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INEQUALITIES FOR POWER SERIES WITH NONNEGATIVE
COEFFICIENTS VIA A REVERSE OF JENSEN INEQUALITY

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities for power series with nonnegative coefficients
via a reverse of Jensen inequality obtained by Dragomir & Ionescu in 1994 are
given. Applications for some fundamental functions defined by power series
are also provided.

1. INTRODUCTION

In 1994, Dragomir & Ionescu obtained the following reverse of Jensen’s discrete
inequality:

Let @ : I — R be a differentiable convex function on the interior I of the interval
I.Ifx; €l andw, >0 (i=1,...,n) with W, := 3" | w; = 1, then one has the
inequality:

(1.1) 0< Zwl (2) (Z w:v)
=1 =1 i=1

In order to improve Griiss’ discrete inequality, Cerone & Dragomir established
in 2002 the following result [1]:

(1.2) Zwlal i szaZsz i
1 n n
S — A—a)Zwi bl‘ —ijbj
i=1 j=1
97 1/2
1 n n
< 3 (A—a) ;wzbf — (; wdh’) )
provided oo < a <a; <A <oo,and w; >0 (i=1,...,n) with W, := Y1 w; =
1.
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In addition, if co < b < b; < B < o0, (i =1,...,n) then we have the string of
inequalities

(1.3) Zwla, i Zw alzwb

n

S %(A—Q)Z’LUZ bz —ijbj
j=1

i=1

97 1/2

IN

i(A—a)(B—b).

Utilising these results, we observe that if ® is differentiable convex on a finite
interval, say [m, M], then we have the inequalities:

(1.4) 0< Zwl (z4) <Zw xz>
%(M—m)Zwi O (2;) — Y w;d ()
i=1 j=1

IN

IN

97 1/2

I /\

o ()

for x; € (m, M) (i=1,...,n).
If the lateral derivatives ®’, (m) and ®’ (M) are finite, then we also have

n n
— Z wi<I>’ (.’El) Z W; T;
i=1 =1

(1.5) 0

IN
g

s
Il
-

IA
g

S
Il
—

< % [0 () = L ()] Y wi i = > wya
. . 07 1/2
< Lot ) - @ ()] |3 wa? - (Z w)
=1 i=1
< L OF —m) [ (0) - @' (m)]

forz; € Im,M] (i =1,...,n).
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In the recent paper [9], by the use of a refinement of Young’s inequality, the
authors proved the following result:

Let f(z) = Y.0_ganz" be a power series with nonnegative coefficients and
convergent on the open disk D (0,R) with R > 0 or R = oo. If y, 2, 2y,
217vy” € (0, R) and v € [0,1] then we have the inequalities:

(1.6) 2min{v,1—v}[f(y) f (2) — f* (v/y2)]
Sfrwr—f (Vly)f(zlyy)
<2max{v,1-v} [f(y) f (2) — f* (V¥?)]

or, equivalently,

(1.7) 2min{v,1 — v} [f (u*) f (£?) — f* (ut)]
<f (u2) f (t2) —f <u2l/t2(1—y)) f <t2(1—l/)u2u>
<2max{v,1 —v} [f (u2) f (t2) —f? (ut)] ,

provided u?, 2, >0 =) 2(0=)y2 ¢ (0, R) and v € [0,1].

For other recent results for power series with nonnegative coefficients, see [9] and
[10]. For more results on power series inequalities, see [2] and [5]-[8].

Motivated by the above results and utilizing a reverse of Jensen inequality ob-
tained by Dragomir & Ionescu in 1994 we provide in this paper other inequalities
for power series with nonnegative coefficients. Applications for some fundamental
and special functions are given as well.

2. POWER INEQUALITIES
The most important power series with nonnegative coefficients are:

oo

1 n 1 _ = n
(2.1) exp(z)zzgz7ZEC7E—ZZ,ZED(O71),

n=0 n=0

1 > 1 n — 1 2n
lnl_zznzzzlgz , 2€ D(0,1), coshzznzz;)mz , 2€C,

. 1
sinh z = Z 7'z2"+1, z e C.
n=0 ( :

Other important examples of functions as power series representations with non-
negative coefficients are:

1 1+ 2
2.2 ~1In 21 D (0,1
CE (1) L 2eD(0.1),

) 22”+1, z€ D(0,1),

> 5
- L7

2n+1
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o0
1
tanh ™' (2) = Z 221 2 e D(0,1),

T+ T (AT ()
D=2 @ TG T (1)

0
z2€ D(0,1),

n7a7/8’7>0

where ' is Gamma function.
The following result for powers holds:

Theorem 1. Let f (2) = > o~ jan2" be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 orR=o00. Ifp>1,0<a <R
and x > 0 with ax?, azP~t < R, then

flaa?) [fn)]?_ [flaar) f(0av) f (an)
LS Spl ]

f(a) fla)  fla)
Moreover, if 0 <z < 1, then

flaa?) [fan)]”_ [flaa?) f(0z7) f (an)
G 0= {ﬂa)}gplﬂa) 7@ f(a)]

- b1y 12 1/2
<L (fw JN[Ea) ) <

7 (@) f (@)
and

floa?) [flax)]" _ | flaz?) f(aaP™!) f(ax)
@5 0= {ﬂa)}“lﬂa) 7@ f(a)]

1 f (az?) [ [ (ax) 2\ /2 1
<2p< @) [fw)]) =ar

Proof. If we write the inequality (1.1) for the convex function @ : [0, 00) — [0, c0),
® () = 2P, p > 1, then we have

(2.6) 0< Zwixf — <Z wixl> <p (Z wialt — sz wa,)

for any w;,z; >0 (i =1,...,n) with > w; = 1.
If0<a<Rand k>1, thenby(26) we have

2.7 0< ajoﬂ a?p a; alxd
27 Z Z (Z] 0 ajad Z )

j= oaao‘jg =0

<p aoﬂx’)
. {Z 5
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Since all series whose partial sums involved in the inequality (2.7) are convergent,
then by letting £ — oo in (2.7) we deduce (2.3).

Now, if 2; € [m,M] C [0,00), (i =1,...,n), then by (1.4) for the convex func-
tion @ : [0,00) — [0,00), ® (x) =P, p > 1 we have

n n P
(2.8) 0< Zwixf - <Z wixZ-)
=1 i=1
n n n
<o (St - St Y
=1 =1 =1

1 - R -
§§p(M7m)Zwi ¥ 172wjx§ !
i=1 j=1

97 1/2

IN

1 SIPE IR L o W
§p(M—m) szml - lzzlwle

i=1

IN

%p(M—m) (M’Fl —mpfl).

If0<z<1,then 0< a2/ <1forj=0,..k and by (2.8) we have

(2.9)
1 u : 1 ul '
0< Za o (aP) — Za ol x?
= =k j % j
Zj—oaja] j=0 Zj—oaja] j=0
k
1
<p - : Z%‘Of] (zP)’
ijo a;ad 7,
1 b o1 ul
J (p—1)7 J od
—" Zaja (P~ 1) ’ Za oz
ZJ 0@ ;—o ZJ 0@ ;—o
1
=P
2
97 1/2
1 z’“: a1’ 1 Zk: (1)
X | =4 > a;o’ [a: L ] | = a;od (P
A . J k : J
>0 407 j=5 > 04507 S5
1
= =P
4

Since all series whose partial sums involved in the inequality (2.9) are convergent,
then by letting £ — oo in (2.9) we deduce (2.4).



6 S.S. DRAGOMIRY2

Now, if z; € [m, M] C [0,00), (=1,...,n), then by (1.5) for the convex func-
tion @ : [0,00) — [0,00), ® (x) = 2P, p > 1 we have

n n p
(2.10) 0< szxf - (Z wixi>
i=1 =1
n n n
<o (St - S Yo
=1 =1 =1

n n
< %p (MP~! —mPt) Zwi T — ijxj
i=1 j=1

07 1/2
1 n n
Z p—=1 _ yp—1 2 .
< 2p (M m ) 2101% (Zl wm)
< 1 (M —m) (Mp_1 — mp_l) .
!
Finally, by utilizing a similar argument as above, we obtain the inequality (2.5).
The details are omitted. U

Remark 1. We observe that, the second inequality in (2.3) is equivalent to

ey LY <pf ) L™ ) < (p— 1 L)

f(a) fle) f(e) fle)

or to
(212) f(a2) (pf (aa" ) [f (@7 = [ (a)P™') < (0= 1)/ (aa?) [f (),

provided that p > 1, 0 < a < R and z > 0 with ax?, azP~! < R.
Moreover, if 0 < x < 1, then from (2.4) we have

(2.13) [f(%“)]pS flaa?) 1 [f(oz:r)]p.

7 (@) fo S T

Taking the power 1/p and using the inequality (a + b)l/p <a'’P+bYP p>1 we
get

1 1
(2.14) 0 < [f (@] [F (@))% = f (o) < 570" /7f ().
Corollary 1. Let f(z) = Y .7 anz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R = co. If p > 1,
%—!—%:1 and u,v > 0 with vP < u? < R, then

f(uv)]p f@r) 1 {f(uv)r

(219) Fom] <Fom <+ [Fom

and

(2.16) 0. [F @7 [f (o))" f (wv) < 3op /7 ().

Proof. Follows by taking into (2.13) and (2.14) a = u? and x = 2. The details

are omitted. O
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Example 1. a) If we write the inequalities (2.4) and (2.5) for the function
Yo 2", z€ D(0,1), then we have

11—« 1—a)’ e (1-a)?
2.1 < - < —
(2.17) 0= 1— azP (1—041‘) =P [l—ozxp (1 —axzP~1)(1— ax)

1 _
11—z =

1/2

_1 1-a L-—a \*| 1
= 2P 11T " aa2—D) 1— azr—1 =3P
and
1- 1—a )\’ 1- 1—a)
(218) 0<—> “) < - (Chlc)
1—auxP 1—oax l—azr (1—azr 1) (1-ax)

for any o,z € (0,1) and p > 1.
b) If we write the inequalities (2.4) and (2.5) for the function expz =Y~ o %z",
z € C, then we have

(2.19) 0 < expla(zP —1)] —exp [pa(z — 1)]

<plexpla(a” = D] —exp[a (@ + 2 - 2)]]

< (o s 1) —exp ot 0) < s

and
(2.20) 0 <expla(zP —1)] —exp[pa (z — 1)]
<plexpla(z’ —1)] —exp [a (2" + 2 —2)]]
< %p (exp [a (2 — 1)] — exp [20 (z — 1)])1/2 < ip.

for any a,p >0 and z € (0,1).

3. EXPONENTIAL INEQUALITIES
The following exponential inequality holds:
Theorem 2. Let f (z) = ZZO:O anz™ be a power series with nonnegative coefficients

and convergent on the open disk D (0, R) with R >0 or R=o00. If 0 < o < R and
x,B € R with aexp (Bx) < R then

floexp (8) __ [abef (a)
G 0= p[ f(a)}
o [exp (B2) f' (wexp (B2)  f (aexp (B2)) f' (0)
< e @ fl
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Moreover, if x <0, 8 > 0 with exp (8z) < R and 0 < a < R, then

[(@exp(B) _[afef (@)
B2 0= ‘”’[ 7 (@) ]
exp (B2) f' (wexp (B2)) 1 (aexp (B) f' (@)
f“ﬁm{ F () 7 (@) f(a)}

1/2

IN

1 falr@+af @) (af @)
25'”6[ 7@ _(f(a)>]

Proof. If we write the inequality (1.1) for the convex function ® : R — [0, 00),
® (z) = exp (Bz), then we have

(3.3) Z w; exp (Bx;) — exp (ﬁwaZ)

i=1 =1

[Z w;x; exp (Bx;) szexp Bz;) szacz]

\ N

forany w; >0 (i=1,...,n) with > jw;=landz; eR (i=1,...,n).
If 0 < a < Rand k > 1, then by (3.3) for x; = jz, we have

(3.4) 0< # Z aja’ [exp (Bz)) — exp Zjajoﬂ

Z] Oa]ajj =0 Z] Oa]oﬂj 0

<fr | Zyajoﬂ exp (Bz))

Z] 0%0‘37 =0

1
—7Zajoﬂ exp (ﬁm Z]aja]
Zj 04079 55, E; =0 ;¢

Observe that the series Z;io jajaj is convergent for 0 < o < R and

oo o0
Zjajaj :Zjajaj =af' (a), 0<a<R.
=0 j=1

Since all series whose partial sums involved in the inequality (3.4) are convergent,
then by letting k — oo in (3.4) we deduce (3.1).
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If we write the inequality (1.4) for the convex function ® : R — [0,00), ® (z) =
exp (Bz), then we have

(3.5) 0< Zwl exp (Bx;) — exp <ﬁ2wm)

i=1 =1

<p lz wiz; exp (Bx;) sz exp (B;) Zw xZ]

IN
N
)
@
o]

o)
=
=
|
o)
o]
ko]
=
S
\'Ms
&
@&
|
VRN
(]
g
8
N———

provided m <z; < M, i€ {1,...,n}.
Now, if 3 > 0, by letting M = 0 and m — —oo then by (3.5) we have

(3.6) 0< Z w; exp (Bx;) — exp (5 ZwZ%)

i=1 =1

<p lzn:wixl exp (Bz;) Zwl exp (Bz;) Zw xZ]

=1

< %ﬂiwi @i — iwﬂj < %B En:wix? - (iw%) :

i=1 j=1 i=1

provided —oo < z; < 0.
FO<a< R, z<0,8>0andk > 1, then by (3.3) for z; = jo € (—00,0], we
have

1
(3.7) 0 ——M— Zajoﬂ exp (ﬂaj)] — exp Zjajoﬂ
j= oaJO‘ =0 j= oaj
1 - . :
<P | Zjajoz] [exp (Ba)]’

ijo ajod =

1
—72%(1] [exp (Bz)] Z](LJOL]
Z] 0@ ) Z; 0

01 1/2

1
< =Bz g j2a;al — E ja;al
2 z’“ ajod 577 Shgae 5

j=0 JOa]ajjO

If we denote g (u) := >~ ayu™, then for |u| < R, its radius of convergence, we

have
o0
Z na,u™ = ug' (u)
n=0
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and
Z n2onu” = u (ug' (uv) .
n=0
However
u (ug' (u) = ug’ (u) + u’g" (u)
and then

oo
Z n2a,u” = ug' (u) +ug" (u).
n=0

Since all series whose partial sums involved in the inequality (3.7) are convergent,
then by letting & — oo in (3.7) we deduce (3.2). O

Example 2. a) If we write the inequality (3.2) for the function 1; =3 2",
2 € D(0,1), then we have for x <0, >0 and 0 < a < 1, that

l1-a afz

(3.8) Ogl—ozexp(ﬂx)_eXp<1_a)
(1 —a)exp (Bz) B 1 lﬁ|x|a1/2
Saﬁml(laexpwmf 1—aexp<5x>]§2 I

b) If we write the inequality (3.1) for the function expz = Y.~ 42", z € C,
then we have
(3.9) 0 < exp (a[exp (Bz) — 1]) — exp (afz)
< afz [exp (a[exp (Bz) — 1] + Bz) — exp (a [exp (Bz) — 1])]
for any o >0 and z, 5 € R.
3.1. Logarithmic Inequalities. The following logarithmic inequality holds:

Theorem 3. Let f (z) = ZZOZO anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) with R > 0 or R = o0. If 0 < a < R,
p >0 and x > 0 with ax?, ax™ < R, then

f(al’”)> af (@) [ (aa?) f(ax™P)
3.10 O§1n< —p Inz <
(310) @ ) 7 @ @

Moreover, if 0 < x <1 with azP,axz™ < R, then

iy osw(LOT) 0l Ll e,

-1

e 7o) F@) @
1 (o) (flaam))?]"”
§2[ 7o) ( o) ”

Proof. If we write the inequality (1.1) for the convex function ® : (0,00) — R,
® (z) = —Inz, then we have

(3.12) 0<In <iwm> — sz In (x;) < Z % Zwm -1,

for any w; >0 (i =1,...,n) with >
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If 0 < a < Rand k > 1, then by (3.3) for z; = (zP)’ , we have

k k
1 ; ; plnzx ,
(3.13) 0<In| ——— Zajoﬂ () | = =—— Zjajoﬂ
22 j=0 9% i 2 j=0 9% i35
k k
1 , p 1 od
Sk >_aje’ (@) >4 -1
ZJ—OCLJO‘J §=0 E; 0@ =g (zr)’

Since all series whose partial sums involved in the inequality (3.13) are convergent,
then by letting k — oo in (3.13) we deduce (3.10).
From the inequality (1.4) we have

(3.14) 0<In (é wzz,) Zw, In(z;) < Z - szL _

i=1 =1

1 1 &K w
< Mmm ) wo -0 o

IN
N |

=

|

2
Kl E

|
N
INgE
S
N————

for any w; > 0 (i=1,...,n) with Y7

(t=1,...,n).

If 0 <z <1, then 0 < 2P < 1 and if we apply the inequality (3.14) for z; =
(xP)” € (0,1] we have

yw; = 1 and x; € [m,M] C (0,00)

k
plnzx . ;
(3.15) 0<In Za]oﬂ () | — = Z]CLJ’O(]
Z] 0 a;ad ijo a;ad 7,
k

I (zP)’
Ea]am

527

Z] 0@ Z_] 0@ o

97 1/2

ke
E

1 1 ol 1 ol

ST aw 2 \Tae 2wy
ijoaaa j=0 \T ijoaja j=0 @

Since all series whose partial sums involved in the inequality (3.15) are convergent,
then by letting £ — oo in (3.15) we deduce (3.11). O

Corollary 2. Let f(z) = Y .7 anz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. Ifp > 1,

o2
%—i—%:l and u,v > 0 with vp7uq,‘;—: < R, then

(3.16)  0<In (;EZZD u;f{é%q)l . f(vp)f(%q)
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If vP <u? < R and %,%, then
Fer)Y i o e (5)
61 o< (FER) - e < o e !

o > 1/2
(=) (1))

1
2| f(u) ()

Proof. Follows by taking into (3.10) and (3.11) a = u? and x = —2~. The details
are omitted. 0

Example 3. a) If we write the inequality (3.11) for the function T~ =Y 2",
z2€ D(0,1), then we have for 0 < o,z < 1 and p > 0 that

-« pa (1—a)?
1 <l - Inz < -1
(3:18) 0< n(l—aaﬂ’) 1—a 0= (1 —azxp) (1 —ax—P)

1| 1-a 1—a \°
< Z _
2 |1—qx? 1—azxP
b) If we write the inequality (3.10) for the function expz = > ov, 42", z € C,

n=0 n!
then we have

(3.19) 0<a(z®—1)—palnz <expla(z’+277-2)] -1

1/2

for a,p,x > 0.
The following logarithmic inequality also holds:

Theorem 4. Let f (z) = Zf:o anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R > 0 or R = oco. If 0 < a < R,
p >0 and x > 0 with ax? < R, then

pos?f (a?) | flax?) | (f(aa?)
(8.20) ST e ™M T ! (f(a) >
2 f (aa?) [ (oa?) f’ <a>} .

< pa -

f(a) fle) fla)

or, equivalently

/ »
o (e) . (£6020)
f(a) f(a)
i.e., the first inequality in (3.10).
Moreover, if 0 < x < 1 we also have

ot (est),_ 67),, (£{een))

(3.21) 0<

@) 7@ "\ F
wf (0a)  floa?) f(@)]
Sm{ O f(a)}l

1/2

alf (@) +of’ (o) (oj’(a))j

1
< gplinal l e 7o)
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Proof. If we write the inequality (1.1) for the convex function ® : (0,00) — R,
® (z) = zlnz, then we have

(3.22) 0< Zw x; In (z;) Zw z; In (Z wla?Z)

i=1

< Zwi o (z;) + 1] z; — Zwl [In (x;) + 1] Zwixi
i1 i=1 i=1

for any w; >0 (i=1,...,n) with > w; =1 and z; € (0,00) (i =1,...,n).
If 0 < @ < R and k > 1, then by (3.3) for z; = (2?)’ , we have

k
plnz . . ;

(3.23) 0< s E jajo (zP)’
=0 A =g

Z anﬂxpjln
a;
]0]

k

1
= kizajaj (jpInw +1) (27
ijoaao‘ §=0

E aoﬂ xp
Zy 040 20

k
1 ,
- - A (inl 1) J (P
- _Zajoz (jplnz + Zaa T
> j—0 @0 S50 Z] 05
1 ~ : :
=0 planja]—oﬂ (zP) + Zajoﬂ (xP)’
Ej:o ajod §=0 §=0

k k
Zkl" planjajajJrZajoﬂ Za ot (2P’ .

j=0 a0 j=0 =0 Z] 0

Since all series whose partial sums involved in the inequality (3.23) are convergent,
then by letting k — oo in (3.23) we deduce

N =)

St T T T
1 P (x?) Inx ax?
Sm[?‘mf( JInz + f (az?)]
_ b ot (o) Inz o f (az®)
%) [paf' (o) nz + f(a)] Fla)

which is equivalent to (3.20).
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£ (0,00) = R, ® (z) =

14
If we write the inequality (1.4) for the convex function ®

zInz, then we have

Z w;z; In (Z wx)

(3.24) 0<> wir;ln(z
wi [In () + 1] z; — Zwl [In (z;) + 1] 2:10@7
i=1

=1

Il
-

'M3

Il
-

S

(M —m Zwl Inx; — ijlnxz
97 1/2

- <Z w; [In (z;) + 1])

—_

IN
N

%(M—m) S wi fIn () + 17

i=1

IN

,n) with 32" jw; = 1 and x; € [m,M] C (0,00)

for any w; > 0 (i=1,...
(i=1,...,n).
Now, if we let m — 0+ and M =1 in (3.24) we get

Z w;x; In (Z w; 3:1>
xl Z wz lIl ) + 1] i: W;T;
i=1

(3.25) 0< sz% In (x;)
=1

< Zwt [In (z;)
1 n n
5210@ Inz; — ij Inz;
=1 Jj=1
97 1/2

IN

sz [In (z;) +1 (sz [In (x;) —l—l])

0,1 (G=1,...,

;=1,...,n) with > jw; =1and z; €
If 0 < x <1, then O < P < 1 and if we apply the inequality (3.25) for z;

for any w; >0 (i =1

(0,1], we have

(ar) €
k
(3.26) 0< gﬂi Zjajozj (zP)’
2 =00 =5
1 N 1 i
ajol (@)’ In | ———— ) aja! (zP)’
Zg 045079 5,

TNk S
Zj:o a;o g
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k k
1 . . ) )
< ——— planjajoﬂ (xP)? + Za]—oﬂ (xP)’
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Since all series whose partial sums involved in the inequality (3.26) are convergent,
then by letting k — oo in (3.26) we deduce (3.21). O

Corollary 3. Let f(z) = Y .2 anz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. Ifp > 1,
%Jr%:l and u,v > 0 with vP < u? < R, then

o os ()T ()
S“ql T ff<u(>)]1“(u>
1/2

- % lu f (ud) +ulf” (u9)] <qu' <uq>ﬂ " (u) .

f () f (u?) vP



16 S.S. DRAGOMIRY2

Example 4. a) If we write the inequality (3.21) for the function 1; =37
2z € D(0,1), then we have for a,x € (0,1) and p > 0 that

P(1— 1— 1—
(3.28) gcpartliza)y _ 1-« m( a)
(1 — azxp) (1 — azP) 1—auar
P (1 — 1 1 pat/?
< pa gl a)2— lnx§7&|ln:p|.
(1 — azP) 1—axp 21—«

b) If we write the inequality (3.21) for the function expz =Y o 42", z € C,
then we have

(3.29) 0 < [paz?Inz — a(a? — 1)) exp [a (2P — 1)]
1
<pa(zP —1)expla(z? —1)]lnx < 3P |In | o'/
for z € (0,1) and a,p > 0.
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