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Abstract

Here is developed the theory of complete fractional simultaneous monotone
uniform polynomial approximation with rates using mixed fractional lin-
ear differential operators.

To achieve that, we establish first ordinary simultaneous polynomial
approximation with respect to the highest order right and left fractional
derivatives of the function under approximation using their moduli of
continuity. Then we derive the complete right and left fractional simulta-
neous polynomial approximation with rates, as well we treat their affine
combination. Based on the last and elegant analytical techniques, we de-
rive preservation of monotonicity by mixed fractional linear differential
operators. We study special cases.
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1 Introduction

The topic of monotone approximation started in [5] has become a major trend
in approximation theory. A typical problem in this subject is: given a pos-
itive integer k, approximate a given function whose kth derivative is > 0 by
polynomials having this property.

In [2] the authors replaced the kth derivative with a linear differential oper-
ator of order k. We mention this motivating result.

Theorem 1 Let h,k,p be integers, 0 < h < k < p and let f be a real function,
f®) continuous in [—1,1] with first modulus of continuity wi (f(p),x) there.
Let a;j (z), j = h,h +1,...,k be real functions, defined and bounded on [—1,1]
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and assume ay, () is either > some number o > 0 or < some number 8 < 0
throughout [—1,1]. Consider the operator

k p
1= 0@ | 4] )
j=h
and suppose, throughout [—1,1],
L(f)=0. ©)

Then, for every integer n > 1, there is a real polynomial Q. (x) of degree < n
such that
L(Q.) > 0 throughout [—1,1] (3)

and .
_ < k—p () =
17 (@) = Qu (0)] < v £, @
where C' is independent of n or f.

The purpose of this article is to extend completely Theorem 1 to the frac-
tional level. All involved ordinary derivatives will become now fractional deriv-
atives and even more we will have fractional simultaneous approximation.

We need and make

Definition 2 (/3], p. 50) Let o > 0 and [a] = m, ([-] ceiling of the number).
Consider f € AC™ ([0,1]) (space of functions f with f™=1 € AC(]0,1]),
absolutely continuous functions), z € [0,1]. We define the left Caputo fractional
derivative of f of order a as follows:

1

Tom o) / (= )" (1) dt, (5)

(D) (@) =

for any x € [z,1], where T is the gamma function.
We set
DZ.f (z) = f (2),
DILf (z) = f'") (), V€ lz1]. (6)
Definition 3 (/4]) Let & > 0 and [a] = m. Consider f € AC™([0,1]), z €
[0,1]. We define the right Caputo fractional derivative of f of order a as follows:

(D‘Z’ff) () = 1“((7:11)—04) /: (t— x)mfafl £(m) () dt, (7)

for any x € [0, 2].
We set
DY_f(x) = f (),
DI f(z) = (=1)" f" (z), YV €[0,2]. (8)



Remark 4 (to Definitions 2, 3) Let n € N with " € AC™ ([0,1]), where
a>0, [a] =m, with a ¢ N, here [n+ a] =n+ [a] =n+m, then

(D25 @) = s [ @m0 (1 0) e

m—«

1
I'((n+m)

—(n+a) / (= )R gt (1) = DI (a).
(9)

(D2s™) (@) = Difef @), Vel (10)

That is

Similarly we get

(Ditf(")) (z) = Fg;)”‘a) /x Tt =zt ( Fm (t))(m) dt —

=)™ (=D)"
I'((n+m)—(n+a)

/Z (t— w)(n+m)—(n+a)—1 f(n+M) (t) dt = (71)71 D?j‘af (2).

(11)
That is
(D2_s™) (@) = ()" D2Ef (2), Ve 0,2, (12)
We need the following:
N
Consider f € C ([0, 1]) nad the Bernstein polynomials (By f) () = Z f(E)
k=0

k

We have By1 =1, and By are positive linear operators.

(N) t*(1—t)NF vitelo,1], N €N, of degree N.

Theorem 5 ([1]) Let 0 < aw < 1, 7 > 0 and f € AC([0,1]) such that f' €
Lo ([0,1]).
Then we have

1 1
[BNf = flloo < T(a+1) <1+(a+1)r)

1
(a+1>>
o [0,7]

1
<a+1>)
o [x,1]

z€[0,1]

[ Sup wi (Df;_f,r HBn (| - x|a+1 X[0,2] () ,x)

(CE=y

[ Bu (1= 21 X0 ()2) | ©

sup wi <D*amf7r HBn (| - x|a+1 X[z,l] () ) Sﬂ)
z€]0,1]




o
(at1)

HB" (" — 2" X () ar)

Above x stands for the characteristic function, also the two first moduli of con-
tinuity are over the intervals [0, x] and [x,1], respectively as indicated.

, VNeN. (13)
|

[e e}

2

a+1

Remark 6 (to Theorem 5) Next we choose r = a%rl, p= >1,q= % >
L with § + 4 = 1.

We observe that both

By (|- =2l o) ().) s Bu (1= 2 Xy (), 2)

IN

N

kTN _
. opletl _ _ N k(1 _ Nk <
Bl e ta) =S leo g () e s
(by discrete Hélder’s inequality)
a+1
N 2 2 atl
k N k N—k .'17(1 — .’E) 2
—_ — —_— = —_— <
(E (x N> (k)a: (1-2) ) < N < (15)
k=0
1 1
at+l = V YIS [07 1] *

atl a+1?
4N)= (2VN)
We have proved the following important auxilliary result.

Theorem 7 Let 0 < o < 1, f € AC([0,1]), with f' € Lo ([0,1]), N € N.
Then

21—a 1
Byf = fllo € e | SUp @ (D;?f»l) +
|| N || F(a+ 1)N2 lxe[071] ! 2(OL+ 1) Nz [0,2]
S <DO‘ f 1 > Ty (f) < (16)
SUp w Y B —— = o0
z€[0,1] ' ! 2(Oé+ 1) N% [z,1] "

Proof. By (13) and (15).
By [1] we get that the quantity within the bracket of (16) is finite. m
So as N — oo we derive By f — f (uniformly) with rates.

2 Main Result

We give the following simultaneous approximation fractional result.



Theorem 8 Let § > 0, 8 ¢ N, with integral part [3] = n € Z, such that
B=mn+a, where 0 < a < 1. Let f € AC"*1([0,1]), and f"*+Y € L, ([0,1]),
N € N. Set

Pryn (f) (2) :=
k=0

/Ox /Oml </011 Bx (f(n)) (t1) dt1> dml...> dTm_1 (17)

k) @

for all 0 < z < 1, a polynomial of degree (N +mn). Here By (f(”)) is the
Bernstein polynomial of degree N. If n=0 the sum in (17) collapses.
Set also

gl-a 1
TR (f) i= ——————= | sup w <Df ,) +
v ) F(a+1)N2 LE[OI,)l] ! / 2(@+1)N=/

[N

N|=

1

B

sup wi D*zf, ) < 00, (18)
z€[0,1] ( 2(04"‘ 1)N [« 1]]

for every N € N.
Then PJ(VZM (f) = Pnyn—i(f), and

Tﬁa()
!

i =0,1,...,n. 19
OO’[Ol — (n—Z) ) ? ) ) 7n ( )

[P o = £

As N — oo we derive with rates PJ(\/an (f) = fO.

Proof. Notice here [5] = (n + 1) € N. We have by (16) that

HBN (f(")) O o STR (f( )) < 0. (20)
that is
—13 (1) < B (§7) () = 5 () < TR (£7), D)
foe every 0 < t; <z < 1.
Set
Py (§) @) = By (£7) (). (22)

Hence it holds

1 (1) o < [ B (50) (e = [ @) < 75 (1),
(23)



that is
13 (1) s < 100 / (1) )

—f=D (g) (fm))

Set
Prar () (@) = £ (0) + / By () (1) di,
that is
Plear (F) @) = Py () (@) alla e [0.1].
Hence

T (7)1 < P (1) (@) = £ () < T (7).

for all x; € [0,1].
Continuing like this we get

Ty (f(")) %5 < f72(0) + Py (f) (z1) dzy
0

72 @) < 7% (1) ?
all0 <z <z <1.
Set .
Pria (f) (@) = fO72(0) + [ Pasa (f) (a1) dan,
0
that is
Plys (f) () = Pnya (f) (2),
and

for all x5 € [0,1].
Similarly we derive

3 T3
15 (1) 5 <7V 0+ [ Pasa () (@) doy

f(n 3) (z3) < TS (f(n)>

a110§x2§x3§1



Set
Pyys(f) ()= "7 0)+ | Pnya(f) (2) s,

that is
Pyys (f) (@) = Pni2 (f) (2),
and
Py 3(f)(z) =Py (f)(z), allze][0,1].
Hence
155 (1) B < P (1) () — 100 ) <75 (709) 2,

for all z3 € [0,1].
Continuing as above, after n steps, we derive

n
7

T (f(n)) % < Pnoan (f) (@0) = f(2n) < T (f(n)) %’

with 0 <z, < 1.
Above

Prvn () (2) = £ (0) + / " Painet (F) (@) dinr,

that is
Py (f) (@) = Pyyn—1 (f) (2),

and
Py () (@) = Py (f) (@) = By (£) (@), allz e [0,1].

(38)

(39)

(40)

(41)

So clearly here Py, (f) has the representations (17), the second one comes by

Taylor’s theorem.
By (21) we get

[ENGEFS

ST (),
by (27) we find
HPN+1 (f) = f(n_l)Hoo <Ty (f(")) ;

by (32) we derive

™)
2

by (37) we obtain

_ TS (f(n))
oo 3! ’

(45)



and by (38) we have

||PN+7L (f)_fHoo < n (46)
So we have proved that
. ) T (f(n))
(1) (@) < N L
HPN+n (f) f — 7(7172.)! , 1=0,1,...,n. (47)
Based on (10) and (12) we derive that
T (£) =15 (£). (48)

The quantity within the bracket of (18), by [1], is finite.
The proof of the theorem now is complete. m
We completely left fractionalize Theorem 8, to have

Theorem 9 Here all terms and assumptions are as in Theorem 8. Consider
0; >0,7=1,..,neN, suchthat op =0< 01 <1< <2<z <3<..<

< ap <n.
Then
ay a T (f) ,
||D*O (f) - D*O (PN+7L ('f))Hoo,[O,l] < ].—W(.7 o+ 1) (n _j)', ] = O, 1,...,’[1.
i !
(49)

Notice (49) generalizes (19).

Proof. Let a; >0, j=1,..,n,suchthat 0 <o <1< <2<a3 <3<
o< ..<ap,<n Thatis [aj] =4,7=1,...,n.
We consider the left Caputo fractional derivatives

(Dfi f) () = F(jiozj) /0"” (x — t)j*ajfl f(j) (t) dt, (50)
(Dlof) @) = 9 (@),
and
aj _ 1 ’ J—o—1 )
(D% (P (D) () = 5y [ =07 (Pan ()
(Dl (Pysn (1)) (@) = (Prsn ()Y (51)

We notice that
(D55 1) (@) = (D% (Prvan (1)) ()] =



| @ O @ae [T P ()
— e | T (P 0 (Paen () @) ] <
e | @0 v () @] @)
([ B
oy By J-ay By
e e T m T T O
We have proved
(D51) (@) = (D5 (Prvan (1) ()] < afﬁl) o
" (f) (54)

< - —,
TG -+ 1) (n—3)
for every = € [0,1], proving the claim. m
We completely right fractionalize Theorem 8, to have

Theorem 10 Here all terms and assumptions are as in Theorem 9. It holds

5 (f)
(G —aj+1)(n—j)

1D (5) = DI (P (D)l o < 7 NG

j=0,1,...,n.
Observe that (55) generalizes (19).

Proof. We notice that

[(D12F) (@) = (DY (Py4n () (2)] =

U s e 0 (a— [ gy (%)
o | [ T - [0 e (0 @
__ ! 1 j=os=1 (4G ()
— s | (1 0= (s ()P 0) | < 0
1 ! a1 ¢ G (19)
oy e O @ = (P () ] <

e </ ey ) ?5 -



(L—2)"" T (f)

FG—a;+1) (=) 7
We have proved
(1L—a)™ Ty (/)
[(D21) (@) = (DR (P ) @] < 55— ) gy
R 58)

STG—a T ) m-g)
for all x € [0,1], proving the claim. m
It follows to important
Corollary 11 Here all terms and assumptions are as in Theorem 9. Let \ €
[0,1]. Then
1D (1) + (1 =2 D (£) -

(ADSS (Py-n () + (1= A) DY (Prsn ()] o oy

T3 (f)
=TG-+ 1) (=7

, 7=0,1,...,n. (59)
Proof. We see that
[(ADZS (f) + (1= 2) D2 (f)) -

(ADS (Pyn () + (L= A) DY (Prsn ()] ooy =

IN(DSS (f) = DG (P (£))) + (1= X) (D2 (f) = DY (Prn ()|, <

(60)
ADS () = D% (P (D) +
a; -y ((49),(55))
(L=N DY (f) = DY (Pyin (D). <
3" (f) - T8 (1)
) [y TRl sy I

_ N ()
L(j—a;+1) (n—j)!

3

proving the claim. m
Next comes our main result: the complete fractional simultaneous monotone
uniform approximation, using mixed fractional differential operators.

10



Theorem 12 Let 8 >0, 8 ¢ N, n =[] e N: S =n+a, 0 < a < 1
f e AC™1([0,1]), and f™tV) € Lo ([0,1]). Let X € [0,1], and h,k € Z with
0 < h<k<n, when A\ # 1 we take h to be even. Consider the numbers
ap=0< o <l<a<2<a<3<..<.. <a, <n Letaj;(z),
j=hh+1,..k be real functions, defined and bounded on [0, 1], and suppose
an () is either >a >0 or < <0 on [0,1]. We set

I, := sup |oz}:1 (z) ar (x)}, T=h,.., k. (62)
z€[0,1]

Here Tf,’a (f), N €N, as in (18), (N — o). Consider the mized fractional
linear differential operator

k
L*:=> a;(x) [ADJ + (1—X) D}/]. (63)
j=h

Then, for any N € N, there exists a real polynomial Qn4r of degree (N + n)
such that
1) for j =h+1,...n, it holds

|(AD% (F () + (1 = X DY (f (2))) -
(ADS} (@nv-4n (@) + (1= N D Qe @) o

T (f)
T —aj+1)(n—j)!
2) for j =1,....h, it holds

[(ADS () + (1 = X) DIZ () = (ADZF (Qn-+n) + (1 = X) DI2 (Qnn)) | oy

(65)
T3 (f) 1 I,
< =g lF(jaj+1)+<ZF(TaT+1)(nT)!>

T=h

, (64)

T'(h—j+1) A /h—§\ T(h—j—0+1)
R R (R
and
3)

v (f) (< L
||f - QN+n||oo7[()71] S NT (Zh F(T o + 1) (n — 7_)' +1]. (66)

The set

A= {(A, z) € (0,1)%: A" + (1 =N (1—2)" " > T (h—ap + 1)} (67)

11



18 not empty.

1) We assume that L* f (z) > 0, for every x € A, then L* (Qnrn) > 0.

2)IfL*f(0)>0and 0 < A<1—-T(h—ap+1), then L* (Qn+n) (0) > 0.

3) IFL f(1)>0 and T (h—ay, +1) <A < 1, then L* (Qnn) (1) > 0.

4) Given L*f (0) > 0, A =0, we get L* (Qn+n) (0) > 0.

5) Given L*f (1) > 0, A =1, we derive L* (Qn+r) (1) > 0.

6) Let A = 0, h even, h > ap,, L*f () > 0, for x € (0,1) such that <
1T (h—ap+1)™ | then L* (Qn4n) (z) > 0.

Finally: )

7) Let A\ =1, h > ap, andz € (0,1) withx > (I'(h — ap + 1)) F=n . Assume
there L* f (x) > 0, then L* (Qn+n) (z) > 0.

Proof. Here let h,k be integers 0 < h <k <mn,and g =0 < a1 <1<
a; <2<az3<3<..<..<ap,<n,thatis [o;] =4,7=1,...,n. We set

= sup |o ' (2) ay, (2)] < o0, h<j <k, (68)
z€[0,1]
and
: l
B, Jx
oy =T (f : - . (69
! A J'*Zzhr(]*_aj*"_l) (n —ji)! )

I. Suppose, throughout [0, 1], ay, () > @ > 0. Call

=
Qn+n (2) = Pyin (f) () + vy (70)

where Pyyp, (f) (z) as in (17).
Then by (59) we obtain

ooz + a-n o) (£0+ o) -

(ADY + (1= XN) DY) (Qn+n ($))||oo,[o,1]

5 (f)
ST(—a;+1)(n—j)

, (71)

all0 < j < n.
When h + 1 < j < n, immediately by (71) we obtain

[(ADS5 + (1= X) D) (f (x)) = (ADSG + (1= ) D) (Qnn (2))]] 0 o

5 (f)
T —aj+1)(n—j)!

: (72)

proving (64).
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Next we treat the case of 1 < j < h. We have after calculations that

o, [T L(h—j+1)zh—
0% (57) = rorm ey (73)

h! (h—a; +1)(h—j)
and , .
D?i (h') - (h—])' (74)
h—j . .
h—j D(h—j—0+1) y
LZ( PR L e e T OH
Hence by (71) we have
o o T(h—j+1)zh—a
0D+ -0 D) @) +on Mg e
(1-N [ (h—j o[ T(h—j—0+1) st
(=) ;( PR LS (e e LU }”
T (f)
= (WD + (1= DY) (@ @) o o) < T = ajN+ ICETE
all 1 < j < h.

By (75) and triangle inequality we get
H (ADZG + (1= XN) D7) (f) — (ADZ + (1= X\) Di7) (QN+n)||oo,[o,1]

5 (f)
“T(G—a;+1)(n—j)

+

(hp—Nj)! {/\FF((hh—_c{j—i:i—ll)) =X ;:: (h 0 j) rF((hh—_o{j_—eetLlf) } -
(76)
- ffl g)m T ff?— (f;) (i_ TG, - aj*lfn (n —m!) |
{AFF((hh_ 5;11)) +(1—X) [}g <h ;‘7) FF((hh_O{j_aeTl)) } <
?/Jz%i%v) F(j—lozj-I-l) * (ir(f—%ﬁn(n—r)!)
bt caon [ (") e =




So we have derived

(DS + (1= 2 D7) (F) = (ADS + (1= ) D7) (@n4n) e oy < K-

(78)
j=1,..., h, proving (65).
When j = 0 from (71) we obtain
l'h Tﬁia f
@ o -ovn@| <D (79)
! 00,[0,1] n!
Hence 5
< ov TN ()
1f = @ntnlloo o) < 7]\,/ + NT =
0 (3 e )
<
(;LF T—CYT+1)(7’L—T)!>+ n! T (80)
T () (5 Lr
1 1
l ;F(T—aerl)(n—T)!—’— ! (81)

proving (66).
Furthermore, if (A, z) is in the critical set A, see (67), and L*f (z) > 0, we
get
@y 'L (Qnn) = ' (2) L™ (f (2)) +

\ h—ayp, Lo (1 —a:)h 73 )
Pn F(h—ah+1)+( a )F(h—ah+1) (82)
(when X € [0,1) we assumed that h is even)

+Zah (z) o) (z {(ADSg +(1=X) D7) [QN+n (x)—f(;p)_pNCZ};:|} <721>

zh—on (1 — )t a 5" (f) _
pN{AWW”I‘”WW}E%Q—aﬁ NE-9

gh—on (1— x)hiah
pN{)\F(h—athl)Jr(l_)\)F(h—OM_l} -
p L —Qp, —Qp .
m{Axh SN —a) _F(h—ah—i-l)} _.A(m,gg.)
The set

A= {()\, 2) € (0,1)%: Az 4 (1 =N (1 —2)""* >T(h—an + 1)} (84)

14



is not empty.
If h = oy, then A = (0,1)°. Assume oy, < h
Let us choose A =x = § € (0,1), some want to find specific examples of

§ith=en 4 (1 — )" >T(h—ay +1). (85)

The minimum value of T" over (0,00) is I" (1.46163) ~ 0.885603, we pick here
14+ h—ap=146163 and § = 0.99.

Hence
(0.99)1.46163 n (0.01)1.46163 _ (86)

0.985417497 + 0.001193274 = 0.986610771 > 0.885603.

Similarly, we have that I" (1.4) = 0.887264, and we pick 6 = 0.95 and 1+h—ay, =
1.4. Then
(0.95)"* + (0.05)"* =

0.930707144 + 0.015085441 = 0.945792585 > 0.887264. (87)

Hence A # @.

Hence over A we get that A (x,\) > 0, thus there L* (Qn4n) > 0.

We know that I'(1) = 1, I'(2) = 1, and T' is convex and positive on
(0,00). Here in general 0 < h —ap < 1, hence 1 < h—ap +1 < 2 and
0<T(h—ap+1)<1,thatis1 —T(h—ap+1) >0.

Next we argue as in (82)-(83):

Hence we further have that

PN
AN =—"——{0-N-T(h— 1)} >
(03 ) F(h—()th+1) {( ) ( ap, + )}—07 (88)
when 0 < A <1-T'(h —ap + 1), proving in that case L* (Qn4r) (0) > 0, given
L*f(0) = 0.
Similarly we observe that
PN
AN ==——""——{N-T(h - n} >
( 7)‘) F(h*&h‘l’l) {)‘ (h ap + )}—07 (89)

when I" (h — ap, +1) < A <1, proving also L* (Qn+y) (1) > 0 in this case, given
that L*f (1) > 0.
Clearly we have

A(0,0):ﬁ{l—l“(h—ah+l)}20, (90)

proving L* (Qn+r) (0) > 0, with A = 0, given L*f (0) > 0, and
PN
A1,l])=——— {1 -T(h - 1) > 1
(1) = g2 =T = 1)} >0, (o1)

proving L* (Qn4r) (1) > 0, given L*f (1) > 0, with A = 1.

15



‘We see also that

A(z,0) = ﬁ {(1 ) D (h—ap + 1)} >0,  (92)

given (1—2) >T'(h—ap + 1)ﬁ , equivalently, given that
x < 1—1“(h—ozh—|—1)ﬁ7 with b > «p, and z € (0,1).

In that case L* (Qn4n)(z) > 0, with A\ = 0, and h even, given there
L*f () > 0. At last we observe that

Az, 1) = ﬁ {z"n —T'(h—ap+ 1)} >0, (93)

given that x > T'(h — ap + 1) e , with h > ay and z € (0,1).
In that case L* (Qn+n) () > 0, with A = 1, given there L* f (x) > 0.
I1. Suppose, throughout [0,1], ay, () < B8 < 0. Call now

zh

QN+n () = Pynyn (f) () — pNH' (94)

Then by (59) we obtain
o o zh
[0+ -2 ) (1@ -y ) -

(ADZS 4+ (1= XN) D1?) (Qn+n (x))Hoo,[O,l]

V" (f)
TGt (=Y
Again we obtain, as earlier, the inequalities (64), (65), (66). Furthermore, if
(M z) € Aand L*f (z) > 0, we get

ay ! (2) L* (Qn+n) = oy () L™ (f (2)) —

) xh*ah +(1_>\) (1_1,)h Qap,
PN T (h—an+ 1) T(h—an+1)

(when X € [0,1) we assumed that h is even)

0<j<n. (95)

+Zah @0 { (05 + @ -0 DY) [QNM(x)f(prNﬂ}‘gé’

e (1 )h ap Tﬁ a (f)
—pN{Ar(h_w““”r(h—aw}*Z TU=ou £ (=7

= 1-— AL+(1,)\)M —
N T(h—an+1) Th—on+1) ([
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ﬁ {Ph—an+1) = ator s ==} = B0,

(97)
Hence over A we get that B (z, A) < 0, thus there L* (Qn4r) > 0.
Next we argue as in (96)-(97):
Hence we further have that
BON=—"Y  T(h—a,+1)—(1-N} <0, (98)

F'h—ap+1)
when 0 < A <1-T'(h —ay + 1), proving in that case L* (Qn+r) (0) > 0, given
L*f(0) > 0.
Similarly we observe that
PN
BN =—"N T (h—ap+1) =\ <0, 99
(1) = fr e P h— oy + 1) =3} < (99)
when T'(h — ap + 1) < A < 1, proving also L* (Qn+r) (1) > 0 in this case, given
L*f (1) > 0.
Clearly we have
PN
B(0,0) = ———{I'(h — 1)-1} <0 100
(7) I‘(h—ah—i—l){ ( ah+) }_ ) ( )
proving L* (Qn+r) (0) > 0, given L*f (0) > 0, with A = 0.
Also it holds
B(,1)= —N _(P(h—ay+1)—1} <0 (101)
’ r (h —ap + 1) -
proving L* (Qn+r) (1) > 0, given L*f (1) > 0, with A = 1.
We see also that
PN h—ay
B ,o:—{rh— 1)—(1- }go, 102
(z,0) T —an 1) (h—an+1)—(1-2) (102)
given (1 —2) >T(h—ap+1) e , with h > ap and = € (0,1), h is even.
In that case L* (Qn4n) () > 0, with A = 0, given there L* f (x) > 0.
At last we observe that

B(z,1) = ﬁ{r(h—ahﬂ) —zhmen) <, (103)

given that « > T'(h — ap + 1) = , with h > ap, and z € (0,1) .
In that case again L* (Qn4n) () > 0, with A = 1, given there L* f (z) > 0.
[

Corollary 13 Let 5 > 0, 8 ¢ N, n =[] e N: B =n+a, 0 < a < 1;
f e AC™1 ([0,1]), and £V € Lo, ([0,1]). Let bk € Zy with0 < h <k <n.
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Consider the numbersag =0 < a1 <1< <2< a3<3<..<..<a,<n.
Let aj (x), j = h,h+ 1,...,k be real functions, defined and bounded on [0, 1],
and suppose ay, (z) is either > @ >0 or < B <0 on [0,1]. We set

lr:= sup |a; ' () ar (2)], T=h, ...k (104)
z€0,1]

Consider the left fractional linear differential operator
k
L= aj(x)Dy. (105)
j=h

Here Ty (f), N € N, as in (18).

Then, for any N € N, there exists a real polynomial QN+, of degree (N + n)
such that

1) for j=h+1,...,n, it holds

T~ (f)
1D f = DG QN+l oo < T G- a;V+ ORI (106)
2) for j =1,....h, it holds
o o T (f) 1
195 ) = DB @win)llcpon) < oot [ s— 5
. Ly L(h—j+1)
(Tz_;lr(T—aTH)(n—T)!) <r(h—aj+1)) ’ (107)
and
3)
GRS Lr
1f = @nnlloc o) < =55 (;L T(r—art D) Ly (108)

We further have
1) Given Ly f (1) > 0, then L1 (Qn+n) (1) >
2) Let h > ayp, and z € (0,1) with z >
Lif(z) >0, then L1 (Qn4n) (x) > 0.

1

0.
(T'(h—ap+1))n . Assume

Proof. By Theorem 12 for A=1. m
We finish with

Corollary 14 Let 3 > 0, 8 ¢ N, n =[] e N: B =n+a, 0 < a < 1;
f e AC™t1 ([0,1]), and f*V) € Lo, ([0,1]). Let h,k € Z with0 < h <k <mn,
h is even. Consider the numbers ag = 0 < a1 < 1 < as <2< a3 <3<
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o < o< oap <n. Let o (z), j =h,h+1,..k be real functions, defined and
bounded on [0,1], and suppose ay, (x) is either > @ > 0 or < B < 0 on [0,1].
We set
I, := sup |a;1 (z) a, (z)} , T=h,..k. (109)
z€[0,1]

Consider the right fractional linear differential operator
k
Ly=> aj(x)Dy?. (110)
j=h

Here To® (f), N € N, as in (18).

Then, for any N € N, there exists a real polynomial QN+, of degree (N + n)
such that

1) for j=h+1,...,n, it holds

. . T (f)
IDY2f = D2 @nsnll oy < T e T 0" (111)
2) for j =1,....h, it holds

5 (f) 1
(h—3)! [F(j—aj+1)+

||D?i (f) - Dlai (QN+")||OO,[0,1] <

3 by L (h-j\ T(h—j-6+1)
(;F(T—arﬁ-l)(n—ﬂ!) ng( 0 )F(h—aj—9+1) , (112)
and
3)
B,a k
1f = @Ntnllos 0, < TNh!(f) (Zhr(r — -1:1) e 1) . (113)

We further have

1) Giwven Lof (0) > 0, then Ly (Qn+rn) (0) > 0.

2) Let even h > ap, x € (0,1) such that © <1 — (I' (h — ap + 1))ﬁ , and
Lof (z) > 0. Then Lo (Qn+4n) (z) > 0.

Proof. By Theorem 12, A=0. =
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