only L* (f) > 0. Relax the condition
ap (x) is either > a >0 or < § <0 on [—1,0]. Let Q,, be the polynomial of
degree < n coresponding to f from (24).

Then D’ Q,, converges uniformly to D’ f at a higher rate given by in-
equality (24), in particular for 0 < j < h. Moreover, because L* (Q,,) converges
uniformly to L* (f) on [-1,1], L* (Q,) > 0 on [—1,0] for sufficiently large n.
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