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VARIANCE JENSEN TYPE INEQUALITIES FOR GENERAL
LEBESGUE INTEGRAL WITH APPLICATIONS

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities similar to Jensen inequalities for general Lebesgue
integral are obtained. Applications for functions of selfadjoint operators and
functions of unitary operators on complex Hilbert spaces are provided as well.

1. INTRODUCTION

Let (22, A, 1) be a measurable space consisting of a set 2, a o — algebra A of
parts of  and a countably additive and positive measure p on A with values in
R U {oo} . Assume, for simplicity, that fQ dp = 1. Consider the Lebesgue space

L(Qu):={f:Q—R, fis y-measurable and /Q |f ()| dp(t) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdy instead of

Jow (t)dp(t). )
Assume that f,g € L(®,p) with fg € L(®,u) and consider the Cebysev func-

tional
C(f,9) :Z/Qfgdu—/ﬂfdu/ﬂgdu.

It is known that if the function f, g are synchronous, i.e.
(f@)=f(s)(g(t)—g(s)) =0
for p-almost every t, s € €, then we have the Cebysev inequality

(1.1) C(f,9) =0.

If there exists the constants «,I" such that co < v < f < T' < oo p-almost every-
where on 2, then we have the following refinement of Griiss’ inequality due to
Cerone & Dragomir [2], which was obtained for univariate functions of real variable
by Cheng & Sun in [3]:
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2 S.S. DRAGOMIRY2

If there exists the constants co < A < g < A < 0o p-almost everywhere on €2, then
we have the sequence of inequalities

1
2(F—7)/‘9—/gdu‘du
Q Q
1/2

%(F—v) [/Qg2du—(/ggdu>21 Si(F—W)(A—/\)-

The inequality between the first and last term in (1.3) is known in the literature as
Griiss’ inequality.

In order to provide a reverse of the celebrated Jensen’s integral inequality for
convex functions, the author obtained in 2002 [4] the following result:

(1.3)  [C(f9)l

IN

IN

Theorem 1. Let @ : [m, M] C R — R be a differentiable convex function on (m, M)
and f: Q — [m,M] so that ®o f, f, ® o f, (®' o f)f € L(Q,u). Then we have
the inequality:

(1.4) Og/Q@ofducI)</Qfdp>

< [[@opsan= [ oo fan [ fan
@ (1)~ & ()] | ‘f / fdﬂ‘du-

INA
DN |

In the case of discrete measure, we have:

Corollary 1. Let @ : [m, M] — R be a differentiable convex function on (m,M).
Ifz; € [m,M] and w; > 0 (i=1,...,n) with W,, :== > i w; = 1, then one has
the counterpart of Jensen’s weighted discrete inequality:

i=1 i=1
i=1 i=1 i=1

<

DO =

[ (M) — @' (m)] Y wi |wi — > wja;|.
i=1 j=1

Remark 1. We notice that the inequality between the first and the second term in
(1.5) was proved in 1994 by Dragomir & Ionescu, see [34].
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On making use of the results (1.4) and (1.3), we can state the following string
of reverse inequalities

(1.6) 0</Q(I>ofdp—<1></9fd,u>

S/Q(<I>’Of)fdu—/9‘1>’0fdu/gfdu

<z 0n-o ) [ |r- [ fauan
< 319 (M)~ @' (m)] [/Qf%m— (/Qfdu)T
< 1@ (M) = @' ()] (O — m)

provided that ® : [m, M] C R — R is a differentiable convex function on (m, M)
and f: Q — [m, M] so that ®o f, f, ® o f, (®'o f) f € L(Q,p), with [,du=1.
The following reverse of the Jensen’s inequality also holds [23]:

Theorem 2. Let & : I — R be a continuous convex function on the interval of real
numbers I and m, M € R, m < M with [m, M] C I, where I is the interior of I. If
f:Q — R is u-measurable, satisfies the bounds

—oco<m< f(t) <M < oo for pu-a.e. t €K

and such that f, ®o f € L(Q, p), then

(1.7) og/ﬂqudu_@(/gfdM)
< (M—/Qfdu) (/Qfdu—m> ‘I)L(]‘]Q:i#(m)

< 3 (M —m) [2 (M) — &, (m)],

where ®'_ is the left and @', is the right derivative of the convex function ®.

For other reverses of Jensen inequality and applications to divergence measures
see [23], [24] and [25].

Motivated by the above results we establish in this paper some new inequali-
ties for convex functions. Applications for functions of selfadjoint operators and
functions of unitary operators on complex Hilbert spaces are provided as well.

2. THE RESULTS

The following result holds:

Theorem 3. Let & : I — R be a convex function on the interior I of I and
[0,00) C I, f:Q — C a p-measurable function and such that |f|>, ® o |f|* and
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ol|fl*> € L(®,p). Then

(2.1) (/fodu | s 2) <I>’+( i
< [o (i) du—<1><‘/ﬂfdu 2)

< / 2 (|f|2) <|f|2— ) e

). 1117) (/ P | [ ga ) (1)

¢ (o0 (1rP).15%) = [ a2 (1) 1P [ @ (15P)au [ 11> 0

If there exists the constants M, m such that

)

fdu

(2.2) oo > M > |f] >m >0 p-almost everywhere,
then
23) (@ (I5F).107)
o (M2 = m?) [, oL (177) = Jyy @ (1417) ] d
|t ) — 0 ()] o L S 1P ]
[ o [ o () e o ) )]
=3 1
2 (%)~ 07 ()] | o 1" do— (Jo 1P )|
<7 (2 —m?) [0 (1) — @' (m?)].

Proof. Since ® : I — R is a convex function on I , then
(2.4) o (y)(y—a) = 2(y) — 0 (z) = ¥, (z) (y — @)
for any z,y € [0,00).

Now, by taking y = | f (t)|2 and T = UQ fdu‘2 we get

(2.5) P ft2 (fﬂ— 2)

et [
2@’( i ><|f<t)|2 | fdu

Jdp

)
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for any t € Q.
If we integrate over dy (¢) on § the inequality (2.5) then we get the first part of

(2.1).
2) "

2o [ (i) <|f|2—] | s
= [or () - [ o (157) a (ff—] [ s
+ [ (|f|2)du<[/g|f|2du—|/Qfdu2]>.

) du=C (@ (If7).14)

2

Since

/Q [@’ (If\2) —/chL (Iflz) du} <|f2 _ '/Qfdu

and

o (@ (1) 141%) = 0,

because the functions ¢’ (|f|2> ,|f? are synchronous on € (due to the fact that

®’  is monotonic nondecreasing almost everywhere on [0, 00)), we obtain the last

part of (2.1).
Utilising (1.3) we have either

o (0 (1F2)11P) < 5 o =) [ o (1) = [ o (111%) |

o [ o () - ([ () )]

(M2 —m?) (8L (M?) — 2" (m?))

1/2

IN

IN
== N

or

o (@ (IF2).11) < 5 (0 () =2 () [ |1 = [ 151" duf

o)~ o) [ 1570 ([ 1) |

(M7 —m?) (@ (M7) — 2L (m?)).

1/2

IN

IN
== N =

This proves the inequality (2.3). O



6 S.S. DRAGOMIRY2

Remark 2. Let @ : [0,00) — R be a convex function on (0,00). If z; € C and
w; >0 (i=1,...,n) with W, =31 w; =1, then

n n 2
(27) Z W; |xz| - Z W;T;
i=1 i=1

i L

<> wal (nf )|a:L| - szz Zw@’ (1)

Ifo<m<|z| <M fori=1,...,n; then

i

2 n
) 2
;wﬂ)/_ (|:cz| )
- . ,2
;wl@/, (|xl| )
@ (o) = X5 wie” (o)

oL (M%) — @ (m2)] 21 Wi

n n
> wi! (Jaif) sl -
i=1 i=1
n n 2
2
2 wilail” =) wia,
i=1 1=1

(M2 - m2) D i1 Wi

2 2
@il = Xy w; o)

< iwz |2i|* — :L X iw, (|:1c2 )

) (M2 - m2) [E?—l Wi {‘I”_ (\$i|2)r - (Z?:l w; ®” <|33¢|2>)1 v
+ =

2

o0 ) [l (Ewf) ]

n 2 n
/ 2
i=1 i=1

£ (0 —m?) [ (M%)~ 8 (m?)] .

n

< sz e

=1

We have the following particular cases of interest.
If we take ® (t) =¢", » > 1 and ¢ € [0, 00), then we can state the following power
inequalities:
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Corollary 2. Letr > 1. If f : Q@ — C is a p-measurable function and such that
1%, |f|2(r_1 and |f|*" € L(®, ), then
) n o

(2.8) ( RS ‘ | s
g/ﬂ|f|2’"du—‘/ﬂfdu
gl/ﬂwdu—/ﬂf|2<’“‘”du\/gfdu2du].

If there exists the constants M, m such that (2.2) is valid, then

(2.9 / |f2Td/~L—' [ s ’
<r [/QIfIZTdu—/Qf|2(T_1)du‘/Qfdu2du]
gr( / Iflgdu—‘ / fdu ) / 20

(M2 = m2) Jo [LFP770 = ol dia|

—+ =r

N |

(200 =20 [N = [ 1 du] dp

§r</9|f|2du‘/gfdu 2>/QIf|2(”)du

o11/2
(M2 —m?) [fg A = (fo L ) }

DO =

1/2
[M20=D) 21 { Jo 71" da = (fo 177 du)g]

<r</Q|f|2du—‘/Qfdu 2>/Q|f|2(”)du

+ lr (M2 _ m2) [Mz(rq) - mz(rﬂ)] .

4

If we take ® (t) = —1Int, t € (0,00), then we can state the following logarithmic
inequalities:

Corollary 3. If f : @ — C a p-measurable function and such that |f|2, |f|_2,
In|f|> € L(®, 1) and [, fdu # 0, then
2)

fsz|f|2d“_ In(1£1?) du — In ‘ d
(2.10) N 12/9 (17%) d /ﬂf "

zl—l/gfdu2/ﬂlf|_2du-
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Finally, if we take ® () = exp (t), t € R, then we can state the following expo-
nential inequalities:

Corollary 4. If f : Q@ — C is a pu-measurable function and such that |f|2,
exp (£°) . 1£ exp (IF1°) € L (@, ), then
2)

(2.11) (/QIdeu—‘/Qfdu 2) exp ('/Qfdu
< [ exp (11F) - exp (’/Qfdu 2)

< [ 1w (111) du—‘ / fa [ o (197 a
If there exists the constants M, m such that (2.2) is valid, then
@12) [ e (1) du—exp (\ [ s )

< / 72 exp (I71%) s~ / fa / esxp (|77 d

< </Q|f|2du—‘/ﬂfdu 2>/Qexp (17%) d

(12 = m2) Jo [ex (1£7) = fexp (1717) dia| dp

1
+ =

fexp (412) = exp (m?)] [ |LF* = fo |1 dps| dp

< </Q|f2du—‘/ﬂfdu 2>/Qexp (1£) d

e {fg exp (2117) du — (fyexp (1£17) du)Q}

1/2

1
2

fexp (M2) — exp (m?)] [fg |f|4 dyp — (fg |f|2 du) 2} 1/2

< (/ﬂlfgdu—‘/gfdu 2>/Qexp (|f|2) dp

) 0 o 0

‘We also have:

Theorem 4. Let & : I — R be a convex function on the interior I of I and
[0,00) C I, f: Q — C a p-measurable function such that |f|*, ® o |f]* and
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Dol|f|> € L(®,p). Assume that Jo @\ (\f|2) dp # 0 and

Jo 1@ (1417) i _

o Jo @ (1/17) du
then
Jol7? @, (171%) dn 2
(2.14) 0§¢>< X2 (|f|2)du )—/Q<I>(|f| )du
1 C(Jalr? e (197) dﬂ) o
AT ( oo () C 1))
where

c (@, (P) 1) = [ @ (152) 5P du— [ @ (157) du [ 1517 du > 0
(9 (1) 177) = 2 (1) L (7) |
If there exists the constants M, m such that (2.2) is valid, then

(215) C (<I>’+ (Iflg) : |f|2)

o (M2 =m?) fo| @, (19F) = fo @ (1417) dis| dn
) = o )] o 1 = o P ]
| [ga for ()] - (s () )]
=2 1
0, (00) 0%, ()] [ '~ (o )]

1
<L e o) (8, () - @) (m)].
Proof. Let t € Q. By taking = = |f ()| in (2.4) we have

216) @ @) (v=-1FOF) 22w -2 (If0F) =@, (1FOF) (v-1 OF)

for any y € [0,00) and t € Q.
If we integrate over du (t) on  the inequality (2.16) we have

@) o) (v 1) 200~ [ @ ()

>y [ @ (1) di— [ 1P, (1) do

for any y € [0,00) .
If we take

JolrP @ (1) dn
Jo @' (1) du
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in (2.17) then we get the first and the second inequalities in (2.16).

The last part of the proof follows in a similar way with the proof of Theorem 3

by replacing ®’ with ®’,. We omit the details.

Remark 3. Let @ : [0,00) — R be a convez function on (0,00), z; € C and w; > 0
(i=1,...,n) with W, := 3", w; = 1. Assume that > | w; ', (|x,|2) #0 and

Sy wi (Jaif) il
>0

then

(218)  0<® Zoimt Wi gxiz)jiz - iw@ (|:z:7;|2)
n (o) )

i Wi |3
n 2 2
3 1 (T wi (|aif?) fx]
- n 2 - n 2
S wit (o) Sy widty (Jeil)
X [Z wiq’ﬁr <|$z‘|2> |5'3¢|2 - Zwi‘l)ﬁr (|1’z'|2) sz |$i|21
=1 =1 =1
n 2 2
3 1 (T wi (|aif?) fxl
- n 2 - n 2
S wit (ail?) S wid (Jail?)
2 7 2
(M2 _mQ) Z:L:]. w; (I):,- (|$1| ) _ZjL:1 wj(I)q_ (‘$J| )‘

[ (M?) = @ (m?)] iy wi

2 2
2if? = ¥y wj [ |

n 2 2
I o [ it (lail”) fos
2w (lnil”) Sy wdt (jaif)

0t ) [t 9, (o)) = (52 () ]

IN

1/2

X
n 4 n 2 2 12
@ (017) = L ()] | S0 il — (S, wilosf)
n 2 2
3 ! o [Z (il e
Tarled (o) S wel (af)

< (M2~ ) [, (01%) - @, (m?)] .

We have the following particular case of interest.

If we take ® (t) =t", r > 1 and ¢ € [0, 00), then we can state the following power

inequalities:
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Corollary 5. Let r > 1. If f : Q — C is a u-measurable function such that |f|2,
1F1P"Y and |f1*" € L(®, 1), then

2rd
(2.19) og( fff}||§<|r 1)’; ) / F17" dps

JoldPrdn N[ ol
_T<fﬂ|f| (r= l)dp, fQ|f|2(T71)d/1, /Q|f| o -

If there exists the constants M, m such that (2.2) is valid, then

27‘d
(2.20) 0< (ffff{(lr 1” ) /|f|2rdu
Q

o ( Jo |1 d )
T PO dp \ [ 1P dps

2r B 2(r—1) 2
[ L= [0 aa [ 11 a]

r r—1
< r < fQ |f|2 dp >
T2 1P dp \ Sy 1P dpe

(M2 = m2) o [LFPC = [P dp| dp

[MQ("'—U . m2(7-—1)] fg “f|2 _ fQ |f|2d,u‘ du

s r—1
- r ( Jo |f1*" dp )
T2 PO du \ Sy 112 du

971/2
(M2 _ mz) [fg |f|4(7"—1) dy — (fg ‘f|2(r—1) du) }

X

2(r—1) _ ,,2(r—1) 4 _ 2 2]/
[ w20 O] | fo 11 dpe = (o 1717 dp)

. r—1
- r ( Jo |f1*" dp )
AL PO du \ S 112 du

% (Mz _ m2) [Mz(r—n _ m2(r—1):| _

If we take ® (t) = —Int, t € (0,00), then we can state the following logarithmic
inequalities:

Corollary 6. If f : Q — C is a p-measurable function such that |f|*, |f|” 2,
In|f]> € L(®, 1) and [, fdu # 0, then

(2.21) os/ln(|f| ) du—n <f VR ) /|f|‘2du/|f| dp— 1.



12 S.S. DRAGOMIRY2

Finally, if we take ® () = exp (t), t € R, then we can state the following expo-
nential inequalities:

Corollary 7. If f : Q — C is a p-measurable function such that |f|*, exp (|f\2) ,
1P exo (1) € L(@,p), then

(2.22)  0<exp (f“ 71 exp (‘f|2) d“) _ /Qexp (|f|2) dp

[y exp (|f|2) dp

Jo lfPexp (1£12) di\ [ [, exp |f| |f| dp
Scxp(Q (2 ) & /|f| dp

Joexv (1) dp Joexp (I17)

If there exists the constants M, m such that (2.2) is valid, then
Jo 17 exp (11 dp
(2.23) 0 < exp ( om (|f|2) » ) - /Qexp (|f|2) du
g 1 N (fg P exp (17) du)
 foexp (If\2) an Jo exp (|f|2) dp.
| Lo (1) 15— [ xo (157) du [ 1770
_ 1 N (fQ 1 exp (111°) du)
2 exp (Iflz) dp g Jo exp (\f|2) dp
(22 = m2) [, [exo (1117) = o exp (1717) dps| dp

X
[exp (M2) = exp (m2)] Jo 1117 = Jo |17 dps| dp
; | N (f9|f2exp(|f|2)du)
T fyexp () du o\ e (1) du

(M2 ) [fg exp (2 |f|2) dy — (fQ exp (|f|2) du)Z} 1/2

[exp (MQ) exp (mz)] {fg |f\4 dyp — (fQ |f|2 dﬂ)Q} 1/2

| (f9|f2e><p(|f|2) du)
= e (1) du Joexp (177) du
x (M2 —m?) [exp (M?) — exp (m?)] .
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3. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows
1, for —oo0 < s <A,
px(s) =
0, for A < s < 4o0.
Then for every A € R the operator
(3.1) Ey :=p, (4)
is a projection which reduces A.
The properties of these projections are collected in the following fundamental

result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [35, p. 256]:

Theorem 5 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let m = min {\ |\ € Sp(A)} =: min Sp (A) and
M = max{\|A € Sp(A)} = max Sp(A). Then there exists a family of projections
{Ex} cr, called the spectral family of A, with the following properties

a) Ex < Ey for A <\

b) En—0=0,Ey =1 and Exio = E)\ for all A € R;

¢) We have the representation

M
A= / AE}.
m—0

More generally, for every continuous complex-valued function ¢ defined on R
and for every € > 0 there exists a § > 0 such that

¢ (A) - Z ¥ ()\;c) [EAk - EAk—J

k=1

<e¢

whenever
A<m=XA<..<A_1 <A\ =M,

A = Ap—1 <0 for 1 <k <,

Ng € [Me—1, M) for1<k<n
this means that

M
(3.2) wm=/ o (\) dE,

m—0

where the integral is of Riemann-Stieltjes type.

Corollary 8. With the assumptions of Theorem 5 for A, E) and ¢ we have the
representations

M
go(A)x:/ (N dE\x for allz € H
m—0

and
M
(3.3) Waw = [ eMd(Brey) foralla,y e I,

m—0
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In particular,

M
(p(A)z,x) = / © (AN d(Exz,z) forallx € H.

m—0

Moreover, we have the equality

M
le@al® = [ e (P dlEsel® for allz € B,
-0
For a bounded linear operator B on H we denote |B| := v B*B.
We can state the following result for functions of selfadjoint operators:

Theorem 6. Let A be a bounded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(4)} =: minSp(A) and M = max{A|\ € Sp(A)}
=: maxSp(A). Assume that ® : I — R is a differentiable convex function on
the interior 1 of I with [0,00) C f, and the derivative ®' is continuous on I. If
f:+J — C is a continuous function on J with [m,M] C j, then we have the
inequalities

B4 (I Al =1 (Aa,a)) @ (1 (A)a, )
< (e (If (F)z.a) -2 (1(f (D))
< (@ (IFWP) If WP e,a) — [(f (W z,2) (@ (If (A)F) @)

for any x € H, ||z| = 1.
If v := minge ) | f (8)] and T' = max;epm,a | f (2)], then

35 (¥ (IFAP)If AP ea) = [f (Aa,2)f (o' (I (W) o,x)
< (IF @al* = 1(f (D z.2)*) (@ (If (A)F) 2.2)
1 (7= [ (1) - @' (7))

for any xz € H, ||z| = 1.
In particular, for f (t) =t, we have

(3.6) (I142]* - {4z, 2)*) @ (I(Aa, 2))
<(®(A*) z,2)— @ (|<Ax,x)|2)
< (' (A?) A%z,2) — Az, z)|? (0 (A?) z,z)

for any x € H, ||z|| = 1.
If we denote n := minse[y, ar) [t] and N := maxe(m ar |t|, then

(3.7) < & (A2) A%z, z) — [(Az,2)|* (@' (A?) 2, z)
| Az|* = |{Az,2) ") (& (42) 2, )

(N2 —n?) [0 (N?) — @ (n?)]

1
4
1

for any x € H, ||z|| =
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Proof. Let x € H, ||z|]| =1,e >0and f: [m —e, M] C J — C, which is continuous
on [m—e,M]. If we use the inequality (2.1) for the measure du = dg, where
g : [m — e, M] — R is the monotonic nondecreasing function g (t) := (Eyz,z), and
{Ex} \cr is the spectral family of A, then we have the inequality

2

M
(3.8) / F OP d (B, z) -

m—¢&

M
/ W d(B,)
2

M
/ f () d(Evz, z)

m—e&

< /M @ (If OF) d{Eux.z) — @

m—e&

<[ @ (@R o aEe

/ MS @ (If OF) d (B, ).

m—

2

M
| 10dEe)

Taking the limit over ¢ — 0+ in (3.8) and utilizing the Spectral Representation
Theorem for selfadjoint operators we get the desired inequality (3.4).

The inequality (3.5) follows in a similar manner by making use of (2.3). The
details are omitted.

For f (t) =t we have |f (A)|” = |A]” = A*A = A2 and the inequalities (3.6) and
(3.7) follow from (3.4) and (3.5). O

We have the following power inequalities:

Corollary 9. Let A be a bounded selfadjoint operator on the Hilbert space H and
0<mI <A< MI. Then for r > 1 we have

(3.9) r (I4al® - [(Az, 2) ) (A, @) 20
< (A%7z,z) — |(Az, 2)|*"
<r [(AQ%, x> — |(Axz, 91:>|2 <A2(T_l)x, x>}
<r (||Ax||2 - |<Aa:,x>|2> <A2(T_1)x,x>
+ ir (M2 B m2) |:M2(r71) _ mz(rq)}
for any x € H, ||z|| = 1.
We have the following logarithmic inequalities:

Corollary 10. Let A be a positive definite operator on the Hilbert space H. Then

_Az]®

(3.10) ool 1> (In(A%)z,2) —In (|<Ax,x)|2)

> 1 — (A, 2" (A%, 2)
for any x € H, ||z|| = 1.
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We have the following exponential inequalities:

Corollary 11. Let A be a bounded selfadjoint operator on the Hilbert space H and
ml <A< MI. Then we have

(3.11) (1142 ] = [(Az,2) ) exp (|(Az,) )
< <exp (A2) x,x> — exp (|(Ax,ac)|2)
< (exp (AQ) A%z, z) — |(Az, )’ (exp (A2) z,z)

for any x € H, ||z|| = 1.
If we denote n := minse[y, ar) [t] and N := maxe(m, a |t|, then

(3.12) (exp (A%) A%z, z) — |(Ax, z))? (exp (A%) z,z)
< (I14al® — (A, 2)) (exp (42) 2, )

+ (N2 — n2) [exp (NQ) — exp (n2)]

| =

for any x € H, ||z|| = 1.

For recent inequalities for functions of selfadjoint operators on Hilbert spaces,
see [5]-[20] and the monographs [21] and [22].

4. APPLICATIONS FOR UNITARY OPERATORS

A unitary operator is a bounded linear operator U : H — H on a Hilbert space
H satisfying
U'U=UU"=1y
where U* is the adjoint of U, and 1y : H — H is the identity operator. This
property is equivalent to the following;:
(i) U preserves the inner product (-,-) of the Hilbert space, i.e., for all vectors
x and y in the Hilbert space, (Uz, Uy) = (z,y) and
(ii) U is surjective.
The following result is well known [35, p. 275 - p. 276]:

Theorem 7 (Spectral Representation Theorem). Let U be a unitary operator on
the Hilbert space H. Then there exists a family of projections {P)\}Ae[o,%]f called
the spectral family of U, with the following properties

a) P\ < Py for A <\

b) Py =0,Ps; =1 and Pyxyo = Py for all A € [0,27);

c) We have the representation

2
U:/ exp (i\) dPy.
0

More generally, for every continuous complex-valued function f defined on the
unit circle C (0,1) and for every ¢ > 0 there exists a § > 0 such that

<e

Hf )= 5 o0 () [P =P
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whenever
0=X <..< A1 <A\, =2m,

Ak = Ap—1 <0 for 1 <k < n,

k € Pr—1, M for 1<k <n

this means that
27

(4.1) F(U) = ; [ (exp (i) dPy,

where the integral is of Riemann-Stieltjes type.

Corollary 12. With the assumptions of Theorem 7 for U, Py and f we have the
representations

fO)z= " f (exp (i\)) dPx for allx € H
and i
(4.2) (f(U)z,y) = 0% f(exp (iN)) d(Pyz,y) for all x,y € H.
In particular,
27

(f(U)z,x) = ; f(exp (iN\)) d(Pyz,z) for all x € H.

Moreover, we have the equality

27
I @] = / F (exp ((N)[2d | Prc|® for all z € H.

The following result holds:

Theorem 8. Let U be a unitary operator on the Hilbert space H. Assume that
® : [0,27] — R is a differentiable conver function on (0,27) and the derivative ®’
is continuous on (0,27). If f : C(0,1) — C is a continuous function on the unit
circle C (0,1), then we have the inequalities

“3)  (IF@al® = [(f W) w,2)) @ (If (©) 3 2))
< (@ (If W)F) ) - (I(f ©)2,2))
< (@ (IF OF) 1F @)F 2.2) = [(f @) 2,2) (' (1 ©)F ) )

for any x € H, ||z|| = 1.
If k =min.ec(o) |f (2)] and K =max.eco) |f (2)], then

9 (2 (IFOP)IF O o) = 1(F @) za) (@ (If U)F) z.x)
< (IF @)zl* = |f @)2,2)F) (@ (1f @)F ) 2,2
1 (K2 = R) [@ (K?) — @ ()]

for any x € H, ||z|| = 1.
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Proof. Let z € H with |[z| =1 and {Px},cg 2., the spectral family of U. Utilising
the inequality (2.1) we have
2)

/0 ) f (exp (iM)) d (Paz, x)

27

(4.5) ( / " 1f (exp () d (P, ) — S e i) d (P )

< / 7o (1f (exp (iN)*) d (Pra, @) — @ (

2

f(exp (id)) d (Paz, )

0

27
< / @ (1f (exp (0)) 17 (exp (X)) 2 d (P, )

2
f(exp (iX)) d (Pxz, z)

2 /0% ¢’ (If (exp (z‘)\))|2> d(P\x,1).

By making use of the Spectral Representation Theorem for unitary operators we
get from (4.5) the desired result (4.3). O

0

Corollary 13. Let U be a unitary operator on the Hilbert space H. Assume that
® : [0,27r] — R is a differentiable convex function on (0,27) and the derivative @’
is continuous on (0,2m). Then we have the inequalities

(46)  ((exp2Re(U)]2,2) — [(exp (V) 2, 2)[*) @ (|(exp (U) 2, 2)]")
(@ (exp[2Re (U)]) 2,2) — @ (|{exp (U) 2,2) )

(@' (exp [2Re (U)]) exp [2Re (U)] 7, )

— (exp (U) 7, 2)[* (@ (exp [2Re (U)]) x, o)

<
<

for any x € H, ||z|| = 1, where

Re(U):%(U*+U).

Proof. If we take in (4.3) f: C— C, f(2) =exp(z), then

|F () = lexp (U)[* = [exp (U)]" exp (U)
=exp(U")exp(U) =exp (U*+U) = exp [2Re (U)]

since U*U =UU™* = I.
This proves the inequality (4.6). O

Remark 4. Assume that f : C(0,1) — C is a continuous function on the unit
circle C (0,1) . If we take ® (¢t) =t", r > 1, then we have from (4.3) and (4.4) that

(47) r(If @) 2l = 11 @)@, 2)) [ () a,2) Y
< (I @ 2.2) = |(f @) 2.2

<r(If ) @,2) = 1(F @) z,2) (If @FVa,x)
for any x € H, ||z|| = 1.
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If k =min.cc(o) |f (2)| and K = max,cc(o) |f (2)], then
(4.8) (F @)F 2,2} = ¢ @) z,2) (If P 2,2)

< (If @2l = 1(F @) 2. ) (1F )P w,)

Lo oy [r20-1) _ p20—1)
+ 1 (K2 1) [K K20
for any x € H, ||z| = 1.
Assume that f (z) # 0 for any z € C(0,1). By taking ® (t) = —Int in (4.3) and

(4-4), we get

noy  M@saP
(W) .2)]

for any x € H, ||z|| = 1.

For recent inequalities for functions of unitary operators, see [26]-[33].
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