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Abstract

Here is presented the theory of lower order fractional simultaneous
monotone uniform polynomial approximation with rates using mixed lower
order fractional linear differential operators.

To obtain that, we use first ordinary simultaneous polynomial approx-
imation with respect to the highest lower order right and left fractional
derivatives of the function under approximation using their moduli of
continuity. Then we use the total right and left fractional simultaneous
polynomial approximation with rates, as well their convex combination.
Based on the last and elegant analytical techniques, we derive preserva-
tion of monotonicity by mixed lower order fractional linear differential
operators.
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1 Introduction

The topic of monotone approximation started in [6] has become a major trend
in approximation theory. A typical problem in this subject is: given a pos-
itive integer k, approximate a given function whose kth derivative is > 0 by
polynomials having this property.

In [3] the authors replaced the kth derivative with a linear differential oper-
ator of order k. We mention this motivating result.
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Theorem 1 Let h,k,p be integers, 0 < h < k < p and let f be a real function,
f®) continuous in [—1,1] with first modulus of continuity wq (f(p),x) there.
Let a; (z), j = h,h +1,...,k be real functions, defined and bounded on [—1,1]
and assume ay (x) is either > some number o > 0 or < some number 3 < 0
throughout [—1,1]. Consider the operator

k o
1= 0@ |45] 1)
j=h
and suppose, throughout [—1,1],
L(f)=0. (2)

Then, for every integer n > 1, there is a real polynomial Q. (x) of degree < n
such that
L(Q,) > 0 throughout [—1,1] (3)

and )
_ < k—p (r —
_max |f(z) = @ (2)] < On" Py <f n) , (4)
where C' is independent of n or f.

The purpose of this article is to extend completely Theorem 1 to the lower or-
der fractional level. All involved ordinary derivatives will become now fractional
derivatives of lower order and even more we will have fractional simultaneous
approximation.

We need

Definition 2 (/{/, p. 50) Let a > 0 and [a] = m, ([-] ceiling of the number).
Consider f € AC™([0,1]) (space of functions f with f(m=Y € AC([0,1]),
absolutely continuous functions), z € [0,1]. We define the left Caputo fractional
derivative of f of order a as follows:

1

(D1 @) = = / S ) (1), (5)

for any x € [z,1], where T is the gamma function.
We set

DY f(x) = [ (x),
DI f(z) = f'" (), Vxelz1]. (6)

Definition 3 ([5]) Let « > 0 and [a] = m. Consider f € AC™ ([0,1]), z €
[0,1]. We define the right Caputo fractional derivative of f of order « as follows:

« ) = (71)m * 7Im—a—1 (m)
(D2 1) (@) = oy [ =27 @



for any x €0, 2].
We set
DY f(z)=f(x),
DI f(z) = (=1)" f") (), Yz €[0,2]. (8)

In particular we give

Definition 4 Let0 < a < 1 and f € AC ([0,1]) (absolutely continuous functions),
z € [0,1]. We define the left Caputo fractional derivative of f of order a as fol-

lows:
(D)) = g [ @071 W o)

for any x € [z,1].
We set
DLf(2) = f(2),
D..f(z)=f"(x), Ya€lz1]. (10)

Definition 5 Let 0 < a <1 and f € AC (]0,1]), z € [0,1]. We define the right
Caputo fractional derivative of f of order o as follows:

(02 1) @) = =g [ -0 7 O (1)

for any x €0, 2].
We set
DI_f(z) = f(x),
D, f(z)=~f"(x), Vael0z]. (12)

Definition 6 Let f € C ([0,1]), we define the Bernstein polynomials

(B f) ( zN:f( )( )tk(l—t)Nk, (13)

=0

Vitel0,1], N €N, of degree N.

Our article [1] was the base to develop the general article [2]. We rely alot
on [2].
We need the following special result from [2], here is the n = 1 case.

Theorem 7 Let 1 < § <2 and 0 < a < 1 such that B = 1+ «a. Let f €
AC? ([0,1]), and f" € Lo ([0,1]), N € N. Set

Py () () = 1 (0) + / "By () (0 dt, (14)



for all 0 < x <1, a polynomial of degree (N + 1). Set also

217(1 1
T (f) = ————— | swp w (Dfi_ , —) +
N (f) r (Oé + 1) Nz [mG[O?l] ! f 2 (Oé + ].) N [0,2]

M

1
Sup w Dfl,f, 7) < 00.
z€[0,1] ! ( 2 (Oé + 1) N% [z,1]
for every N € N.

Then
1) the quantity within the bracket of (15) is finite,
2) Pyiq (f) = Bn (f'),
3)

<TY(f), i=0,1.

EENOET -

As N — oo we derive with rates P](\,i)+1 (f) % D (uniformly), i =0, 1.

We completely left fractionalize Theorem 7, to have

(16)

Theorem 8 Here all terms and assumptions as in Theorem 7 and o € [0,1],

Jj € Zy4. Then

T3 (f)

055 () = D2 (Prs (Dllcson < 7 a7y

where 7* = [a;] =0 or L.
Observe that (17) generalizes (16).

Proof. By [2], see there Theorem 9. m
We completely right fractionalize Theorem 7, to have

(17)

Theorem 9 Here all terms and assumptions as in Theorem 7, and o € [0,1],

JjE€Zs. Then

T ()
| DY (f) = DY (Pna (f))Hoo7[O,1] < m’

where 7* = [a;] =0 or L.
Observe that (18) generalizes (16).

Proof. By [2], see there Theorem 10. m
It follows the important

(18)



Corollary 10 Here all as in Theorem 7, A € [0,1]. Then
I(ADZ (1) + (1= 2) D2 (£)) -

9 (f)

(ADJS (Pny1 (f)) + (1 = X) DY (Pnya (f))) ||oo,[07l] = m’

where oj € [0,1], j € Zy; j* = [a;] =0 or 1.

(19)

Proof. By [2], see there Corollary 11. m

2 Main Results

Next comes our main result: the totally lower order fractional simultaneous
monotone uniform approximation, using mixed fractional differential operators.

Theorem 11 Let 1 < 3<2and0<a<1:8=1+a. Let f € AC%([0,1])
with f” € Lo ([0,1]), N € N. Hereletk,pe N: 0<k <p, anday=0<a; <
ay < ..<ap<..<a, <1 LetXel01], and o (x), j =0,1,....k be real
functions, defined and bounded on [0,1], and suppose ag (x) is either > @ > 0
or < <0 onl0,1]. We set

I, == sup |oz071(913)047(3:)}7 7=0,1,..., k. (20)
z€[0,1]

Here Tﬁ’a (f), N €N, asin (15), (N — oo). Consider the mized fractional
linear differential operator

k
$i=ay (@) [ADS + (1 - X) Df ] (21)
§=0

Then, for any N € N, there exists a real polynomial Q11 of degree (N + 1)
such that

1)
[(ADZS + (1= 2 Dy?) (f) -
8,a
(ADZ + (1 =2 D7) (@n+1 (Ml o oy < Fjg—_gj) j=10np,  (22)
and
2)

k
L
1f = @ni1 (Nllao oy < TR (F) [Z e a2 (23)
T=1 T

Assuming L f (xz) > 0, for all x € [0,1] we get (L} (@n+1 (f))) (z) > 0 for all
x €[0,1].



Proof. Herelet k,pe N: 0 <k <p,anday=0< a1 <as < .. <, <
. <a, <1, that is [ag] = 0; [o;] =1, j =1,...,p. We set

l; == sup |a0 IL') o (l‘)| <oo, 0<7 <K, (24)
z€[0,1]

with [p = 1, and

k
= T : 25
PN N (Z r2—a,) ) (25)
1. Suppose, throughout [0,1], a a > 0. Call

Qn+1 (f) (@) = Py (f) (@) + o, (26)

where Pyy1 (f) (z) as in (14).
Then by (19) we obtain

[(ADZS + (1= X) D7) (f (2) + o) —

B,a
(D55 + (1= 0 D) @uver () @) oy < Frmye = Lo (20)

And of course it holds

(16)

I(f (@) + o) = Qnar (F) @)oo < T () (28)
So that we find
(28) .0
If = @ns1 (Do) < ov +TN(f) = (29)

k k
73 (1) (Z i 1> FTYN() = TR () [Z T+

proving (23).
From (27) and (9), (11), we get

[(ADZ + (1= N) Dy?2) (f (2)) —

T (f)

()‘D:g + (1 - )‘) Dixi) (QN+1 (f)) (56)”007[071] B 1‘\(2 _ Oéj)7 J=1 e P (30)

proving (22).
Next we use the assumption L} f (z) > 0, all z € [0,1], to get

0! (@) L3 (Qn+1(f)) (2) = ag ' (@) L3S (2) + py+



-1 o o ((27),(28))
ag ' (2)a; () {(ADG + (1= M) D7) [@n1 (f) (2) = f (@) —pn]} 2

.
-
o

u l'r B,
pN_<;F(2_aj)+l>TN (f)=pn —pn=0. (31)
Hence L} (Qn+1 (f)) () >0, all z € [0,1].
I1. Suppose, throughout [0, 1], ap (x) < # < 0. Call
Qn+1(f) (@) = Py (f) (2) — o, (32)
where Pyy1 (f) (z) as in (14).
Then by (19) we obtain

[(ADZg + (1= X) D7) (f (x) — piy) —

aj aj Tﬁ7a (f) .
(DG + A =N D) @usr () (Dl e o < Fig—pyy =L (33)
And of course it holds

(16)
10f (@) = o) = Qs () @l o) <

Similarly we obtain again (22) and (23).
Next we use the assumption L} f (z) > 0, all € [0,1], to get

ag ' (@) L3 (@n+1 () (2) = ag ' (2) L3 f (2) = py+

Ty (f). (34)

-1 @ o ((33),(34))
ag ' (@) aj (2) {(ADLG + (1= A) DY) [@n+a (f) () = f(2) +pn]} =

<.
)

k . )
_pN+<;F(2%)+1> T3 (f) = —py + py = 0. (35)

Hence L3 (Qn+1 (f)) (z) > 0, for any z € [0,1]. m

k
Corollary 12 (to Theorem 11, A =1 case) Let L := Zaj (z) D
=0

J
Then, for any N € N, there exists a real polynomial Q41 of degree (N + 1)
such that

1)

o oy T ,
D ()= D55 (@it (Ml o) < s, = Loy (30)

|

2) inequality (23) is again valid.
Assuming Ly f (x) > 0, for all z € [0,1], we get (L (Qn+1 (f))) (x) > 0 for
all z €10,1].




k
Corollary 13 (to Theorem 11, A =0 case) Let L := Zaj (z) D7
§=0
Then, for any N € N, there exists a real polynomial QN1 of degree (N + 1)
such that

1)
aj a; Tﬁ7a .
ID32f = D2 (@us1 (Dl ooy < ng_gz) j=1,p,  (37)

2) inequality (23) is again valid.
Assuming L§f () > 0, we get L§ (Qn+1 (f)) (x) >0 for any x € [0,1].

Finally we give

k oo
J J
Corollary 14 (to Theorem 11, A = § case) Let L’; = Zaj (x) {%] .
j=0
Then, for any N € N, there exists a real polynomial Q41 of degree (N + 1)
such that

1)

) j = 17 ""p?
(38)

B,
(D5 + DE2) (1) = (55 + D52) @uir (M < Fpmes

2) inequality (23) is again valid.
Assuming L% f () > 0, we get L} (Qn+1 (f)) (x) > 0 for any z € [0,1].
2 2

References

[1] G.A. Anastassiou, Fractional Korovkin Theory, Chaos, Solitons and Fractals,
42 (2009), 2080-2004.

[2] G.A. Anastassiou, Complete Fractional Monotone Approximation, submit-
ted, 2014.

[3] G.A. Anastassiou, O. Shisha, Monotone approximation with linear differen-
tial operators, J. Approx. Theory 44 (1985), 391-393.

[4] K. Diethelm, The Analysis of Fractional Differential Equations, Lecture
Notes in Mathematics, Vol. 2004, 1st edition, Springer, New York, Hei-
delberg, 2010.

[5] A.M.A. El-Sayed, M. Gaber, On the finite Caputo and finite Riesz deriva-
tives, Electronic Journal of Theoretical Physics, Vol. 3, No. 12 (2006), 81-95.

[6] O. Shisha, Monotone approzimation, Pacific J. Math. 15 (1965), 667-671.



