Received 26/03/14

JENSEN INTEGRAL INEQUALITY FOR POWER SERIES WITH
NONNEGATIVE COEFFICIENTS AND APPLICATIONS

S.S. DRAGOMIR!:2

ABSTRACT. We establish in this paper some Jensen’s type inequalities for func-
tions defined by power series with nonnegative coefficients. Applications for
functions of selfadjoint operators on complex Hilbert spaces are provided as
well.

1. INTRODUCTION

Let (Q,A, 1) be a measurable space consisting of a set 2, a ¢ — algebra A of
parts of 2 and a countably additive and positive measure p on A with values in
R U {oco} . Assume, for simplicity, that fQ dp = 1. Consider the Lebesgue space

L(Qu):={f:Q—R, fis p-measurable and /Q|f ()] dup (t) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdp instead of

Joyw (8)dp (). V
Assume that f,g € L(®,p) with fg € L(®,u) and consider the Cebysev func-

tional
C(f,9) :=/Qfgdu—/gfdu/ggdu.

It is known that if the function f, g are synchronous, i.e.

(f@) = f()(g(t)—g(s) =0

for p-almost every t,s € €, then we have the Cebysev inequality

(1.1) C(f,9) = 0.

If there exists the constants v, " such that co < v < f < T < oo p-almost every-
where on €2, then we have the following refinement of Griiss’ inequality due to
Cerone & Dragomir [2], which was obtained for univariate functions of real variable
by Cheng & Sun in [3]:

A

12) c <3 [ o= [ ot
%(F—v) Vﬂffdu— (/diu)zl
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The constant 3 is sharp [2].
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If there exists the constants co < A < g < A < oo p-almost everywhere on €,
then we have the sequence of inequalities

oo ol
. 212
§(F—*y) [/QgZd,u—(/diu)] Sz(F_V)(A_A)-

The inequality between the first and last term in (1.3) is known in the literature as
Griiss’ inequality.

In order to provide a reverse of the celebrated Jensen’s integral inequality for
convex functions, the author obtained in 2002 [4] the following result:

(1.3) |C(f;9)l

I /\

IN

Theorem 1. Let @ : [m, M] C R — R be a differentiable convex function on (m, M)
and f: Q — [m, M] so that Do f, f, ® o f, (&' o f)f € L(Q,u). Then we have
the inequality:

L0 o< [ oo sin- <I></fdu> [ @ o san- [ @osan [ ja
< 1@ (M)~ #' (m /)f /fdu‘

In the case of discrete measure, we have:

Corollary 1. Let ® : [m, M] — R be a differentiable convex function on (m,M).
If z; € [m,M] and w; >0 (i=1,...,n) with W,, := > w; = 1, then one has
the reverse of Jensen’s weighted discrete inequality:

i=1 i=1
[®" (M) — @ (m)] zn:wl x; — zn:wjxj .
i=1 j=1

(1.5) 0

IN
g

N
Il
-

IN
g

&
I
—

IA
[N

Remark 1. We notice that the inequality between the first and the second term in
(1.5) was proved in 1994 by Dragomir € Ionescu, see [9].



JENSEN INTEGRAL INEQUALITY FOR POWER SERIES 3

On making use of the results (1.4) and (1.3), we can state the following string
of reverse inequalities

(1.6) Og/q)ofdu—q)(/s)fdu)
/f Yo f)dp— /<I>’Ofdu/fdu

seran-em [ |- [ fdu]

Ll () - Vfgdu—</fdu)r

119 (M) — @ (m)] (M —m)

IN

\ /\

IN

IN

provided that ® : [m, M] C R — R is a differentiable convex function on (m, M)
and f: Q — [m, M] so that ®o f, f, ®' o f, (' o f) f € L(Q,p), with [, du = 1.

For other reverses of Jensen inequality and applications to divergence measures
see [6], [7] and [8].

Motivated by the above results we establish in this paper some Jensen’s type in-
equalities for functions defined by power series with nonnegative coefficients. Appli-
cations for functions of selfadjoint operators on complex Hilbert spaces are provided
as well.

2. THE RESULTS

The most important power series with nonnegative coefficients are:
o - .n o n
(2.1) exp(z)—zn!z,ZE(C,il_Z—Zz,zED(O,l),
n=0 n=0
1 o0 o0

1 n 1 2n
lnl—Z:nZ::lﬁz , 2€ D(0,1), COShZ:;WZ , 2€C,

oo

: _ 1 2n+1
SlnhZ—ZmZ ,ZGC
n=0

Other important examples of functions as power series representations with non-
negative coefficients are:

1 1 =1
(2.2) 2111(11Lz> = Z 221 2 e D(0,1),

oo T 1
sin™! (2) = Z ﬂz%“, z€ D(0,1),

oo 1 o
tanh™ ( )23212”_122 1 2eD(0,1)
ZOO L(nt+a)l'(n+BT(Y) ,
2F1<OZ,B v, ) = TL'F(OL)F(B)F(TL+’)/) z 7aaﬁ77>0
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where I' is Gamma function.
The following results that improves Jensen inequality as well as provides some
reverse inequalities can be stated:

Theorem 2. Let ® (z) = > 7, anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) with R > 0 or R = co. Assume that
f:Q — R is p-measurable and with 0 < f (u) < R for u-almost every u in 2 and
such that ® o f, (®' o f) f, (' o f) f~1 € L(Q, ). Then we have the inequalities

(23) 0<; [ |- ([ fdu>2 2" (0)
Al ()]t
< [oosau-a( [ ran)
<3| [1wer—o g [@or-o o)t | fduﬂ
<3| [ @onra-e o ( / fdu>2]-

Proof. If g : I — R is a differentiable convex function on the interior I of the
interval I then we have the gradient inequality

(2.4) g ) t—s)=2g)—g(s) =g (s)(t—s)

for any ¢, s € I.
If we write the inequality (2.4) for the power function g (t) = ¢", r > 1 on the
interval (0, 00), then we have

(2.5) Tl (t—s)>g(t)—g(s) >rs"H(t—s)

for any s,t > 0.
Let n > 2 be a natural number, then g (t) = t"/? is convex on (0,00) and by
taking t = 2 and s = y? then we get from (2.5) that

(2.6) %9?"_2 (22 =) 22" —y" = Sy 7 (2% —o?)

o3

for any n > 2 and any z,y > 0.
From (2.6) we have

") l[f - ([ fdu>2

> = ([ san)
([ fdu)“ l[f wrr- ([ fduﬂ

>

|3
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for any n > 2, or, equivalently

en Jurer -2 ([ ) v - ([ sm)

|3

for any n > 2.
Integrating the inequality over u on 2 we get

%/Qf"d,u—g/gf"‘zdu (/ fdu) /f"du (/ fdu)
5 (o) [ ()]

for any n > 2, which is an inequality of interest in itself.
Let m > 2. If we multiply (2.8) by a,, > 0 and sum over n from 2 to m we get

(2.9) %/Q <Tinanf"> M_,/ (inanf" 2) dp (/Qfdu)Q
[(Eenr) - S ()
S () [ ()]

Y

Y

Observe that

LEer)e-En ()

for any m > 2.
From (2.9) we get

(2.10) / <Z nanf”> du — f/ (Z nay [~ 2) du (/Q fdu>2
[ (s e S (fsae)
;ézmm<éfw0nQLAfWu—<AfWOT7

Y

Y
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for any m > 2.
Observe that the power series Y -, na,z™ and >, na,z
on D (0, R) and

"=2 are convergent

oo oo oo
E na,z" = z E napz"" ! =z E nanz""' —a;
n=2 n=2 n=1

=2(®'(2) —®'(0)), z€ D(0,R)
while

g n — E ) =, D 5 .
nanpz nanz z € (0 R) AN {O}

n=2 n=2 z
Since 0 < f(u) < R for p-almost every u in €, then 0 < [, fdu < R, the se-
ries " o nay [f (w)]", S0, nay, [f (w)]"?, S o an [f (w)]" are convergent for
p-almost every u in Q, Y07 Ja,, ([, fdp)" and 300, nay, ([, fd,u)n_2 are conver-
gent and

> nan [f ()] = (w) (@ (f (w) — @' (0)),

S nan [f (w2 = 22U (l})()u; YO S @) = @ (f (w)
n=2 n=0

for p-almost every u in €.

We also have - .
Son (fyme) =0 ([ o)

n=0

i nan ([ san) gt fffd’j)d; v

By taking the limit in (2.10) over m — oo, swapping the limit with the integral, we
get the third and fourth inequalities in (2.3).
Since @’ is also a convex function on (0, R) then we have by (2.4)

@ ( /Q fdu> 9/ (0) > 3" (0) /Q fdu

and since fQ fdu > 0, we obtain the second inequality in (2.3). The first inequality
is obvious.
By the inequality (2.4) applied for ' we also have

and

" P (f (u)) -9 (0) "
3" (0) < (0 < " (f (u))

for p-almost every u in €.
This implies that

[ @or—o )=
and
| @or-ao)sins [ @0 fan
which prove the fifth inequality in (2.3). O
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Remark 2. Let ® (z) = Y07 a,2™ be a power series with nonnegative coefficients

and convergent on the open disk D (0, R) with R > 0 or R = co. If z; € (0, R) and
w; >0 (i=1,...,n) with W, =" w; =1, then we have the inequalities

(2.11) 0<

- § .
Zwlzz:f — (Z wzazL> o (0)
i=1 i=1

- =
1 n n P’ (Zn ’U)‘.’I}') Y (0)
<z U}7.Z‘L2 — W;T; z:ln R
2 12:; (12—; Zi:l W; Ty

< Zwiq) () — @ (Z wi:ci>
z':l 1
< % Zwm — 9 (0)] = > (@ () - ' (0)] (Zl wm)

IN
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=

S

™M

2

&8

2

NS
oY
g
SN—
o

We have the following particular inequalities of interest:

Corollary 2. Assume that f : Q@ — R is u-measurable and with 0 < f(u) for
p-almost every w in 0 and such that expof, (expof) f, (expof) f~' € L(Q,u).
Then we have the inequalities

e ([
[ ([ ) ] et
expofdji — exp ( /Q fdﬂ)

[ texwor =1) sdu= [ (expor = 1) £ ( /| fduﬂ
/Q f?expofdu — (/Qfdu)j-

The inequality (2.12) follows by (2.3) for ® (2) = exp (2) = >0y i, 2", z € C.
If we use the inequality (2.3) for ® (z) = -1~ =377 (2", z € D(0,1), then we
can state:

(2.12) 0<

N |

IN
N | —

IN

IN
N = :O\

IN
N =

Corollary 3. Assume that f : Q — R is u-measurable and with 0 < f (u) < 1 for u-
almost every w in Q and such that (1 — f)™", (1= )2 f,(A =) 2 fLeL(Qp).
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Then we have the inequalities

(2.13) 0</f2du (/ fdu)

e (L) |50
(1—f) " du— (1—/Qfdu)_1

/Q ((1‘2)‘}02 ”/9(12;0)"’ ”(/ fd”ﬂ
il ()

‘We also have:

|
N =

IN

IN
No| {O\

Corollary 4. Assume that f : @ — R is p-measurable and wzth 0 < f(u) <
for p-almost every u in Q and such that In (1 — f)fl, 1-1)" f, (1-£)" Lt
L(Q, ). Then we have the inequalities

1 2 ? 1 Jo F2du— (Jq fd“)z
(2149 =3 [ [ s ([ ) ] =2 (1= Jpy Fan) Jo f

g/an(l—f)_ldu—ln(l—/gfdu>_1

i [ >
S2[91_fdu | = ([ o
Loy _< )2
§2V9<1—f> an=( [ ) |
The proof follows by (2.3) for ® (z) =Int =3 12" 2€ D(0,1).

3. APPLICATIONS FOR FUNCTIONS OF SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows
1, for —oo0 < s <A,
px(s) =
0, for A < s < 4oc.
Then for every A € R the operator E) := ¢, (A) is a projection which reduces A.
The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [12, p. 256]:

Theorem 3 (Spectral Representation Theorem). Let A be a bonded selfadjoint
operator on the Hilbert space H and let m = min {\|X € Sp(A)} =: min Sp (A) and
M =max{A|\ € Sp(A4)} =: max Sp(A). Then there exists a family of projections
{Ex} e, called the spectral family of A, with the following properties
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a) Ex < Ey for A< )\
b) En—0=0,Eyn =1 and Exio = E)\ for all A € R;
c) We have the representation A = f::[—o AE).

More generally, for every continuous complex-valued function ¢ defined on R
and for every € > 0 there exists a § > 0 such that

(31) @ (A) - Z ® ()\;c) [Ekk - E)\k—l} <e
k=1
whenever
M<m=A<..< 1<\, =M,
(3.2) A — A1 <6 for1 <k <mn,

N, € [Mo1, M) for 1<k <n
this means that
M
(3.3) o= [ eydpy,
m—0

where the integral is of Riemann-Stieltjes type.

Corollary 5. With the assumptions of Theorem 38 for A, Ey and ¢ we have the
representations

M
(3.4) p(A)z = / (AN dE\x forallxz € H
m—0
and
M
(35) W)= [ pNd(Eray) forallay e H,
m—0
In particular,
M
(3.6) (p(A)z,z) = / o (A d{(Exz,z) forallxze H.
m—0
Moreover, we have the equality
M
(37) le@al® = [ le (P dlEsel® for allz € B,
-0

The next result shows that it is legitimate to talk about "the" spectral fam-
ily of the bounded selfadjoint operator A since it is uniquely determined by the
requirements a), b) and c¢) in Theorem 3, see for instance [12, p. 258]:

Theorem 4. Let A be a bonded selfadjoint operator on the Hilbert space H and
let m = min Sp (A) and M = max Sp(A). If {Fa}\cg is a family of projections
satisfying the requirements a), b) and c) in Theorem 3, then Fy = E\ for all A € R
where Fy is defined above.

By the above two theorems, the spectral family {FE)}, p uniquely determines
and in turn is uniquely determined by the bounded selfadjoint operator A.
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Theorem 5. Let ® (z) = > 07 a,2" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R = oo and A
a bonded selfadjoint operator on the Hilbert space H with m = min Sp(A) and
M = max Sp (A). Assume that f : I — R is continuous on I with [m, M] C I and
0< f(u) <R for anyu € I. Then we have the inequalities

(3.8)

| /\

(72 () z,2) = ( (A)2,2)%] @ (0)

(72 W)~ (7 ()] T2 =20
@ o f) (A)z,2) — B ({f (4)2,2))

(@0 £) (4) =@ (O)T) f (4) 2, )

(@0 /) (A) = @ (0) 1) S (A) a,) (f (A) 2, 2)°]
[<(<b“ 0 ) (A) £ (A)z,2) = @ (0) ((f (A) 2,))?]

IN

IN

IN
MO | Q [Tl Y I Y

IN

for any x € H, ||lz|| = 1.
In particular, if 0 <m < M < R, then

(3.9) 0< % [<A233,m> (Azx, x) ] " (0)
1 2 @' ((Az,x)) — @' (0)
<(®(A)z,z) — ¢ ((Az,z))
< % [<((I)’ (4) — (I>/( )I) Az, ) — <(q)’ (A) — o (0)1) A_lx,ac> <A;C7£L'>2]
< % [(‘P” (A) A%z, z) — @ (0) Az, xﬂ

for any x € H, ||z|| = 1.
Proof. Let x € H, ||z|| = 1. For small £ > 0, consider f : [m —e, M] — R contin-

uous and g (A\) = (E)z,z) monotonic nondecreasing on [m — e, M]. Utilising the
inequality (2.3) for the positive measure dy = dg we have

_/_EfQ d{E\z,x) — (/ f(\ Em:a:>2_¢>”(0)
/f2 d{E\z,x) — (/ f( E,\mx>2_

o' (fm _f (N d (B, x)) — o/
S (V) d By, z)

(an)
INA
N | =

IN
N | =

X
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/mz‘:d)(f()\ (Exz, ) — (/ 120 E,\xa:>

<3 [ [ @ - o))

IN

M M 2
- (@ (f (V) =@ (0) [~ (V) d(Exz, (/ fFN)d(Bxa,x )

2
1 M M
<1 [/ " (F (V) 2 (V) d (Exz,z) — 0 (0 (/ N d (B, ) ] .
Taking the limit over ¢ — 04 we deduce the desired result (3.8). O

We can give some examples as follows:

Example 1. If A > 0 (is a positive definite operator) on H, then we have the
exponential inequalities

(3.10) 0< % {(A%c,af) - <Aw7w>2]
17 21 exp ((Az,z)) — 1
< 5 [(4%2,2) - (Az,2) ] o s]
< (exp (4) z, ) — exp ({(Az, z))
< % ((exp (4) = 1) Aw, ) = ((exp (A) = ) A, ) <Al”$>2}
<3 [(A2exp (4)2,2) — {4z, 2)’]

for any x € H, ||z|| = 1.
Example 2. If 0 < A < I, then we have
(3.11)
0< (A%z,z) — (Az, z)?
21 (21 — A) z, )

A%z, x Az, x)" | —

[< )~ { >} (I—A)z,z)
1m,:c> (I = Az, z)""

[<(21 A) A% (T — A)2 > <(21 AV - A)—%;,x> <Ax,x>2}
< (A2(1—-A)"° z,x> — (Az, z)?

IN

IN
\)—‘/\ N | —

IN

T~ N

for any xz € H, ||z| = 1.
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Example 3. If 0 < A < I, then we have the logarithmic inequalities

(3.

12) 0< - [(A%z,z) — (Am,x)ﬂ
<A2x,x> — <Ax,x>2
(I —A)z,z)(Ax,x)

I—A)_1 x,x> —In{(I —A) 33a$>_1

=27
§<ln
<

<

for any x € H, ||z| = 1.

For recent inequalities for continuous functions of selfadjoint operators see the

papers [1], [5], the monographs [10], [11] and the references therein.
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