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NEW INEQUALITIES OF CBS-TYPE FOR POWER SERIES OF
COMPLEX NUMBERS

S.S. DRAGOMIR!»2

ABSTRACT. Let f(X) = > 72 janA™ be a function defined by power series with
complex coefficients and convergent on the open disk D (0,R) C C, R > 0.
In this paper we show amongst other that, if o,z € C are such that |,
|| |2]? < R, then

£ (@) £ (a22) = £ (@2)] < fa (o) £a (ol 121%) = |fa (o] 2).

where fa (2) = > 07 o |lan| 2™
Applications for some fundamental functions defined by power series are
also provided.

1. INTRODUCTION

If we consider an analytic function f (z) defined by the power series Y~ a,2"
with complex coefficients a,, and apply the well-known Cauchy-Bunyakovsky-Schwarz
(CBS) inequality

2
2 2
(1.1) > abi| <> aP ]Il
j=1 j=1 j=1
holding for the complex numbers a;, b;, j € {1,...,n}, then we can deduce that
2 n 2 2n 2
(12)  If @I =D a2 <Y laal*Y |2 = W‘Zlanl
n=0 n=0 n=0 - n=0

for any z € D (0, R)N D (0,1), where R is the radius of convergence of f.

The above inequality gives some information about the magnitude of the function
f provided that numerical series - |a,|* is convergent and z is not too close to
the boundary of the open disk D (0,1).

If we restrict ourselves more and assume that the coefficients in the representa-
tion f (z) = ZZO:O anz™ are nonnegative, and the assumption incorporates various
examples of complex functions that will be indicated in the sequel, on utilizing the

weighted version of the CBS-inequality, namely
2
2 2
(1.3) > wjaghi| <Y wilag*> wy bl
j=1 j=1 j=1
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where w; > 0, while a;,b; € C, j € {1,...,n}, we can state that

(L4) |f (zw)* =

oo 2 oo oo
S| <3 an o Y anful™ = 1 (|2F) £ (ul)
n=0 n=0 n=0

for any z,w € C with |z|*, |w|* € D (0, R).

In an effort to provide a refinement for the celebrated Cauchy-Bunyakovsky-
Schwarz inequality for complex numbers (1.1) de Bruijn established in 1960, [2]
(see also [8, p. 89] or [3, p. 48]) the following result:

Lemma 1 (de Bruijn, 1960). If b = (by,...,b,) is an n-tuple of real numbers and
z=(21,...,2n) an n-tuple of complex numbers, then

n 2 n n
k=1 k=1 k=1

Equality holds in (1.5) if and only if for k € {1,...,n}, by = Re (Azx), where X is
a complex number such that the quantity 22 Y oreq 2% is a nonnegative real number.

(1.5) 2

n
z
k=1

On utilizing this result, Cerone & Dragomir established in [1] some inequalities
for power series with nonnegative coefficients as follows:

Theorem 1 (Cerone & Dragomir, 2007 [1]). Let f (2) := Y o0, anz™ be an analytic
function defined by a power series with nonnegative coefficients a,, n € N and
convergent on the open disk D (0,R) C C, R > 0. If a is a real number and z a
complex number such that a2,|z|> € D (0, R) , then:

1
(1.6) @) <57 (@) [1 (1) + 15 ()]
For other similar results and applications for special functions see the research

papers [1], [4]-[6] and the survey [7].

2. THE RESULTS

Denote by:

zeC:lz| < R}, if R < o0
D(O’R):{é e if R =00

and consider the functions:
A f(A):D(O0,R) = C, f(A) =) an\"
n=0

and

A= fa(A) 1 D(0,R) = C, fa(A) = |an| \".
n=0
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As some natural examples that are useful for applications, we can point out that,
if

(2.1) Fy=% (_;) A”:ml%, AeD(0,1);

g => (=1) /\2"—(:05/\ AeC;

n=0
h(>\)i<2(n_1’_)n))\2n+151n)\ AeC;
I =) ()" A" = 141” AeD(0,1);

n=0
then the corresponding functions constructed by the use of the absolute values of
the coefficients are

(2.2) a (A)zi%)ﬁzln%, NeD(0,1):;
n=1
ga(\) = 2 @w =cosh\, A € C;
ha(\) = i mvw =sinh A, A € C;
Z A" = , AeD(0,1).

n=0

Other important examples of functions as power series representations with non-
negative coefficients are:

(2.3) exp (A) = i l)\" A eC,

1 [(1+A 1 oy
S () =5 e AeD(0,1);
ZH(IA) 2271*1 ’ €DO.1);

o0 1
sin™!(\) = Z M)\%Jrl, AeD(0,1);

— /T (2n + 1) n!
-1 _ = 1 2n—1
tanh (A)_;mA ., AeD(0,1)
P+ I+ BT () 0
2F1(avﬂa’ya)‘)*n§0 n'F(a)F(ﬁ)F(n—i—’y) A Oé,ﬂ,’)/>0,
AeD(0,1);

where I' is Gamma function.
The following result holds:

Theorem 2. Let f(X) = >0 ja, A" be a function defined by power series with
complex coefficients and convergent on the open disk D (0,R) c C, R > 0. If
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o,z € C are such that o, |a||z|> < R, then
(24)  [F(@)f(az?) = f2(e2)] < fa(lal) fa (Jal[2) = [£a (ol 2)F
Proof. Let n > 1. Observe that

n n n n
. . 2 . . .
E E ajakoﬂak (23 - z’“) = E E ajakoﬂak (22-7 — 220k 4 z%)

3=0 k=0 3=0 k=0

n n n n
= Z ajajz2j Z akak + Z ajaj Z akozkzmC
j=0 k=0 j=0 k=0
n n
-2 Z ajozjzj Z akakzk
j=0 k=0

n n n

: J’§ o 220 E o 27
E a;Q a;a’ z a;o’ z
Jj=0 J=0 J=0

which gives us the useful identity
2

o od 220 o 27 — . Tk (27 —
(2.5) E ajo g ajo’z g ajo’z =3 g E ajapc’ o (z z )
=0 =0 =0

§=0 k=0

for any a, z € C and n > 1.
Taking the modulus in (2.5) and utilizing the generalized triangle inequality we
have

n n n 2
(2.6) Zajoﬂ ZajaJZQJ - Zajoﬂzj
j=0 j=0 j=0
1 o~ 2
o
< §ZZ|%‘| lawl [l Jaf” 27 — 2*|
J=0 k=0
1 n n
i vk )20 - 2k
=32 Y lajllaxllaf |a] [|z| 7 —2Re (5F) + |2| }
J=0 k=0
1 n n 1 n n
ik 2d i vk 2k
= 52 laj] lax] ol o™ [2]™ + 522 lajllak| o |al™ [2]
=0 k=0 J=0k=0
n n

- jaj  lax| [l | Re (72%)

Observe that

n n n n

R T
(2.7) ZZWWWMWEZZMWWMW

j=0 k=0 =0 k=

fvj: |

27
jaj o’ Z g o |2

7=0

<.
Il
o
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and
n n .
(28) > lajllacllaf’ |ol" Re (=72*)
j=0 k=0
n . n
=Re [ Y lajlla 22 Y larl ol 2*
j=0 k=0
- @ 2
n . n . n .
=Re | > sl laf 27 lajllaf’ 27 | = |3 layllaf’

=0 =0 =0

J
Making use of (2.6)-(2.8) we get

n n n
(2.9) E a;o’ E ajol 2% — E a;o’ 2’
7=0 7=0

=0

2

n n

n
_ . .
<D lasllal Y lagllal |27 = > lag| [ 27
=0

=0 =0

for any a, z € C and n > 1.
Since all series whose partial sums involved in the inequality (2.9) are convergent,
then by letting n — oo in (2.9) we deduce the desired result (2.4). O

Remark 1. If f (A) = Y07 ja, A" is a function defined by power series with non-
negative coefficients and convergent on the open disk D (0, R) C C, R > 0, then

(210)  |f(@)f (az?) = f2(a2)] < [ (o) £ (lel 51*) = IS (ol 2)*
for a,z € C with |al, |||z < R.

Corollary 1. Let f(X) = Y07 a, A" be a function defined by power series with
complex coefficients and convergent on the open disk D (0,R) C C, R > 0. If
z,y € C are such that |z, |y|* < R, then

@11) F @) £ P) = 12 @) < fa (1) fa (19P) = 14 Gl
and
(212) | (2%) /(e (@)v?) = 2 (e @ ay)| < fa (12) £a (18) = 12 @)l?

where o (x) := £ is the "sign" of the complex number x # 0.

Proof. 1f we take in (2.4) o = 2% and z = £, then we have

@13) 17 ) £ ) - 2] < fa (o) 20 (10P) ~ |fa (o )]

which is equivalent to (2.11).
If we take in (2.4) a = 2 and z = £, then we have

ra) (2 (2)7) = 2 ()] < 2 (1) £a () = 1 ol

which is equivalent to (2.12). O

)
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Remark 2. Ifa € R and y € C are such that a2, |y|> < R, then
(2.14) £ (a®) £ (v?) = £ (ay)| < fa (a®) fa (|y|2) = [ fa (ay)|*.
In particular, if the power series is with nonnegative coefficients, then
(2.15) £ (@) @) = £ (an)] < £ (a2) £ (18f*) = 1f (ap)l?

for a € R and y € C such that a2, |y|* < R.
We also remark that, since

| ()’ = £ (a®) £ (%) < |f (@) £ (%) = 1 (aw)],
then by (2.15) we get
@)l = £ (a®) £ () < £ () £ (1) = 11 (),
which is equivalent to Cerone-Dragomir’s result
7 ) < 57 @) [ () + 17 02)]]
where a € R and y € C such that a2, |y|> < R.

The following result also holds:

Theorem 3. Let f(\) = Yo" ja, A" be a function defined by power series with
complex coefficients and convergent on the open disk D (0,R) C C, R > 0. If

o,z € C are such that o, |a||z|> < R, then
2
216) |7 (alzf) f(@) = f(a2)f (a2)
< fa (1ol [£a (Jal12) 1 (@) + 1f (@2)* fa (la])
~2|f (@I* Re (£4 (ol 2) (F(a2) /F (@)))] -

Proof. Let n > 1. Observe that

(2.17) Zajoﬂ (zj fa ) 7= Zajo/ 2% —

for any «, z € (C.
Taking the modulus in (2.17) and utilizing the generalized triangle inequality we

get
( .
(2.18) Za o |27 — = Z ol <Z|a]||a\J |2’
J=0 7=0

for any «, z € C.

Making use of the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality we
have
%

n
(2.19) Z la;| o)’ ( 2
=0
n n
. ,
> lagllaf |27 > lagllal |2
=0 =0

2]

f(az)
f(a)

f(az)
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for any «, z € C.
We also have

2200 Y lajllal
. . allal 1212 — ol f(az) [ (az)
=2 lallel [" 2R< (f(a)>>+‘f(a)

= lasllaf [+ - 2Re (Z oller= @((Cff))))

=0

for any «, z € C.
By (2.18)-(2.20) we get

(2.21) jad 2| 7

. .
< (ZI%I el 2] J) [ZI%I o |27

) j=0

e [ (TN <
2R ((f(a) 2

9 n 1/2
) S lag] Jof ) n ]J;f(‘;))\ S Jay) W]
,
for any «, z € C.

Since all series whose partial sums involved in the inequality (2.21) are conver-
gent, then by letting n — oo in (2.21) we deduce

‘f (a Mz) ! (Oz;)(cji)(w)

< [ (1ol 1=)] "

- 5 1/2
x[fA(|a||z|2)—2Re<fA<|a|z>(§(&j>))+'§((’;j’ fA<|a|>] ,

which is equivalent to the desired result (2.16). O

Corollary 2. Let f(X) = Y .2  a, A" be a function defined by power series with
complex coefficients and convergent on the open disk D (0,R) C C, R > 0. If
2,y € C are such that |z|*, |y|* < R, then

(2:22) £ (e @) £ @%) = f (@) f (o (2)27)

< fa(19P) [£a (|y|) )+ 1f @)l fa (|2
72|f x2 | Re(fA f(zy /f(:cQ)))}

‘ 2
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Proof. If we take in (2.16) a = 2% and z = ¥, then we have

() rer-r () ()]

< fa (yx2| ‘i““)

X | fa <|$2| ’ay:r) |f($2)|2 —2|f (2*)|Re | fa (|x2| %) <ff(z€;§))>
#lr (D) 1 (7).

which is equivalent to (2.22). O

We have the following result:

Theorem 4. Assume that f(\) = Y .°  a, A" (ap # 0) is a function defined by
power series with nonnegative coefficients and convergent on the open disk D (0, R) C
C,R>0. IfreRwith0<z<1and0<a< R, then

(2.23) 0< /(a)f (aa?) ~ £ (ox) < 1/ (@)

Proof. Let n > 1. Observe that

(2.24) gajaj ( B ff(z;)) <xj B ;)

IR NI ACEOR NN &« SN G ) (%)
=2 f(a)zj 2;)] ( f(a))

=0 j=0

for any a,x € R.
Taking the modulus and utilizing the triangle inequality we have

SR A CEOR < SN & S SR J %)
e 2 Fla) 2 =52 (- %)

n
J
< E a;jo
j=0

for any a,x € R. _
Since 0 < x <1, then 0 < a7 <1 for j € {0,...,n}, which implies that

) —

g flaa) s I~ [ (o)
(2.26) Zajax ~ 7@ Zajozx —§Zaja (a: - f(a))
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for0<z<1landn>1.
Utilising the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality, we have

1/2 1/2
n ,aj - a.aj mj — f(a$) ’ Y a'Otj
2.27) 3 a; < (; j ( f(a)) ) (Jz_:o ’ ) |

j=0
(2.28) i aja (arj - ff((o(‘g)f

[ (ax)
fle)

x) —

Observe that

j=0

=S [ (20 2o
par f ()

Y ajada? - ( Z ) z
3=0 =0 =0

From (2.25)-(2.28) we can state that

I — ax) a-c)zjsrj—1 . ajol ad — f (ax)
(2.29) ZQJOZ (a) Z J 2; J ( f(a))

Jj=0

1/2
1
5 (Z ajaj)

1/2
X [gajoﬂ:c% ( gajoﬂzj) 72 ?;w) Zajoﬂ]

j=0

forany 0 <z <1landn>1.
Since all series whose partial sums involved in the inequality (2.29) are conver-
gent, then by letting n — oo in (2.29) we deduce

2 _f(ax) ar
1 aa?) - L0 1 )
Loz p ooy o (fla) N [ aa) 9
< gl |7 @) 2 (L0 pan) + L0y )
namely
oty )| L[ 2 (aw)]?
o) - L8 < i@ 1 (eat) - L]
which is equivalent to the desired result (2.23). O

Corollary 3. Let f(A\) = Y 07 jan\" (ag # 0) be a function defined by power
series with nonnegative coefficients and convergent on the open disk D (0, R) C C,
R>0. Ifu,v € R with0 <u<wv and 0 < v? < R, then

(2.30) 07 () F ()~ £ () < 12 (7).
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Proof. If we take in (2.23) o = v? and z = %, then we have the desired inequality
(2.30). O

3. APPLICATIONS

oo 1 )\n

If we write the above inequalities for the exponential function exp (A) = >~ -5

A € C, then we have:
(3.1) lexp [ (1+2%)] — exp (2az)|
< exp [\a| (1 + \z|2)] — lexp (2| 2)|, @,z € C,

(32)  |exp (2 +y°) —exp (2zy)| < exp (ISEI2 + Iy\2) — |exp (2zy)], =,y € C,

(3.3) |lexp (2° + 0% () y*) — exp (20 (z) zy)|

< exp (Jof” + yl°) — lexp (2a9)], 2.y € C
and
(3.4) ’exp [a (1 + |z

")

< exp (Jo |2I*) [exp (Jaf 21°) lexp (o) + fexp (a2)] exp (Ja)
(
)

}—exp 2aRe (=)

—2exp (@)|> Re (exp (|a| z + az — a))} .

If we take o = 1 in (3.1), then we get
(3.5) lexp (14 2%) — exp (22)| < exp (1 + |z\2) — lexp (22)|, z € C.
If we take o =1 in (3.4), then we get
(3.6) (exp (1+127) — exp 2Re (2)1)2

< exp (\z|2 + 1) [exp (|z|2 + 1) + lexp (2)]> — 2exp (2Re (2))] .

IfxeRwith0<z<1andO0< «, then
(3.7) 0 <exp (a(l+2%)) —exp (2az) < iexp (2a).
If 0 <u <w, then
(3.8) 0 < exp (v + u?) — exp (2uw) < iexp (20%).

If we write the above inequalities for the functions Y " (A" = 15 and > o7 (—=1)" A" =

1+>\, A€ D(0,1), then we have

(3.9) ‘(1104)‘1 (1+az?) " = (lzi:ozz)_2‘
< —la)™ (1-lal27) " ~j1~lal 2|, laf.laf[s <1,
(3.10) () (1) 7 = (L ay) |

—1 —1
<(1-1P) (1-lwP)  —n-ayl T Jallyl <1
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and
(3.11) )(11;&)’1 (102 (2)y?) ' =1%o () xy)”(

—1 —1
2 2 —2
<(1-1al?)  (1-WP)  —R-ay el <1
If u,v € R with 0 <u <wv <1, then

(3.12) 0<(1-0?) " (1-u?) " —(1-w)*< i (1—0%)?

If we write the above inequalities for Y ° | X" =In 15 and Y07, (_:L)" A" =
In—, A € D(0,1), then we have

T
1 2y —1 —1 2
(313) |In(1£a) In(l+taz®) - {ln(l:l:ozz) }
—1 2
<In(l—l|a))"'In <1—|a||z|2) —‘1n(1—|a\z)*1 ol el |2 < 1,
oy —1 2\ —1 -1 2
(3.14) I (142%)  n(1£9%)" = [In(1£ay) |
—1 —1 2
<t (1-f2f) m(1=ll) —|n@-z| jellyl <1
and
2
(3.15) In (1 :I:xQ)illn (1+0%(z) y2)71 - [ln (1+o0(2) acy)fl}

2\ ! 2\ 7! -1
Sln(lf\ﬂ) ln(17|y|) —lln(lfxy) ozl lyl < 1.

If u,v € R with 0 <u <wv < 1, then

2

(3.16) 0<In (1 - 02)71 In (1 - uz)il - {ln(l - uv)_l}
< i {ln (1 — 1)2)_1}2

The polylogarithm Liy, (z), also known as the de Jonquiéres function is the func-
tion defined by

(3.17) Lin (2) =Y o
k=1

defined in the complex plane over the unit disk D (0,1) for all complex values of
the order n.

The special case z = 1 reduces to Lis (1) = ( (s), where ( is the Riemann zeta
function.

The polylogarithm of nonnegative integer order arises in the sums of the form

- n - 1 - n—1i
DR = L () = s )k
k=1 =0

where <7Z> is an Fulerian number, namely, we recall that

k+1

(=X (T w-ge

Jj=0
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Polylogarithms also arise in sums of generalized harmonic numbers H,, , as

oo L.T
ZH,WZ” = %(z) for ze€ D(0,1),
n=1

where, we recall that

n 1 1
H, , = ; T and H,;:=H, = Z T

Special forms of low-order polylogarithms include

) _z(z+1) i) = 2
Li_s(2) = A Li_y (2) aar
Lio(z)zli and Liy(z2)=—In(1—2), z€D(0,1).

At argument z = —1, the general polylogarithms become Li,, (—1) = —n (x), where
71 (x) is the Dirichlet eta function.
If we use the inequality (2.10) for polylogarithm Li, (z) we can state that

(318)  |Lin () Liy (022) — Li2 (az)| < Liy (Ja]) Lin (\a| |z|2) | Liy (Ja] 2)]?

for a, z € C with |a, |z] < 1 and n is a negative or a positive integer.
If u,v € R with 0 <u <wv <1, then

(3.19) 0 < Liy, (v?) Liy (u?) — [Li, (w)]? < iLin (v?),

where 7 is a negative or a positive integer.
Similar inequalities can be stated for hypergeometric functions or for modified
Bessel functions of the first kind, see [4]-[6]. The details are omitted.
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