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Abstract

Let f € C™P ([0, 1]2), r,p € N, and let L™ be a linear left fractional
mixed partial differential operator such that L* (f) > 0, for all (z,y) in a
critical region of [0, 1]2 that depends on L*. Then there exists a sequence
of two-dimensional polynomials Qwmyms (2,y) with L* (Qmyms (2,y)) >
0 there, where m1,m2z € N such that m1 > r, mz2 > p, so that f is
approximated left fractionally simultaneously and uniformly by Qwt,ms
on [0, 1}2. This restricted left fractional approximation is accomplished
quantitatively by the use of a suitable integer partial derivatives two-
dimensional first modulus of continuity.
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1 Introduction

The topic of monotone approximation started in [5] has become a major trend
in approximation theory. A typical problem in this subject is: given a pos-
itive integer k, approximate a given function whose kth derivative is > 0 by
polynomials having this property.

In [2] the authors replaced the kth derivative with a linear differential oper-
ator of order k. We mention this motivating result.

Theorem 1 Let h,k,p be integers, 0 < h < k < p and let f be a real func-
tion, ) continuous in [—1, 1] with modulus of continuity w (f(p), a:) there. Let
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a; (x), j = h,h+1,..., k be real functions, defined and bounded on [—1,1] and as-
sume ay, () is either > some number a > 0 or < some number 8 < 0 throughout
[—1,1]. Consider the operator

and suppose, throughout [—1,1],

L(f)=0. (1)

Then, for every integer n > 1, there is a real polynomial Q. (x) of degree < n
such that
L(Q,) > 0 throughout [—1,1]

and

1
—_ 0. < k—p (p) —
_max |f (@) = Qn (2)] < On*Pw (f n) ;
where C is independent of n or f.
We need

Definition 2 (D.D. Stancu [6]). Let f € C ([0, 1]2), [0,1* = [0,1] x [0, 1],

where (x1,y1), (z2,y2) € [0, 1]2 and 01,902 > 0. The first modulus of continuity
of f is defined as follows:

wi (f,61,02) = sup [f(@1,91) — f(z2,52)].

|21 —22|<d1
ly1 —y2|<d2

Definition 3 Let f be a real-valued function defined on [0, 1]2 and let m,n be
two positive integers. Let By, , be the Bernstein (polynomial) operator of order
(m,n) given by

- i ] m n 4 m—1i j n—j

B (Fn) =331 (2 2) () (1) ettt
i=0 j=0 men L J

(2)

For integers r,s > 0, we denote by f"*) the differential operator of order (r,s),

given by
oo f (z,y)

(r,s) _
[ (z,y) 9270y

‘We use



Theorem 4 (I. Badea, C. Badea [3]). It holds that

| £00 = Buua)™|| <t kD)

k). 1 1 e E(k—1) 1(I1-1) k)
w1<fkl’ m—k’\/n—l>+ a{ m ' on kalHoo’ ®)

where m > k > 0, n > 1 > 0 are integers, f is a real-valued function on

[0, 1]2 such that f*Y is continuous, and t is a positive real-valued function on
2

Z4 ={0,1,2,...}. Here ||-||, is the supremum norm on [0, 1]

Denote C™P ([O, 1}2) = {f:1]0,1> = R; f* is continuous for 0 < k < r,
0<Ii<p}
In [1] the author proved the following main motivational result.

Theorem 5 Let hy, hs,v1,v2,7,p be integers, 0 < hy <vy <r,0< hys <wvy <p
and let f € C™P ([0, 1]2). Let o; ; (z,y), i = h1,ha+1,...,v1; § = ho, ho+1, ..., vo

be real-valued functions, defined and bounded in [0, 1]2 and assume Qp p, 1S
either > a > 0 or < 8 < 0 throughout [0, 1]2. Consider the operator

U1 v2 az+]
i=hy j=hs
and suppose that throughout [0, 1]2,
L(f)z0.

Then for integers m,n with m > r, n > p, there exists a polynomial Qum, n (z,Yy)
of degree (m,n) such that L(Qm.n (z,y)) > 0 throughout [0, 1]2 and

Pmn(L7f) k,l
3 Mw
o = T — k)l (hg D)1+ mim

| £ - Qt

(f)s (5)
all (0,0) < (k,1) < (hi1,he). Furhermore w get
|0 — Q| < Mk (h), (6)

for all (hy +1,he +1) < (k,1) < (r,p). Also (6) is true whenever 0 < k < hy,
ho+1<I<porhi+1<k<r,0<I[<hy. Here

w1 (f(k’l); \/%, ! ) —&-maX{k(km_ 1), AUnd) } : Hf(k’l)Hoo (7)

n



and .
V1 v2
P = P (L) = )Y 1y - MY, (8)
i=hy j=ha
where t is a positive real-valued function on Zi and

lij = sup }a,:llhg (x,y) - o (a@y)’ < 00. 9)
(w,y)€[0,1]2

In this article we extend Theorem 5 to the fractional level. Indeed here
L is replaced by L*, a linear left Caputo fractional mixed partial differential
operator. Now the monotonicity property is only true on a critical region of
[0, 1]2 that depends on L* parameters. Simultaneous fractional convergence
remains true on all of [0,1]°.

We need

Definition 6 Let aj,as > 0; a = (a1,a0), f € C ([0, 1]2) and let x = (x1,x2),

t = (t1,t2) € [0,1]%. We define the left mized Riemann-Liouville fractional two
dimensional integral of order o (see also [4]):

o SRS SR S Y PO I
(IO+f) (1‘) T F(al)l"(ag) /0 A (ml tl) (IQ t2) f(t17t2)dt1dt2a
(10)
with x1,x9 > 0.
Notice here 1§, (|f]) < oo.

Definition 7 Let aq, a2 > 0 with [a1] = mq, [az] = ma, (-] ceiling of the
number). Let here f € C™ ™2 ([0, 1]2). We consider the left (Caputo type)

fractional partial derivative:

1 .
r (m1 - 051) I (mg — Olg)

1 [ T2 o L gmatme f (¢ ,t
[ e et C L O gy, )
0 0 1 2

Do) () 1=

V & = (z1,22) € [0,1)%, where T is the gamma function

r(y):/ et tdt, v > 0. (12)
0
We set
DO ¢ (2) = f(2), Vaxel01]*; (13)
(m1,m2) L amﬁ_mqf(x) 2
Dy f(z):= FECr R Vaxel0,1]°. (14)



Definition 8 We also set

D" f (@) = s (m;f ) /Ox S angt(;f;@)dt% (15)
D%“®f(x)>—FOnf_oq)Zflwl—tﬂ"“ﬂ“‘lamggﬁﬁﬂ”dh, (16)
and
DI f (a) 1= r (mzl— @) /om2 (2 = 2™ amgxn;lfﬁi?; tQ)dtQ’ (17)
DI @)= iy |, e

(18)

2 Main Result

We present our main result
Theorem 9 Let hy, hy,v1,ve,7,p be integers, 0 < hy < vy <7r,0< hg <wvy <p
and let f € C™P ([O, 1]2). Let o (,y), ¢ = h1,ha+1, ... 015 § = ho, ho+1, ..., 02

be real valued functions, defined and bounded in [0, 1]2 and assume oy, 1, s either
>a >0 or < B <0 throughout [0,1]2. Let 0 < agp, <hy <ajp <hi+1<
ao <hi+2< a3 <hi+3<..< a1y, S < .. <a <7, with [&1}L11 =hy;
0 < agp, < hy < a9 §h2+1<a22§h2+2<a23§h2+3<...<o¢27}2 <
v < ... < agp < p, with [aon,| = he. Consider the left fractional difefrential
bivariate operator

V1 V2
L= 30 3 aiy (ey) DG, (19)
i=}L1 ]=h2

Let integers my, mg with my > r, Mg > p. Set

l;j == sup |a}_bllh2 (@, y) - ij (:z:,y)} < 0.
(z,9)€[0,1]?

Also set (Toni] =1, [aoj] =3, [-] ceiling of number)
MY = M (f) = (20)

1 i,7)w (6:3). 1 1 >
(i —ay+1)T(j—agy+1) {t(’j) 1<f ]’Mﬁl—i’MWg—j

+max{i(i_1)7j<j_1)} . Hfu‘,j)H }
my mo o




1= hl, ceny U135 ] = hz, ey Vg

Here t is a positive real-valued function on Z2, ||-|| ., is the supremum norm
on [0,1]. Call
V1 v2 o
Prs iz = Pz () = Y Y iy - Mg . (21)
t=h1 j=hs

Then there exists a polynomial Qs (T,Yy) of degree (g, m3) on [0, 1]2 such
that

HDiglk,azz) (f) - Ditgw,azl) ( W,W)

L(hy —k+1)T (he =1+ 1) Parz kil
’ FMEL__ (22
T'(h1 —a1p+1)T (he — ag + 1) (hy — k) (ha — 1)! ;M2 (22)
fO’f’ (070) S (kvl) S (hlth) .
If (h1+1ah2+1) S (k’l) S (T7p)7 or 0 S k S hl; h2+1 S l S b, or
hi +1<k<r, 0<I<hy, we get

MEL (23)

— my,msa

| DG (1) = D) (@)

‘ oo

By assuming L* (f (1,1)) > 0, we get L* (Qmz,mz (1,1)) > 0.
Let 1 > x,y > 0, with a1p, 7# h1 and asp, # ha, such that

1

2> (T (hy — o, + 1)) (meam) (24)

1

y > (T (hy — agp, + 1)) (27o2ma) |
and
L* (f (z,y)) > 0.

Then
L™ (Qmy s (z,9)) > 0.

To prove Theorem 9 it takes some preparation. We need

Definition 10 Let f be a real-valued function defined on [0, 1]2 and let 1, mg €
N. Let By mz be the Bernstein (polynomial) operator of order (1, z) given
by

Birzmz (f3 %1, 22) ==

> (7;11 ;;) (”“) (””) 2 (1 —2y)™ 1 g (11— ap)™ 2 (25)

i i
i1=0i5=0 1 2

We need the following simultaneous approximation result.



Theorem 11 (I. Badea, C. Badea [3]). It holds that

(khik2) _ (g k|| <y & ( (kika). L 1 >
R R T e e
(26)
+max M (b —1) ko (k2 —1) .Hf(krl,m)
my | ma o’

where My > k1 > 0, M3 > ko > 0 are integers, f is a real-valued function on
[0, 1]2, such that f*1:F2) s continuous, and t is a positive real-valued function
on Z%. Here |||, is the supremum norm on [0, 1%.

Remark 12 We assume that My > my1 = [a1], M2 > ma = [as], where
ay,ag > 0.
We consider also

«q,x 1
DG By s f) (w1, 32) = T (my — o) T (ma — a2

Z1 x2 o o aml-i-mz B t.t
/ / (1,1 . tl)ml ar—1 (:L,2 o t2)m2 az—1 ( nThmﬁlf) ( 1) Q)dtldtg,
o Jo o or

(27)

Y (z1,x2) € [0, 1]2.

Proposition 13 Let ai, a2 > 0 with [aq] = m1, [ag] = mae, f € C™1™m2 ([07 1]2) ,
where My, ms € N : My > mq, My > ma. Then

1
D551 -5 ] |
H 0 f *0 (B mz f) oo D(m—ar+1)T (mg—as+1)

1 1
{t(mme)wl (f(mhmz); VL —my g — m2> -

max{ml o — 1) s (ma = 1)} e OO} : (28)

my ’ e

Proof. We observe the following

1
D(al,ag) o D(aha?) 2 —— ’ — .
’ +0 f(l‘l;l’Q) *0 ( numzf) ('Tla‘TQ) F(m1 _al)r(m2 —Olz)

(29)
Xy T2
0 0

8m1+m2f (t1,t2) B gmatma (Bm,mf) (t1,12)
R o0y o1y

) dtidtsy

1 :1:1 2 mi—aog—1 mo—ap—1
< —t 1 1 ¢ 2— Q2 .
- T (m1 - al) r (m2 — ag) /U /0 (1?1 1) (mQ 2)
(30)



ot f (¢ omitm2 (B e f) (th, t (26)
‘ mlf(ml; 2) ( T ,?L{)( vt | gy,
o0t 0t oty oty
1 1
t (m1,mz).
{ (1, mma) 1 (f ’\/ml—m17\/m2—m2>+

max { mq (m1 - 1) ma (mZ - 1)} . Hf(ml,m2)

—_ b) —_
mi ma

| y

] xro
: — )™ (g — 1) ity dty =
F(ml—al)l“(mg—ag)/o /0 (ml 1) (IQ 2) 102
(31)

my—oq M2 — Q2
| )

F'(mi—a1+1)T (my —ag+1)
1 1
{t(m1,m2)w1 (f(ml’m)‘ )

"ML —my g — ma

g e

+ max { mi (m1 - 1) mo (m2 - 1) } Hf(ml,m2)

mi ’ Ma

V (z1,22) € 0,1)°. m
Proof. of Theorem 9. Here we use a lot Proposition 13.
Case (i). Assume that throughout [0,1]%, ap,p, > a > 0.

Call -

oh yhz

Qrms (2,Y) := Bz (f52,y) + Pmﬁ,mh*l! Il (33)
Then by (28) we get
a1k ,a ‘Thl th a1k ,0 k,l
Dm0 (1 + P ) = D) Q)| < M (30

all 0 < k <r, 0 <1 <p When (0,00 < (k,1) < (h1,h2), inequality (34)
becomes

—D£31k’a21) (Qrr 7m2)

We prove (35) as follows:
In (34) we need to calculate ((0,0) < (k,1) < (h1,h2))

D(alk,agl) (f) TP I (hl —k+ 1) I (hQ -1+ 1) xhl—alkyim—azl
*0 T2 () — g 4+ 1) T (hy — ag + 1) (hy — k)! (hy —1)!

< MM (35)

— mi,m2"

‘ (oo}

}L1 h2 1
D(Oqzmam) ry- — . 36
*0 (hll hg' F(k—alk)F(l—agl) ( )
/m /y (x B tl)k—alk—l (y _ t2)l—0121—1 t}lllfk tngl dtldtQ _
0o Jo (hy — k)! (ha = 1)!



: /w (- pyont Wy
T (k—aw) Jo ! (hy — k)l

1 Y l—ag—1 th2 ! o
(F(Z—O@l)/o =te) (P )‘

<(h1 — k)ypl(k — onp) /0"” (x — tl)k—alk_l (t1 — O)(hl—k+1)—1 dtl) . (37)
<(h2 _ 1)11} o /Oy (y — ta)! 2L (g, — )21+ dt2> _

F(kfozlk)r(hl —k+ ]‘)xh1f¥1k> . (38)

((h1 k)T ( — a1g) I'(h1 —oqp+1)
(l—aa)T(he =14+1) 4 0o\
<h2—llrl_a21) ['(hy —ag +1) Y >_

[ (hy —k+1) [ (hy—1+1) v o
(( k)'r(hloélkJrl)) <(hgl)!F(h2a21+1))xh y' ( |
39

So when (0,0) < (k,1) < (h1, ha) we get

D(Oélk,am) ($h1 h2> _ r (hl —k+ 1) r (h’2 -1+ 1) xhl_awyb_azl
*0 hy! L'(hy —ay +1)T (hg —ag + 1) (hy — k)! (ho — 1)!”
(40)

2!

Hence we plug in (40) into (34) to get (35).
Using (35) and triangle inequality we obtain ((0,0) < (k,1) < (hq, hg)) that

[ ) = D3 (@ <

I'(hy—k+ 1T (hy =1+ 1) Py s .l
1,M2 —|—Mi’7, 41
F (hl — 1k + 1) F (h2 — Q9 + ]_) (h’l k). (h2 — l)! mi,m2 ( )

proving (22).
Next lf(h1+1,h2+1) < (kvl) < (T7p)70r0§k§h17 ha +1 §l§p7 or
h1+1<k<r 0<I< hy, we get by (34) that

DS () = DG (Q )

‘ — mi,ma’
oo

proving (23).



Furthermore, if (z,y) in critical region, see (24), we get

Wiy (@,9) L Qg (2,9)) = Oéﬁll;w (z,y) L™ (f (z,9)) + (43)
ghi—ean, yh2*a2h2

PWW .
VT (b = anpy + 1) T (he — agn, + +Z Zo‘hlhz (2,9) aij (z,y) -

i=hy j=ha
zh yh2:| (34)

D) Qs (2,9) = f (@9) = P oy oy

phi—o1n, yh27a2h2

PWW lz m Mo
b 2F(h1—a1h1+1)F(h2_a2h2+1 zih:ljzhz ! o
h1—0¢1hl yh2—a2h2
PWW — P e = 44
(hl Qip, + 1) r (hQ — Qi2py + 1) o ( )
T (hy — oqpy + 1) T (he — agny + 1) -
. [xhl_wlyhz_mg — T (Il —aap, + DT (b —asn, +1)] _ (%)
mi,maz I'(hy — a1, +1)T (he — azn, +1) o

(45)

We know T' (1) = 1, T'(2) = 1, and T is convex and positive on (0,00). Here
0< hlfoth < land 0 < hQ*OLQhQ < 1, hence 1 < hlfoth+1 < 2,
1<hy—aop, +1 <2 Thus 0 < T (hy —aqp, +1), I'(he — agp, + 1) < 1, and
1=T(hy — aip, + 1) T (ha — agp, + 1) > 0. Clearly acting as in (43)-(45), when
L (f (17 1)) >0, we get Lr (QW,WQ (17 1)) > 0.

Based on the above comments about Gamma function we get (%) > 0. That
is L™ (Qmy3 (x,y)) > 0, over the critical region of (24).

Case (ii). Assume that throughout [0,1]%, an,n, < 8 < 0. Consider

hi o ha

_ _ "y
Qg s (T,Y) = Bz (f52,y) — Pmmﬁhfl, Il

Then by (28) we get

hi ,,ha
(a1k,021) Ty (a ) k,l
HD*OM o <f = Py Il h2!> — D (Qm,m( ’y)) H < M s

- (46)

al0<k<r,0<I<p.
When (0,0) < (k,1) < (h1, ha) (46) becomes

T (hy — k+1)T (hy — 1 + 1) gh1—angha—ox
T (hy — ong + DT (hy — ag + 1) (hy — k) (hy — 1)

=D Qg )

DG () P,

3\

‘ < ML (47)

mi,mao

10



Using (47) and triangle inequality we obtain for (0,0) < (k,1) < (h1, h2) that

HDilSm,oaz) (f) _ Dig‘”"’am) (Q;’Thm—Q) ‘oo =
L (hy =k + 1T (hy — 1+ 1) Py + M
T (hl R 1)I‘ (h2 — a9 + 1) (h1 — k)' (hQ - l)! my,ma’

(48)

Next if (h1 +1,ha+1) < (k1) < (r,p), or 0 < k < hy, ha+1 <1 < p, or
hi+1<k<r 0<I<hy, we get by (46) that

ot 0105 () <

We proved again (22) and (23). Furthermore, if (z,y) in critical region, see (24),
we obtain
Aty @) L (Qrgmz (@:9)) = @, (0,9) L (f () -

phi—ain, yh2*a2h2

V1 V2
Pr'i W ) ) '
Mz (hl ~an, + 1)F (h2 ~ o, + 1) + Z Z Qpihy (33 y) Qi ($ y)

i=hi j=hs
(50)
1o B ! yh2 (46)
Digresy) {le,mz (z,y) = f(2,9) +PW1’W2H hg!] <
ghi—oan, yhz—az;LQ V1 Y2 .
T, 2F(h1—a1h1+1)F(h2—a2h2—|—1) i:Zhlj:th J 1,72 ( )
phi—ain, yh2—042h2
Prrms (1 - = 52
b 2( F(hl—thl—|—1)F(h2—042h2—|—1)> ( )
N P L
m.ma T (hl — Q1p, + ].) I (hg — Qiop, + 1) ’ '
(53)

We know I' (1) = 1, I'(2) = 1, and T' is convex and positive on (0,00). Here
0 < h —ap, <land 0 < hg —agp, < 1, hence 1 < hy —aqp, +1 < 2,
1<hg—agp, +1<2 Thus 0 <T (hy —aqp, +1), T'(he — agp, +1) <1, and
1=T(hy — aip, + 1) T (ha — agp, + 1) > 0. Clearly acting as in (50)-(53), when
L* (£ (1,1)) > 0, we get L* (Q;Tlm (1, 1)) > 0.

Based on the above comments about Gamma function we get (%) < 0. That
is L* (Q;Tlm (, y)) > 0, over the critical region of (24). m
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