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Abstract

Let f € C° ([-1,1]), s€ N and L* be a linear left fractional differential
operator such that L* (f) > 0 on [0,1]. Then there exists a sequence Qy,
n € N of polynomial splines with equally spaced knots of given fixed order
such that L* (Qn) > 0 on [0,1]. Furthermore f is approximated with
rates fractionally and simultaneously by @, in the uniform norm. This
constrained fractional approximation on [—1,1] is given via inequalities
invoving a higher modulus of smoothness of f(*).
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1 Introduction

Let [a,b] C R and for n > 1 consider the partition A, with points z;, =
a+1i (}’_Ta), i=0,1,...,n. Hence A,, = maxi<i<p (Tin — Ti—1.0) = }’_T“

Let Sy, (Ay,) be the space of polynomial splines of order m > 0 with simple
knots at the points x;,, ¢ = 1,...,n — 1. Then there exists a linear operator
Qn: Qn = Qy (f), mapping B [a,b]: the space of bounded real valued functions
f on [a,b], into Sy, (A,) (see [4], p. 224, Theorem 6.18).

From the same reference [4], p. 227, Corollary 6.21, we get

Corollary 1 Let 1 < o < m, n > 1. Then for all f € C°"1a,b]; r =

0,...,0—1,
o—r—1
‘ S Cl (b — a) Wm—o+1 (f(b_l)a H) ’ (1)
'] n n
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where Cy depends only on m, Cy = Cy (m).
By denoting Cy = C1 maxo<,<o—1 (b — a)”"" " we obtain

Lemma 2 ([1]) Let 1 < o0 < m, n > 1. Then for all f € C°71[a,b]; r =
0,..,0—1,

C! 1y b—a
o < F’E—IMM—J-‘:-l <f(g 1)7 > ) (2)

n

|0 —Q

where Co depends only on m, o and b — a. Here wy,—y,11 15 the usual modulus
of smoothness of order m — o + 1.

We are motivated by

Theorem 3 (/1]) Let h,k,0,m be integers, 0 < h <k <o—1, 0 < m and
let f € C° ' a,b]. Let aj(z) € Bla,b], j = hyh+1,....k and suppose that
ap(x) > a>0o0rap(r) <P <0 for al x € [a,b]. Take the linear differential
operator

L :jz:aj (z) [dcfj] (3)

and assume, throughout [a,b],

L(f)=0. (4)
Then, for every integer n > 1, there is a polynomial spline function Q (z) of
order m with simple knots at {a +1 (b;a) ,i=1,...,n— 1} such that L (Qy) >
0 throughout [a,b] and

[0 =

9 o_1) b—a
S e TYmot (f‘ Y, n) , 0<r<h  (5)
Moreover, we find

C
<

— n(r—r—l
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Wm—o+1 <f(01)7 a> ; h+1<r<o-1, (6)
n

where C' is a constant independent of f and n. It depends only on m, o, L, a,b.

Next we specialize on the case of a = —1, b = 1. That is working on [—1,1].
By Lemma 2 we get

Lemma 4 Let 1 < o < m, n > 1. Then for all f € C°7L([-1,1]); j =
0,1,....,0 — 1,

Hfm — QW

no—Ji—1 n

C 2
‘ S 2 Wm—o+1 (f(cr—l)’ ) ’ (7)

where Cy := Cy (m, o) := Cy (m) 27~ 1.



Since

- 2 —0o o— 1
Wm—o+1 (f(a 1)3 n) S 27” +1Wm70'+1 (f( 1)3 ) (8)

n
(see [2], p. 45), we get

Lemma 5 Let 1 < 0 < m, n > 1. Then for all f € C°7L([-1,1]); j =
0,1,.y0 — 1,

. ) Cx 1
R at] ) B

no—i—1 n
where C5 := C5 (m, o) := Cy (m)2™.

We use a lot in this article Lemma 5.

In this article we extend Theorem 3 over [—1,1] to the fractional level. In-
deed here L is replaced by L*, a linear left Caputo fractional differential oper-
ator. Now the monotonicity property is only true on the critical interval [0, 1].
Simultaneous fractional convergence remains true on all of [—1,1].

We make

Definition 6 (/3/, p. 50) Let a > 0 and [a] = m, ([-] ceiling of the number).
Consider f € C™ ([—1,1]). We define the left Caputo fractional derivative of f
of order a as follows:

(Df—1f) (z) = % /m (@ — t)m—a—l f(m) (t) dt, (10)

(m—a)/_y

for any x € [—1,1], where T is the gamma function.
We set

DY f (2) = f (),
DL f (33‘) = f(m) (37) , Vre [_17 1] : (11)

2 Main Result

Theorem 7 Let h,k,0,m be integers, 1 <o <m, n € N, with 0 < h <k <
o —2and let f € C°1([~1,1]), with f(°=Y having modulus of smoothness
Wm—ot1 (f(gfl),(S) there, § > 0. Let oj (x), j = h,h+1, ..., k be real functions,
defined and bounded on [—1, 1] and suppose ay, (x) is either > a >0 or < <0
on [0,1]. Let the real numbers ap =0 < a1 <1< a3 <2< ..<a,9<0—2.
Here D7 | f stands for the left Caputo fractional derivative of f of order o
anchored at —1. Consider the linear left fractional differential operator

k
L* = Z o (z) D] (12)
j=h



and suppose, throughout [0,1], L* (f) > 0.

Then, for every integer n > 1, there exists a polynomial spline function
Qn () of order m > 0 with simple knots at {—1 —|—i%, 1=1,...,n— 1} such
that L* (@) > 0 throughout [0, 1], and

sup [(D774f) () = (D3241@Qn) ()] <

—1<z<1
2i—a; C; o1 1
: m—o 7 s | 13
I'(j—oa;+1) n”—f—lw + (f n (13)
j=h41,..0-2
Set
lj:== sup |ah () oy (z)], h<j<k. (14)

z€[—1,1]

When j =1, ..., h we derive

max |(D2,1) (0) = (D2,Q0) (@0)] £ —“Epiomon (f("‘”, 1)

—1<z<1 n

9T—ar 2h aj—A 2j7aj
Z T(r—ar+1) /\'F —a; —A+1) I'(j—oa;+1)

(15)
Finally it holds
sup |f (z) = @n (2)] <
—1<z<1
Cs flo-n = 1 1 il 2 41 (16)
po—k—1Wm=ot1 B~ T (r—a; +1)

Proof. Set oy =0, thus [ag] = 0. We have [a;| =j,j=1,...,0 — 2.
Let Q,, as in Lemma 5.
We notice that (z € [-1,1])

[(D21)) (@) = (D324Qn) (@)] =

ey \ [ it wa- [ @R dt\ — ()

-1

I‘(y'ioz]-) ‘/i (x — t)j—a]‘—l (f(j) (t) — QSIJ) (t)) dt‘ <
1
T(j—aj)

v R AN -1 1Y _
F (] _ a]) (/;1 (.’E t) dt) nafjflwm_a"'_l (f bl n -

[ @t w-ep el  as)
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1 (@+1)™ c (o-1) 1
- m—o 7 y | = 19
TGy Goay) w00y (19)

(.’E + 1)]’7&]' Cék ( 71) 1
; m—o 7 y S
I'(j—oa;+1) po—i—1¥m=otl ! n

2J—aj iy 1
’ 02 Wm—o+1 <f(0_1)7 ) . (20)

I'(j—aj+1)no—i-1 n
Hence
o o 2% C; (o—1) 1
HD*ilf - D*il ”Hoo,[—l,l] < F(j —a; + 1) na_j_lwmfzﬂ»l f ’ﬁ ’
(21)
j=0,1,...,0 — 2.
We set
C; o0 1) (3 2 22
Pn = LoWm—0o+1 (f an> ]E:;L Jr(] —aj + 1) noe—i—1]"° ( )

I. Suppose, throughout [0,1], ap (z) > « > 0. Let Q, (z), x € [-1,1], the
polynomial spline of order m > 0 with simple knots at the points z;,, i =
1,eon—1,0n [-1,1] (24 = -1+ i%, i=0,1,...,n, here A,, = 2), so that

n

<

max
—1<z<1

aj l‘h s
D2, (1@ 0.5 ) - (02,00) @
27— cs (0-1) 1
, m—o TTH =, 23
I'(j—oa;+1) po—j—1¥m=otl <f n (23)
j=0,1,...,0 —2.
When j =h+1,...,0 — 2, then

max |(Dfi1f> (z) - (D3i1 n) (37)| <

—1<z<1
21— Cs o1 1
— Win—o b =), 24
T(j—ay+1)no—i—1om=otl (f n (24)

proving (13).
For j =1,...,h we find that

Daj <1'h) — = (71))\ (‘T + 1)}7'7041'7)‘ (25)
x—1 - .
W) " N (h—a; - A+ 1)
Therefore we get from (23)
h—j A h—a;—X
o (-1)" (z+1)"" o

J _ J <

_max (D2, f) (@) +p, (H XT3 1) (DY1Qu) ()] <
(26)



9i—0y C’Qf Wi <f(a—1)7 1) :

I'(j—oaj+1)no—i-1 n
ji=1,..,h.
Therefore we get for j = 1,..., h, that
L] o g <
s [(D2410) () - (D2,@0) ()] < @)

h—j h—aj—A j—auj *
2h—ay 207 C 1
Pn, ] + ; (7_2'_1wmfa+1 <f(01)a ) =
)\ZOA.F(h—aj—)\—i—l) F'(j—a;j+1)no—J n

k oi—o

Crwon oy [l 1)
> Wm—o+1 (f Z ' (3_a7+ 1) no—i-1

Jj=

—j Qh—aj—)\ 2j—0(j Cg (0—1) 1
2 AT (h A TG e S CA =
= A (h—a; —A+1) FG—aj+1)n n

k o
. ooy 1 29795 1
ngm—a-‘rl (f( 1)a ’ﬂ) E

h=j 9h—a;—A 9i—ay 1
- <
Z)\'F h—oa; —X+1) +I‘(j—aj+1)n"ﬂ*1 -
. o1 1 1 k 27
Cywm—o+1 (f ’n> o le.) : (29)

< 2h aj;—A
£ N (h—a; — A+ 1)

Hence for j =1, ..., h we derived (15):

s |(02,9) () - (02,02) (01 = =i (50 ).

—1<z<1

Zl 9T —ar }f 2h—o¢j—)\ N 2]'—04]-
T(r—a,+1) )\:O)\!F(hfajf)\+1) I'(j—oa;+1)

T=h

When j = 0 from (23) we obtain

h

Cs 1
< —ZWm—o41 (f(" 1)771). (31)

X
_max \f(2)+ Py —@n (@) < o2
And o 1
_ Pn . O3 -1 1Y) _
e £ @)= Q@) < Bt e (105 ) = 2



& (o-1) 1 2
B mmo (f ‘n Z "T(r—a,+1)no—7-1
Ccs 1
+n0731wm70+1 (f(U Y, ) =

n
1
CoWm—o+t1 (f(a 1) )

97— 1
I < 33
hl Z 7— — o, + ]_) no—7-1 + n01‘| - ( )

k
Ci SR gr—ar
no—h—1¥m=otl (f B! Zl I'(r—a-+1) 1
Proving
- <
_max |f(2) — Qn ()] <
Cy N\ [1<& g7—ar
—2 GBIl I JE N S S 34
no—k—19m=o+1 (f ’n) lh'; TF(T—OZT+1)+ ’ (34)
So that (16) is established.
Also if 0 <z < 1, then
(@) L (Qu (@) = )1 (F () 4y EEDTT
. n )= X F v p”I‘(h—ah—&-l)
o a; o (23)
Zah IOLJ |:D*il n(l‘)iD*il ( ) h'D*Jl i| Z

(x+1)h*04h 27— Cs (0-1) 1 -
pnl—\(h ah+1 Z JF ] )na—j—lwm_a+1 f ’ -

—aj + n

(z+ 1) B

B (z+1)"*"
pnF(h—Oth—f—l) Pn = Pn

F'h—ap+1)

(41" =T (h—ap +1)
F(h*O&thl)

Pn

1-T(h—an+1)
2 ”[ T (h—an+1) ]20' (36)

Explanation: We know that I' (1) = 1, I'(2) = 1, and T' is convex and positive
n (0,00). Here0 < h—ap <land 1 < h—ap+1<2. ThusT'(h—ap+1) <1
and 1 —T'(h—ap +1) > 0. Hence L* (@, (z)) >0, z € [0,1].
II. Suppose on [0,1] that oy, () < 5 < 0. Let Q, (x), z € [—1,1], be the
polynomial spline of order m > 0, (as before), so that

h
D2 (£ =057 ) - (02,00) ()] <




207 Cs o-1) 1
: m—ao 7 [ I 37
I'(j—oa;+1) P it +1 <f n (37)

j=0,1,...,0 — 2.

Similarly as before we obtain again inequalities of convergence (13), (15) and
(16).

Also if 0 <z < 1, then

h—ap
(@) 1 (@ (@) = 3 (@) L (F (0) — pupor s (39)
: 1 a; oy p @ (37)
2 oit (@) e (=) [D22,Qu () = D2 7 (@) + 52 (D22,00)] <
(= + l)h_ah - 4 20 & -1 1) _
T (h—an+ 1) = g I'(j—a;+1) po—i—10m=otl (f ’n) = (39)
@+1)" Y\  (Th-ap+1)—(@+1)"™
g (1_F(h—ah+1)> —pn< (e ) < @

_ h—ah
on & <0,
F'h—ap+1)

and hence again L* (Q,, (z)) >0,z € [0,1]. =
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