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Abstract

In this article we deal with the following general two-dimensional prob-
lem: Let f be a two variable continuously differentiable real valued func-
tion of a given order, let L be a linear right fractional mixed partial differ-
ential operator and suppose that L (f) > 0 on a critical region. Then for
sufficiently large n,m € N, we can find a sequence of pseudo-polynomials
Q7. m in two variables with the property L (Q;‘mn) > 0 on this critical
region such that f is approximated with rates right fractionally and si-
multaneously by @, ., in the uniform norm on the whole domain of f.
This restricted approximation is given via inequalities involving the mixed
modulus of smoothness ws 4, s,q € N, of highest order integer partial
derivative of f.
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1 Introduction

The topic of monotone approximation started in [10] has become a major trend
in approximation theory. A typical problem in this subject is: given a pos-
itive integer k, approximate a given function whose kth derivative is > 0 by
polynomials having this property.

In [3] the authors replaced the kth derivative with a linear differential oper-
ator of order k. We mention this motivating result.
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Theorem 1 Let h,k,p be integers, 0 < h < k < p and let f be a real func-
tion, f®) continuous in [—1,1] with modulus of continuity wy (f(p),m) there.
Let a; (z), j = h,h +1,...,k be real functions, defined and bounded on [—1,1]
and assume ap, (x) is either > some number o > 0 or < some number 8 < 0
throughout [—1,1]. Consider the operator

L=%q )| =
> 00| 15 ] )
j=h
and suppose, throughout [—1,1],

L(f)=0. (2)

Then, for every integer n > 1, there is a real polynomial Q, () of degree < n
such that
L(Q.) > 0 throughout [—1,1] (3)

and 1
g 17(0) — Qu (@) £ v (£, 1), (@

where C' is independent of n or f.

Next let n,m € Z, Py denote the space of algebraic polynomials of degree
< 6. Consider the tensor product spaces P, ® C ([-1,1]), C([-1,1]) ® P,, and
their sum P, ® C ([—1,1]) + C (-1, 1]) ® Py, that is

Po@C([-L1) +C([-1,1)) ® Py =

m

Zx"Ai(y)+ZBj(w)yj; A, Bj e C([=11]), zye[=L1]p. (5)

3=0
This is the space of pseudo-polynomials of degree < (n,m), first introduced
by A. Marchaud in 1924-1927 (see [7], [8]). Here f) denotes %, the
(k, 1)-partial derivative of f.

In this section we consider the space C"P ([71, 1]2) ={f:[-1,1]° = R;
f®D is continuous for 0 < k < r, 0 <1 < p}. Let f € C([fl,l]z); for
01,02 > 0, define the mixed modulus of smoothness of order (s, q), s,q € N (see
[9], pp. 516-517) by

Ws,q (fv 517 62) = Sup{’wAle Oy Azzf (.T, y)‘ : (x,y) ) (6)

(z + shy,y + qhs) € [<1,1]%, |hi] < 6:, i = 1,2}.



Here
A, 0y Af f (2,y) = Z Z (—1)*taok ((‘j) (Z) f(x+ohi,y+ pha)
=0 p=0
(7)

is a mixed difference of order (s,q).
We mention

Theorem 2 (H.H. Gonska [4]). Letr,p € Zy,s,q €N, and f € C™P ([—17 1]2).
Let n,m € N withn > max{4(r +1),r+ s} and m > max{4(p+1),p+q}.
Then there exists a linear operator Qn m from C™P ([71, 1]2) into the space of
pseudopolynomials (P, ® C ([-1,1]) + C ([-1,1]) ® P,,) such that

(f = Quan (™ (@)] < ®)

M, s - Mpq (An (x))rik (A (y))pil "Wsq (f(r’p)§ Ay (7),Am (y)) ’
for all (0,0) < (k,1) < (r,p), z,y € [-1,1], where

V1—22 1
Ay (2) = 7 i +97, 0=n,m; z==x,y € [-1,1]. 9)

The constants M, s, My o, are independent of f, (z,y) and (n,m); they depend
only on (r,s), (p,q), respectively.

See also [5], saying that Qsﬁ’,ﬁ) (f) is continuous on [—1,1]

The need following result which is an easy consequence of the last theorem
(see [9], p. 517).

2

Corollary 3 Let r,p € Z., s,q € N, and f € C™P ([—1,1]2), Let n,m € N
withn > max{4(r+1),r + s} and m > max{4(p+1),p+ q}. Then there ex-
ists a pseudopolynomial Q. m = Qn.m (f) € (P, ® C([-1,1]) + C ([-1,1]) ® Py,)
such that

| -] <

for all (0,0) < (k,1) < (r,p). Here the constant C depends only on 7,p, s, q.
Corollary 3 was used in the proof of the main motivational result that follows.

Theorem 4 ([1]) Let hy,ha,v1,va,7,p be integers, 0 < hy < v; <7, 0 <
hy <wvs < p andlet f € C™P ([—1, 1]2), with fP) having a mized modulus of

smoothness w4 (f(”’);a:, y) there, s,q € N. Let o j (z,y), i = hy,h1 +1, ..., v1;



j = ho,ho +1,...,uy be real-valued functions, defined and bounded in [—1,1]2
and suppose au,p, 05 either > a > 0 or < 8 < 0 throughout [—1, 1]2. Take the
operator

v v it
L= i —— 11
; _Z a’L] (xﬁy) azlayj ( )
i=hy j=h2
and assume, throughout [—1,1]* that
L(f)>0. (12)

Then for any integers n,m withn > max{4(r+1),r + s}, m >max{4(p+1),
p+ q}, there exists a pseudopolynomial

Qnm € (Pn® C([-11])) + C([-1,1]) © Pp)

such that L (Qm,.n) > 0 throughout [—1, 1% and

C rpy 11
|0 -], < (1)
for all (0,0) < (k,1) < (h1, ha). Moreover we get
5 o 11
Hf(’“’” — Q|| S o wsa (f( P m) ’ 14

forall (hy +1,ha + 1) < (k,1) < (r,p). Also (14) is valid whenever 0 < k < hy,
hot+1<I<porhi+1<k<r,0<I1<hy. HereC is a constant independent
of f and n,m. It depends only on r,p,s,q, L.

We are also motivated by [2].
We need

Definition 5 (see [6]) Let [-1,1]°; a1, 0 > 0; e = (a1, ), f € C ([—1, 1]2) ,

x = (1,22), t = (t1,t2) € [—1,1]2. We define the right mized Riemann-
Liouville fractional two dimensional integral of order «

1 11 » »
Ioz = _ Qp _ Q2
() @)= tramyigam . -0 a7 f )
(15)
with 1,20 < 1.
Notice here that I (|f|) < oc.

Definition 6 Let ay, a2 > 0 with [a1] = ma, [az] = ma, (-] ceiling of the
number). Let here f € C™1m2 ([—1, 1]2). We consider the right Caputo type
fractional partial derivative:

(-

(a1,02) - .
Dl_ f($) o l"(ml —Oé1)r(m2 _OZQ)
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1 1
mi—og— mo—Qg— 8m1+m2 t at
[ R G 21£M¢Q§Z”ﬁﬂwv (16)
Ty T2

V & = (z1,22) € [-1,1]%, where T is the gamma function

I (v) :/ e "t ldt, v>0. (17)
0
We set
DO f (2) = f(2), ¥ael-1,1]%; (18)
(m1,m2) mi+ma 877L1+m2f (.’L‘) 2
D = (—1 _ —1.1]". 1
el (@) = (<) Gt Ve L (19
Definition 7 We also set
m 1 m
(0,@2) _ (=™ / C\ma—as—1 02 f (21, 10)
Dl— f (.’L’) T F (m2 - 0[2) s (tQ x?) at;nz dt27 (20)
_1)m1 1 —y — amlf(tl LCQ)
D(Oél,O) — ( / bo— my—o—1 ) dt 21
1— f (:1:) T (ml — al) . ( 1 5171) 8t71n1 1, ( )
and
(M, a2) (_1)m2 /1 mo—ag—1 6W11+m2f (‘TlatQ)
D — _ 22
1— f (3;‘) T (m2 _ C¥2) s (t2 m?) axvlm 8t;7L2 dta, ( )
m 1 m1+m
(a1,mz) (_1) ! / mi—a;—1 o 2f(t1,.’172)
D == t1 — dti. (2
1= () T(my —aq) o1 (b =) ot 0z - (23)

In this article we extend Theorem 4 to the fractional level. Indeed here
L is replaced by L, a linear right Caputo fractional mixed partial differential
operator. Now the monotonicity property holds true only on the critical square

of [=1,0]°. Simultaneously fractional convergence remains true on all of [-1,1]*.

2 Main Result

We present

Theorem 8 Let hy, hs,v1,v2,7,p be integers, 0 < hy <vy <r,0< hyg <wvy <p
and let f € C™P ([—1,1]2), with fP) having a mized modulus of smooth-
ness Wsq (f(“p);x,y) there, s,q € N. Let a;;(x,y), i = hi,h1 + 1,...,v1;
j = ha,ho + 1,...,v9 be real valued functions, defined and bounded in [—1,1]2
and suppose ap,p, is either > a > 0 or < 8 < 0 throughout [—1,0]°. As-
sume that hy + hy = 27, v € Z4. Heren,m € N:n > max{4(r+1),r + s},
m>max{4(p+1,p+q)}. Set

lij = sup ’afjlth (l'7y) Qi (1’,y)| < o0, (24)
(zy)€l-1,1]?



for all hy < i < wy, hy < j < wg. Let gy, 005 > 0, a1z, 005 ¢ N, with [o;] =4,
[ag;] =7, 1 =0,1,...,r; 5 = 0,1,...,p, ([-] ceiling of the number), a1p = 0,
Qo0 — 0.

Consider the right fractional bivariate differential operator

V1 V2

L= ay(x,y) D\, (25)
i=h1 j=hs
Assume Lf (z,y) >0, on [—1,0]°.
Then there exists

Qrm = @ (f) € (Pa@ C([-1,1]) + C([-1,1]) @ Pr)

such that LQj, ,,, (x,y) >0, on [—1,0]°.
Furthermore it holds:
1)

<

n,m —
00,[—1,1]?

|piee) () = pimelg;

i+j)—(aritaz;
C2(i+1)—(eritaz;) | o f(rap).l 1 (26)
F(i—au+1)T(j—ay+1)n"~imp—J ’q "n’m)’

where C is a constant that depends only on r,p,s,q; (h1 +1,ha+1) < (i,5) <
(T7p)7 OTOSiShl, h‘2+1S]§p7 07’h1+1§i§7",0§j§h2,

2)

[z () = D Qs
Clj T, . 1 1
W.wsﬁq <f( p)7n’m), (27)

for (1,1) < (4,7) < (h1, he), where ¢;; = C'Aij, with

Aij =
vzl Ui ZTM2(7+M)—(‘X17+012“) hlz_l oh1—aii—k .
=5 F'(r—ai-+1)T(p— g, +1) — ET (hy — a1 —k+1)
(28)
ha—j Qha—as;—A 9(i+5)—(aritaz;)
+ - ; 5
);))\!F(hz—agj—)\—i-l) F(Z—Oéli-l—l)r(j—azj-l-l)
3)
* Coo rp). L1
||f - Q"vm'Hoo,[fl,l]Q < W *Ws.q (f( p)’ ﬁ, m> ) (29)



where cog := C’Aoo, with

1 (7'+#) (a1r+a2y)
Ago i= ——— L +1,
00 hllhg' Tzi;l #Z];Q MF T—al‘,—-I-].)F(,U,—C!gH-’-].)
4)
DL0saz;) D(O ;) <
1— (f) Qn m _1 1]2 —

G5 oo, 11
nr—vimp—v2 ws’q <f n m ’
where cp; = C’Aoj, j=1,... ho, with

v o(r1)— (a1, Faz,)
Agj = 1.
07 h' Z Z "T(r—a1r + )T (p— ag, + 1)

T=h1 p=hs
ha—j Qh2—azj—X 2
+ -
Ago/\vr(hg—ag]—A+1) P —az+1)
9)
HDYJLU,O) (f) — Di‘i“’o)QZ,mHm [=1,1)2 =

Ci0 (rp). 1 1
—o o, Wsiq f Y T )
nrTvimpPTY2 n-m

where c;o = C’Aio, i =1,.., hy, with
2("'""“)_(0174‘&2“)

1 U1
Ai = | lT
0 hz' Zhuzh MF T—a17—+1)F(,u—042u+1)
T=h1 2

h1—1i 2h1 —a1i—k 21’—0411'
Zk'l" hl—ah—k‘—l—l) +F(Z—Oéh+].)

Proof. By Corollary 3 there exists

Qn,m = Qn,m (f) S (Pn ® C ([_17 1}) + C ([_17 1]) ® P’rn)

such that

)

769 - Q2

C 11
- . (rp). = =
oo = nr—imp—i Y54 (f "n’ m) ’

(30)

(31)

(32)

(33)



for all (0,0) < (i,5) < (r,p), while Q,,.,, € C™? ([-1,1])*. Here c depends only
on r,p,s,q, where n > max{4(r+1),r+ s} and m > max{4(p+1),p+ q},
with r,p € Zy, s,qe N, fe C™P ([—1, 1%).

Indeed by [5] we have that Q4% is continuous on [—1,1]?.

We observe the following (i =1,....,7; 5 =1,...,p)
(cv1i,0e2;) (a1i,az;) ‘ . 1
D -D 7 Qn,m > = - - ’
1— f(z1,22) 1— Qn.m (T1,72) T(i—an)l(j —az)

1 1
Ty xro

i+j i
07 f (t,ta) 0@ (Bta) ) 4y 0 | o (35)
ot ot} 010ty
F(i_a”)l“(j—azj) L 1 — 21 2 — T2
it i+j
00 (hyta) 0™ @nm (bst2) | gy v (y10))
ot 0t} 010t

T (i— au)lF (j — az;) (/a: /I: (t—a1) ™ (1o — fﬂz)ja2j1) . (37)

c 11
*Ws,q (f( 7p);nam> =

nrfimpfj

1 (1—21) " (1—ap)’ "%  C v, 11
. . . . ———ws g | [T —
F'(t—oa)T(j—ag) t—oay; J—agj  n"Timp n’'m
(38)
i—a i jfa i ;
_ (11_$1) ' (1._952) ’ C Wy f(r’p);l,l .
F(t—au+1)T(j—ag+1)n"—imp=J ’ n’'m
That is there exists Q,
Dsili’a%)f (xlny) - Dgtili’omj)Qn,’m (.131,332)‘ S (39)
(1— 1) 7% (1 — )70 C 11
'ws,q f( 7P);575 )

T (’L — oy + ].) T (] — Qgj + 1) nr—impP=i
i=1,nr j=1,.,p V(21,22) € [-1,1]%.
We proved there exists @, such that

*

e - i, |



+). @

3\>—‘

2(i+j)—(041i+042j)C' - y f(rp)
T (’L —ay; + 1) I (] — Qgj + 1) n"—tmpP—J
1=0,1,...,7,5=0,1,...,p

Define
: 11
Prm = Cw&q <f(r,p) ) .
’ n m

9(i+j) = (aritoaz;)

Z Z( ’b—ah-—l-l)l“(j_a%_,_l)”iijp) : (41)

i=hy j=ha

I. Suppose, throughout [—1,0]*, ap,n, (z,y) > a > 0. Let Qo (7,9),

(z,y) € [-1,1)%, as in (40), so that

arisan; zhi yhe i
DY) (f (w,y) + pm oy ) = DIQ L ()| < (42)
hi! ho!

oo

9(i+7)—(eritas;) ¢y _ weq [ FOP; 1 e =: T
L(i—ay+1)T(j —ag + 1)n—imp=i =>4 n’m :

1=0,1,...,75=0,1,...,p.

f(hi+1,ha+1) < (3,5) < (r,p),or 0 < i < hy, hg+1 <5 <p,or
h1+1<i<r, 0<j < hg we get from the last
| iz (1) = DI Qs | <
2(i+j)—(au+ocz-)c 1 1
: (=), 3
F'i—a, +D)T(j —ag +1)n"—imr=J n’m
proving (26).
It (Oﬂo) < (Za]) S (hlth)v we get
h1 hg
(a1q,025) an [ X az;j (Y
HDI— f(x7y)—i_pn,ml)li <h1!>D1_ (hg')
~De gy ()| < (44)
That is for i =1, ..., hy; j = 1, ..., ho, we obtain
- h1 ah—k
(a1i,0025) ( )
D 7 - .
' 1- f(””’y)“’n’m( ;k h1a1zk+1)>
hg—az'—/\
y) ! (ari,o25) Ak
— D J < TZ 45
( g hQ _ OZQJ Y 4 1)) 1— Qn,m (.’L’,y) J ( )




Hence for (1,1) < (i,5) < (h1, h2), we have

|y —pirenqy || <
hi—1 hao—j
1 2h1—(¥1i—k§ 2] 2h2—a2j—>\
CZ-ZL“ =
pn,m(}gz_o ]{Z!F(hl—au—k’—Fl)) (};) )\!F(hg—agj—/\—Fl) *
(46)
~ 11 vi o Y2 o(i+7)~(eritay;) 11
C(Us,q <f(77p)7 ) > Z Z la — — ’ = =
AN FTAE S ¥ (i—az+1)T (J — Qg5+ 1) n'Ttmpb
(47)
hi—i hi—a1i—k h2—j ho—an;—A
ohi—a1; Qha—az;
(Z kT (h — « '—k—l—l)) (Z AT (he — « 4—/\—|—1)> *
=0 1 1 =0 " 2 23
(i) —(enitan) O, , (F); L LY
Fi—a,, + )T (j —agy +1)n"—imr=7 —
: 1 1 1
(rp). Z .
s <f 'n’ m> nrTv1mP—v2 Aij, (48)
where
v 2 o(i+7) —(ay+as;)
A= | 20 2 o -
imhij—hs L (i—az+1)T (J — Qg5 t 1)
hi—i 2h1—0¢11;—k ha—j 2h2—a2]‘—)\
I;)k!r(hl—ﬁli—k+l) ;))\!F(hg—agj—)\-l-l)
9(i+j)—(onitaz;) 19
+ = - .
F(Z—Ozu-ﬁ-l)r(j—azj-f—l)} (49)

(Set Cij = CAZJ)
We proved, for (1,1) < (¢,7) < (h1, ha), that
1,005 a1q,00 % 37 r 1 1
HD§7“ 2.7)f B D§7u 2J)Qn,m” < Cijws_’q (f( ;P); -, ) . (50)
00 n -m

nT—’Ul mp—1)2

So that (27) is established.
When ¢ = j = 0 from (42) we obtain

.’Ehl yhg "

Hence

. Pugn . C 11
Hf - Qn,me < hilhy! + W(ﬂs,q (f(77p)§ o m) = (52)

10



3\>—‘

O K
(rp) — ).

v 9(i+7)— (artazs) 11

2.2 1

g:hl ;:hg F ( all + 1) F (-] a23 + 1) nr—t mpr—J

C 1 1) _ Cugg (fP; 1,1
+nrmpw5’q (f(rp) ) < 4 (f n m)A 00 (54)

n’'m nr—vimpP—v2
where
v1 2(z+j) (a1;+a2;)
h 'h !
! 21h13 ho ( a1l+1)1—‘( 0427—"-1)
(Set Cop = CAO()).
Then L1
€00
1F = Qhnll oo € e 5o @sna (f( )~ g m) (56)

So that (29) is established.
Next case of i =0, j = 1, ..., ha, from (42) we get

hy - ho—ag;—A
(0,02;) x S G DA ) K
D 7 E
H 1— f(my)+pnmh'< AT hg—a2]—>\+1)

A=0
_DE%QQJ)Q:L,m (1'7 y)Hoo S TOj- (57)

Then

HD(O ,0e2;5) f D(O a27)Qan <

pn m 2h27a2j7)\
T L=

<Z AT hg—aglj—)\+1)>+ 0J (58)
C . 1 1 A o (i)~ (art+ay;) 1 1
Fws,q <f( p) ) Z Z I3 G p—7

1! by T—ha (z—alg—i—l)F(j—on —|—1) m

(
ha—j ho—agi—A g
Z Q2 —az; n )=z () s f('r',p),l l <
= AL (hy — a5 — A+ 1) L(j— agj +1)nrmp=i= > n"m) ~

Gy (F0P: 2, 1)

N V1P V2

Aoy, (60)

11



where

1 QGJF;)*(O%*%F)

il ZZZ

A()jZ: —
’thj h2 (7OL1;+1)F<]70[23+1)

ha—j oha—az;—A 2J—2;
Z +—— (61)
)\'F hQ—OZQJ—)\-l-l) F(]—agj-l-].)
(Set ¢o; = C’Aoj)
We proved that (case of i =0, j =1,..., ho)
a; a j 1 1
HDg(i .2.7)f D(O QJ)Qn mH < - Coj - (f(T D). ) (62)
n"—vimp v "n’'m
establishing (30).
Similarly we get for ¢ = 1,..., hy, j = 0, that
[pier0 s — Doy || <, (5 11 (63)
1— n,m = pr—vgmp—u2 5,4 ’ nv m ’
where ¢;p 1= C'Aio, with
3D 2(+7)(asrtaz;)
z = i
’thj ho F(Z alz+]‘)r( a2j+1)
hi—i hi—a k i—a
2 1—C&1i— 2 1
Z - (64)
]{}'F hl—()éll—k'—Fl) F(’L-Oéu+1)

deriving (32).
So if (z,y) € [—1,0]2, then

Wi (@) Qi (2,9)) = gy, (2,9) L(f (2,9) +

i —x)hl—i—a“ - —)h2 -~ Z Z (z,y)- (65)
n,m + ar LE a;i (z
p. ) F(hl a5 1) F(hg a?] Farsiardt h1h2 y J Y

Q1i025) A Q1,00 Q14,00 zh th (42)
|:D§_1“ 2])Qn,m (m,y) — Dg_l’" 2_7)f($,y) - pn,mDi_ll’ 25) < ):| >

hi! ho!

U Y
p"*ml“ (h1 — Q1 + 1) I (hg — Qo + 1)

Vi V2 it+j)—(a1itaz; .
Z le 2( J)—(ea 2;) C f(71’) 1 1 _
T ( z—a1i+1)l“(j—o¢2j+1)nr—@m1’J o n’m
i=hy j=ha

- (66)

12



(1—a) o (e
—1] > 67
Prm [F (hl — Qi + 1) I (hg — Qo + 1) - ( )
{ 1 _ 1} - (68)
Prom | T (hy — ans + 1) T (hg — ao; + 1) =

[1—F(h1—a1i+1)r(h2—a2j+1)} >0
n,m F(hlfOlMﬁ*l)F(hQ*Oleﬁ*l) =

Explanation: we have that I' (1) = 1, I'(2) = 1, and T" is convex on (0, c0) and
positive there, here 0 < h; — a1p,, ho —agp, < land 1 < hy —agp, +1,he —
asp, +1 <2, Thus 0 < T (hy —agp, +1), T (ha — agp, +1) < 1, and

O S F (hl — Oélhl -+ 1)F (hz — Oé2h2 -+ 1) S 1. (69)

And
-T (hl — U1p, + 1) I (hg — (2p, + 1) Z 0 (70)

Therefore it holds
L(Q (z,9) 20,V (z,y) € [-1,0. (71)

II. Suppose, throughout [—I,O]Z,ahlhz( y) < B < 0. Let Qn m (T,9),
(z,y) € [-1,1]%, as in (40), so that

14,0094 $h1yh2 (14,0
D§—1“ ) f(x7y) _pn,mi | _D " 2J)Qn'm(‘r y) <
Il by .
9(i+j)—(cnitaz;) ‘ 1 1
. . ¢ ;= . (12)
F(Z—O&li-f—l)r(j—Oégj—l-l)nT_lmpJ 4 n’m
i=0,1,07, j=0,1,...p
As earlier we produce the same convergence inequalities (26), (27), (29),
(30), and (32).
So for (z,y) € [-1,0]” we get

Wiy (9) L(Q (2,9)) = agly, (@,9) L (f (2,y)) —

(l—m)hrau (1- )h2 Qzj +ZZO¢ (z,y) aij (z,y)- (73)
pn’mr(hl—a1i+1)F(h2—a2J Pt hihs JY) o (2, y

(041110‘21) (O‘lzva%) (041170‘27) hz (72)

(1 _ x)hl—ali (1 _ y)}bz—agj
p”’mI‘ (hl — a1 + 1) T (h2 — Q2; —+ ].)

(74)

13



9(i+j)—(onitaz;) C
Z Z llJ — Ws.q (f(rp
i=hy j=hs L —ayu+1)T(j—ag +1)n —impi

=

3=

N——
[

=o)Ly

1—
I‘(hl—a1i+1)]f‘(h2—a2j+1)

Pn,m

<

) T (hy—api+ DT (hy — g + 1) — (1 —2) %% (1 — g2
T F(hl—(yu—Fl)F(hg—O@j—I—l)

1-(1— hi—au; 1_ ho—as;
pnm[ (L—2)""" (1 -y) <0 75)

F(hl—a1i+1)F(h2—a2j+1)

Explanation: for z,y € [-1,0] we get that 1 —z, 1 —y > 1, and 0 < hy — ayp,,
hg — agn, < 1. Hence (1 —z)" ™" (1 —4)">7*"2 > 1 and then

)
)

( —x hl X1hy ( _ y)h2_a2h2 2 1’
so that
1— (1 —az) 2 (1 — gy <, (76)
Hence again
f (Q;k:m (xay)) > Oa for (xay) € [7170]2 . (77)
[
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