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Abstract

Let f € C™P ([0, 1]2), r,p € N, and let L be a linear right fractional
mixed partial differential operator such that L (f) > 0, for all (x,y) in a
critical region of [0, 1}2 that depends on L. Then there exists a sequence
of two-dimensional polynomials Qmrmy (7,y) with L (Qmrms (2,9)) >
0 there, where m1,m2z € N such that m1y > r, mz2 > p, so that f is
approximated right fractionally simultaneously and uniformly by Qwt,ms
on [0, 1]2. This restricted right fractional approximation is accomplished
quantitatively by the use of a suitable integer partial derivatives two-
dimensional first modulus of continuity.
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1 Introduction

The topic of monotone approximation started in [5] has become a major trend
in approximation theory. A typical problem in this subject is: given a pos-
itive integer k, approximate a given function whose kth derivative is > 0 by
polynomials having this property.

In [2] the authors replaced the kth derivative with a linear differential oper-
ator of order k. We mention this motivating result.

Theorem 1 Let h,k,p be integers, 0 < h < k < p and let f be a real func-
tion, ) continuous in [—1, 1] with modulus of continuity w (f(p), a:) there. Let
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a; (x), j = h,h+1,..., k be real functions, defined and bounded on [—1,1] and as-
sume ay, () is either > some number a > 0 or < some number 8 < 0 throughout
[—1,1]. Consider the operator

and suppose, throughout [—1,1],

L(f)=0. (1)

Then, for every integer n > 1, there is a real polynomial Q. (x) of degree < n
such that
L(Q,) > 0 throughout [—1,1]

and

1
—_ 0. < k—p (p) —
_max |f (@) = Qn (2)] < On*Pw (f n) ;
where C is independent of n or f.
We need

Definition 2 (D.D. Stancu [6]). Let f € C ([0, 1]2), [0,1* = [0,1] x [0, 1],

where (x1,y1), (z2,y2) € [0, 1]2 and 01,902 > 0. The first modulus of continuity
of f is defined as follows:

wi (f,61,02) = sup [f(@1,91) — f(z2,52)].

|21 —22|<d1
ly1 —y2|<d2

Definition 3 Let f be a real-valued function defined on [0, 1]2 and let m,n be
two positive integers. Let By, , be the Bernstein (polynomial) operator of order
(m,n) given by

- i ] m n 4 m—1i j n—j

B (Fn) =331 (2 2) () (1) ettt
i=0 j=0 men L J

(2)

For integers r,s > 0, we denote by f"*) the differential operator of order (r,s),

given by
oo f (z,y)

(r,s) _
[ (z,y) 9270y

‘We use



Theorem 4 (I. Badea, C. Badea [3]). It holds that

| £00 = Buua)™|| <t kD)

k). 1 1 e E(k—1) 1(I1-1) k)
w1<fkl’ m—k’\/n—l>+ a{ m ' on kalHoo’ ®)

where m > k > 0, n > 1 > 0 are integers, f is a real-valued function on

[0, 1]2 such that f*Y is continuous, and t is a positive real-valued function on
2

Z4 ={0,1,2,...}. Here ||-||, is the supremum norm on [0, 1]

Denote C™P ([O, 1}2) = {f:1]0,1> = R; f* is continuous for 0 < k < r,
0<Ii<p}
In [1] the author proved the following main motivational result.

Theorem 5 Let hy, hs,v1,v2,7,p be integers, 0 < hy <vy <r,0< hys <wvy <p
and let f € C™P ([0, 1]2). Let o; ; (z,y), i = h1,ha+1,...,v1; § = ho, ho+1, ..., vo

be real-valued functions, defined and bounded in [0, 1]2 and assume Qp p, 1S
either > a > 0 or < 8 < 0 throughout [0, 1]2. Consider the operator

U1 v2 az+]
i=hy j=hs
and suppose that throughout [0, 1]2,
L(f)z0.

Then for integers m,n with m > r, n > p, there exists a polynomial Qum, n (z,Yy)
of degree (m,n) such that L(Qm.n (z,y)) > 0 throughout [0, 1]2 and

Pmn(L7f) k,l
3 Mw
o = T — k)l (hg D)1+ mim

| £ - Qt

(f)s (5)
all (0,0) < (k,1) < (hi1,he). Furhermore w get
|0 — Q| < Mk (h), (6)

for all (hy +1,he +1) < (k,1) < (r,p). Also (6) is true whenever 0 < k < hy,
ho+1<I<porhi+1<k<r,0<I[<hy. Here

w1 (f(k’l); \/%, ! ) —&-maX{k(km_ 1), AUnd) } : Hf(k’l)Hoo (7)

n



and .
V1 v2
P = P (L) = )Y 1y - MY, (8)
i=hy j=ha
where t is a positive real-valued function on Zi and

lij = sup }a,:llhg (x,y) - o (a@y)’ < 00. 9)
(w,y)€[0,1]2

In this article we extend Theorem 5 to the right fractional level. Indeed here
L is replaced by L, a linear right Caputo fractional mixed partial differential
operator. Now the monotonicity property is only true on a critical region of
[0, 1]2 that depends on L parameters. Simultaneous right fractional convergence

remains true on all of [0,1]°.
We need

Definition 6 (see [4]) Let a;,a2 > 0; a = (aq,a02), f € C ([0, 1}2) and let

© = (21,22), t = (t1,t2) € [0,1]°. We define the right mized Riemann-Liowville
fractional two dimensional integral of order a:

1 1
(I f) () = W/ / (t1 — 1) 7 (b2 — @2)* 71 f (t1, ta) dtydta,

with x1,x2 < 1. Here I' stands for the Gamma function.
Notice here
I (|f1) < oo (10)

Definition 7 Let ay, a2 > 0 with [a1] = mq, [az] = ma, (-] ceiling of the
number). Let here f € C™1™2 ([O7 1]2>. We consider the right (Caputo type)
fractional partial derivative:

(_1)m1+m2

(a1,a2) — .
D17 f(it) o F(ml —051)F(m2 —042)

1 1
o g1 O™ (T )
Ji— )T T (g = mg) 2! 2 dydgy, (11
L[ om g ST A, (11)
V= (z1,29) € 0,1]°.
We set

DOV f(z): = f(x), (12)

maq,Mm2 mi1+msa aml+m2 x
D (o) = (- ST

ooy Vo



Definition 8 We also set

(0,a2) _ (=™ /1 \ma—as—1 02 f (31, J2)
Dl— f (33) A 1—\ (m2 _ 0[2) , (J2 332) 8J27n2 dJQa (13)
(01,0) _ (=™ /1 Cymi—an—1 0™ f (J1,22)
Dy f () = T (m1 —aa) (J1 — 1) o dJi, (14)
and
D™ f (a) = . /1 (Jo — xp)"2 727! amﬁme(gCl’JQ)dJ
= T T (ma — ag) 2o oz 03" >
1 . (15)
(er1,m2) _ (=™ / o ymi—an—1 0T TR f (1, @)
Dy~ f (@)= T (mi — ) (J1— 1) DT 0y dJ.
(16)

2 Main Result

We present our main result
Theorem 9 Let hy, ho,v1,v2,7,p be integers, 0 < h; <vy <r,0< hy <vy <p
and let f € C™P ([O, 1]2). Let a;; (z,y), ¢ = h1,ha+1,...,v1; § = ho, ho+1,..., 02

be real valued functions, defined and bounded in [0, 1]2 and assume oy, 1, s either
>a >0 or <8 <0 throughout [0,1]*.
Let integers my, mg with my > r, g > p. Set

l;j == sup |04}:11h2 (x,y) - o (m,y)} < 00. (17)
(z,y)€l0,1]?

Also set (fon;] =14, [awj] =J, [-] ceiling of number)

M o= M (f) 1=

1,M2 my,ma

r(iau+1>lr(ja2j+1> {’fW) (f“’” = mi_) (18)
e (SR HERE ]}

1= hl, .ey U135 ] = hg, ...y U2
Here t is a positive real-valued function on Z2%, |-|| is the supremum norm
on [0,1]. Call

Prz iz = Pz ( Z Z Lij - M ml,mQ' (19)

i=h1 j=ha



Let 0 < oaqp, Shi<oanp<h+1l<ap<h+2<az3<hh+3<. <o, <
v1 < .o < Q1 < T, With |—041h1-‘ =h1; 0 < g, Shyo <o <hs+1< <
ho4+2 < g < ha+3 < .. < gy, < V2 < ... < gy <p, with [asp, | = ha.
Here hy +ho =2m, m=0,1,2,... .

Consider the right fractional bivariate operator

V1 V2
Li= ) Y ai(ey) D2, (20)

i=hy j=ha

Then there exists a polynomial Qe (x,y) of degree (my,mz) on [0,1]
such that

HDgoilk’am) (f) = D) Q)| <

(21)

Pror s ’“z‘:’“ hi—k\ T(hi—k—0+1)
(hl—k‘)'(hg—l)' =0 0 F(hl—(llk—Q—I—l)
ha—1
hy — 1 F(hg—l—p+1) k.l
> + Mot
-0 P F(hg—agl—p-l—l) 1oz
p_
for (0,0) < (k,1) < (h1,h2) .
If (hi+ 1L ha+1) < (k1) < (r,p), or 0 < k < hy, ha +1 <1 <p, or
hi +1<k<r, 0<I1<ho, then

< MM (22)

—_ mi,mza"

HD§oilk,a2l) (f) B D§Oi1k,azz) (QW,W)

If L(f(0,0)) >0, then L (Qmr s (0,0)) > 0.
Let 0 < x < 1,0 <y <1, with aip, # h1 and asp, # ha, such that

1

1l—ax>T (hl —aip, t+ 1) (hlialhl) , (23)

1

1- Yy > r (h2 — Qigp, + 1) (h27a2h2) )

(equivalently, )
2 <1—T(hy —amp, + 1) (o) | (24)
y <1-T(hy — ag, + 1)(}“"_%%"2))7
and
L(f(z,y)) = 0.
Then

L Q3 (2,)) > 0.

To prove Theorem 9 it takes some preparation. We need



Definition 10 Let f be a real-valued function defined on [0, 1]2 and letmy, msy €
N. Let Bz be the Bernstein (polynomial) operator of order (i1, m3) given

by
BW,W(fWh@) =

Z Z f <m1 m2> <ml> <mQ) 2 (L =)™ g (1 —22)™ . (25)

i i
11=0i—0 1 2

We need the following simultaneous approximation result.

Theorem 11 (I. Badea, C. Badea [3]). It holds that

kika) _ (g pEk)|| < g (kg k) w ( (kika). L 1 )
[ = Bz 2| <t oo (£ e )
26
1 max kl (k‘l—l) kg (k‘g—l Hf k1 ,k2)
o ) T3 y

where My > k1 > 0, Mg > ko > 0 are integers, f is a real-valued function on
[0, 1]2, such that fFF2) s continuous, and t is a positive real-valued function
on Z%. Here |||, is the supremum norm on [0, 1%,

Remark 12 We assume that iy > my = [a1], M2 > ma = [az], where
1,09 > 0.
We consider also

(71)7’11“1"’”«2

D) By s f) (w1, 9) = (27)

I'(my —ay)T (mgy —ag).

1 1
o 877L1+77L2 B— tla ﬁg
/ / (t1 o -'L'l)ml ar1—1 (t2 — )WZ2 az—1 étlmﬂ”ibzlgiz ) ( )dtldtz,

V (z1,22) € [0, 1]2-

Proposition 13 Let ay,as > 0 with [a1] = mq, [as] = ma, f € C™1™2 ([0, 1]2) ,
where My, ms € N : My > mq, Mg > mg. Then

1
T(mi—ar+ 1) (mg—as+1)

, 1 1
{t (m17m2)w1 (f(mhmz); — I—— ) +

VL —mi1 /s — ma

max{ml m = 1) ms (mz_l)}-Hf(m“mQ) OO}, (28)

mi ma

=B ]
mlmg —




Proof. We observe the following
1

‘ 1— f(xlny) 1— ( 1, 2f) (.1‘1,332) F(m1 - al)F(mg _ OQ)

o (29)
/ / (tr—2)™ T (@)™
Xy xro

aml-‘rmgf (th tg) omitmz (BwT1 sz) (th t2)
— — — TS dt1dts
B oL o oL

1 Lot —ap—1 —ag—1
< i —x)" T to —x0)" 7. (30
F(mlal)F(mzaz)/xl/xQ(l 1) (2 2) ( )

am1+7n2f (751, t2) B gmitma (BW,Wf) (th tz)
ot oty oty oty

(26)
dtidty <

1 1
¢ 7 (T)’L1,'HL2); ,
{ (ma,m2) wy (f VT —my \/m2—m2>+
maux{m1 (TE_ 1)7m2 (TE_ 1)} : Hf(ml’mQ) }
my ma o0

1 1 01 o .

, b )™ (b — )™ dty ity =
F(mlal)F(mQsz)/xl/xz(l x1) (ta — x2) 1dta

(31)

)m2—0é2

(1 _ ml)'nn—()él (1 _ J)Q
F(ml—al—i—l)F(mg—az—i—l)

(ml,mz). 1 1
{t(ml’mQ)wl <f ’\/ml—mf\/mz—mz)
}, (32)

-1 -1
e e
ma ma

YV (z1,22) €0,1)°. m
Proof. of Theorem 9.
We need for (0,0) < (k,1) < (hi, h2) to calculate

Jj‘hl th (_1)k+l
(hl! h2!> T T(k—a) I (- ax)

! ! k—oqp—1 l—ag—1 J{Hik Jéuil
J A e e I

(gt

D(alk;a2l)

1—

(hy — k)! (ha —1)! — Qi)
1 ! l—ag;—1 7ho—I
O A S0 S



We find that )
/ JR =) g =

1
(—1)’“*’“/ ()" F (=) g, =

Ol / (=3 =) (=) g =

1 /hi—k
(| (Z (]“9 '“) (1—J1>h1’”’(—1)9> (Jr =)t d =

=0
(35)

"k !

3 < 19 >(_1)h1—k+9/ (1= Jy)—k=0+D=1 (g _ pyk—an—lgp _

0=0

hik hi —k (_1)h1—k+0 F(hl —k—9+1)F(k—a1k) (1—.7;‘)h1_a1k_9
=0 0 I‘(hl—alk—0+1) '

Similarly we find
1
/ (o —y) " g gy =
y

}il <h2 —l> (1)t {F(hz —l—p+ T —ax) (1 _y)ha—azz—ﬂ}_

pr P I'(hy —agy —p+1)
(37)
Therefore -
1 2 1
D(qu,azl) Ty — . 38
1= <h1! hy! (hy — k)! (hg —1)! (38)
hi—k
12 hl - k (_1)h1+9 F (hl - k - 9 + 1) (1 _ m)}n—alk—a .
s 0 I'(hi —aix—0+1)
ho—1
Z (hQ—l) (_1)h2+P{ F(hg—l—p—i—l) (1_y)h2—(¥2l—0} )
2\ T (hz — azi— p+ 1)
Here we use a lot Proposition 13.
Case (i). Assume that on [0,1]%, ap,p, > a > 0.
Call
2 yhz
Qmrms (T, Y) = By (fi2,y) + Pmﬁ,mﬁhT! Il (39)
Then by (28) we get
o [e% xhl yh2 « (a7
HDg—lk’ o (f + Primz gy hg!) — DI Qe y (3579))” < Mot oo
N (10)



al0<k<r,0<I<p.
When (0,0) < (k,1) < (h1, ha), using (38) inequality (40) becomes

1
(hy — k)l (hy — )1

{ [hg < hle_ k) (1) {Fr( ;(:1_;;_9911)1) (1- x)hl-alk—e}] .
5 ) o [t oo

p=0

HDYEk,azz) (f) + PW,W

~D ) (Qrrry (w,9) | < MEL (41)

all (an) S (kal) S (hlvh’Q)v T,y € [Oa 1] .
Using (41) and triangle inequality we obtain for (0,0) < (k,1) < (hi,ho)
that

Prg s

. (hy — k) (hg — 1)
([5(n ) {proreny

6=0

Xy =1\ [ T(ha—1-p+1)

> (" O re S| e @)
p [(hy —ay —p+1) e

p=0

| piee= (1) = DI (@ )

proving (21).
Next if (hy + 1,ha + 1) < (k,1) < (r,p),or 0 < k < hy, ha+1 <1 < p, or
hi+1<k<r, 0<I<hy, we get by (40) that

HD(alk,am D§a_1k7a21) (QW,%)

Lo < MEL__ (43)

— mi,ma’

proving (22).
Furthermore, if (z,y) in critical region, see (23), we get

Wy (@) L (Qr iz (,9)) = ag )y, (,9) L (f (2,9)) + (44)

(1 _ x)hl*alh,l (1 _ )hz a2h2 U1
PWTW _|_ ar 1, y i (2,
VT (hy — aany + 1) T (ho — aop, + lE};l ;’;2 h1h2 i (@,y)-

Q15,0005 thl yh2 (40)
Dg_l y0i2;) Qmrmz (x,y) — f(x,y) — PW,WF hQI]

hi—« ho—aap
(1 _ l') 1 lhy (1 _ y) 2 2ho
PTVTWT Z Z llJ 7)’L1,77L2 -

(h1 —aqp, + 1) (hQ — Qop, + 1 =

10



hi—a1p ha—
P €l € ) s (45)
™M (hl — aap, + 1) T (h2 — Qop, + ]_) mi,ma
o (1 . x)h1fa1h1 (1 _ y)h2*0‘2h2 =P
T (b — arp, + 1) T (he — aop, + 1) e

T (hl — Qip, + ].) T (hg — Qiop, + 1) o (*) ’
(46)
We know I' (1) = 1, I'(2) = 1, and T is convex and positive on (0,00). Here
0 < hy—aip, <1land 0 < hg —agp, < 1, hence 1 < hy —agp, +1 < 2,
1<hy—agp, +1 <2 Thus 0 < T (hy —aqp, +1), ' (he — agp, + 1) < 1, and
1-T(hy — aip, +1) T (he — agp, + 1) > 0. Clearly acting as in (44)-(46), when
Z(f (0,0)) > 0, we get z(QﬂTl,W (0,0)) > 0.
Also clearly here on the critical region (23) we have (x) > 0. That is there
L Q3 (2, 9)) > 0.
Case (ii). Assume that throughout [0,1]%, a5, < 8 < 0. Consider

[(1 - m)iu—aml (1 _ y)h2_(X2h2 -7 (hl — i, + 1) T (hg — aogn, + 1)

h1 ,ha

_ _ "y
Qrry s (0, Y) 1= By (fi2,y) — Pm,mﬁhfﬂ Il

Then by (28) we get

hy ko
e (s <) — ) ()| <
(47)
al0<k<r,0<I<p.
Working similarly as earlier in this proof we derive again (21), (22).
Furthermore, if (z,y) in critical region, see (23), we get

a;M@wﬂXQ@szw):mﬁgawa@w»f

(1 _ x)hlialhl (1 _ )hz Q2hy
Prr s + g E o (2,y) ag (T
1, 2F(h1—0¢1h1 —|—1)F(h2—0&2h2 Pt h1h2 y j( y)

(48)

s zh yhz (47)
zflwf@mmg7w—ﬂmw+ﬂmmh,m]

(1 _ x)hl—alhl (1 _ y)hz Q2py
_PWW lz - 49
I'(hy —aip, + 1) T (he — agp, +1) t Z Z J (49)

i=h1 j=ha

(1— x)h1—a1h1 (1- y)h2_a2h2
Pz (1 T 7= Pr s (50)

I hlfoth +1)F(h270[2h2+1

11



r (h1 — Qip, + 1) r (hg — Qiap, + 1) o (**) '
(51)
We know I' (1) = 1, I'(2) = 1, and T is convex and positive on (0,00). Here
0 < hy—ajp, <1land 0 < hg —agp, < 1, hence 1 < hy —agp, +1 < 2,
1<hy—aop, +1<2. Thus 0 < T (hy — Qip, —‘rl), F(hg—aghz +1)<1,and
['(hy —aip, + 1T (he — agp, +1)—1 < 0. Clearly acting as in (48)-(51), when

L(f(0,0)) >0, we get L (Q;lm (0,0)) > 0.
Also clearly here on the critical region (23) we get (xx) < 0. That is there

L Qs (0:9)) 2 0. m

(F (hy — aupy, + DT (he — qgpy +1) — (1 —2)" =" (1 — y)e 720
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