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SOLUTIONS TO TWO OPEN PROBLEMS CONCERNING THE
CONSTANTS OF LANDAU AND LEBESGUE

CHAO-PING CHEN* AND JUN-XIANG CHENG

ABSTRACT. The constants of Landau and Lebesgue are defined, for all integers n > 0, in order,
by

™

sin ((n + %)t)

1 dt,
sin(5t)

"1 2k 1
Gp = — - =
" §16k<k> and Ln =20 )

which play important roles in the theories of complex analysis and Fourier series, respectively.
Here we aim at giving solutions to two open problems concerning the constants of Landau and
Lebesgue proposed by Chen and Choi, and Chen and Cheng.

1. INTRODUCTION
The constants of Landau and Lebesgue are defined, for all integers n > 0, in order, by
sin ((n + %)t)

sin(31)

n

1 /2k\? 1 [

k=0 -

dt,

which play important roles in the theories of complex analysis and Fourier series, respectively.
Certain inequalities and asymptotic expansions for the constants G,, and L,, have been in-
vestigated by many authors (see, e.g., [3, 4, 5, 6, 7, 9, 14, 17, 19, 20, 21, 22, 23, 27]). In this
paper, we give solutions to two open problems concerning the constants of Landau and Lebesgue
proposed by Chen and Cheng [5] and Chen and Choi [6]. See sections 2 and 3.
The following lemma is required in our present investigation.

Lemma 1.1 (see [8]). Let qo # 0 and
Q) ~> qzl, x—o0 (1.1)
=0

be a given asymptotical expansion. Then the following results hold:
(i) The composition A(x) =1n(Q(x)) has asymptotic expansion of the following form

o
A(z) ~ g a;x”?, T — 00,
i=1
where

J—1
¢ 1 ,
a; = > — — karq;_, jeN. (1.2)
a0 Jao ; !
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(ii) For all real v it holds

o))"~y Pi(rat, oz oo,
j=0

where
J

1 .
Po(r) =q5, Pj(r) = 0 — > k(1 +7) = jlaxPj_k(r),  jEN (1.3)
k=1

2. THE LANDAU CONSTANTS

Landau himself studied the asymptotic behavior of G, and showed that G, ~ %ln n, as
n — oo. From then on, various approximation results are obtained for the Landau constants.
The approximation of G,, goes to two related directions. One is to find sharper bounds of G,,
for all positive integers n, and the other is to obtain large-n asymptotic approximations for the
constants G,,. Watson [25] proved the asymptotic formula:

1 1 1
G7L:wln(n+1)+60_41m(11—1—1)+0(7ﬂ> as n — o9, (21)
with
1
cp = —(v+41In2) = 1.0662758532089143543451101966157 . . ., (2.2)
™

where v denotes the Euler-Mascheroni constant. In what follows, ¢y is given in (2.2). Inspired
by formula (2.1), Brutman [2] discovered upper and lower bounds for G,,:

1 1
1+ — ln( +1)<G,<c¢+—In(n+1), neN. (2.3)
7r

Falaleev [11] presented new bounds for G,:
3 3
co+ — ln(n+4)<G < 1.0976 + — ln(n+4), n € Ny. (2.4)

Recently, some sharp inequalities and asymptotic expansions for G,, were established [3, 4, 5, 6,
7,9, 14, 17, 19, 20, 21, 22, 23, 27]. For example, Mortici [19] improved the upper bound and
proved the following inequality:

1 3 1 3 11
co+7T1n<n 4)<G <co+ — ln( +4+192) n € N. (2.5)

Moreover, the author pointed out that the constant 3/4 is the best possible. In [4], Chen improved
the upper bound in (2.5) and presented the following inequality:

1 3 1 3 11
1 - 1 -t No.
co+ — n<n+4)<G <cop+ — n(n+4+192(n+i)>, n € Ny (2.6)
In fact, the following approximation formulas hold (see, e.g., [3, 4]):

1 3

Gn,=c+—In (n + 4) +0(n™?), (2.7)
T

1 3 11 s

Gn—co+7r1n< "t 1t Toom >+O(n )s (2.8)
1 3 11

G, = =1 -t O(n™%). 2.9

" CO+7rn<n+4+192(n+Z))+ (=) (29)
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Also in [4], Chen presented the following better approximations than those in (2.7) to (2.9):

1 11 2009
Gn = =1 - - : O 3)=6 2.10
ot <"+ 17 T02(n 1 %) 1843200 + j)3> +0((n+3)7) (2.10)

and

o —orli <n+3+ 1 2009 . 2599153 )
nT AT 47 192(n+32)  184320(n+ 2)3 © 371589120(n+ 2)5) (2.11)

+0((n+%)7%).
Nemes [21, Theorem 1.1] proved that for 0 < h < 3/2, the Landau constants G,, have the

following asymptotic expansions

gr(h)

m as n — oo, (212)

1 o0
Gp,~—In(n+h)+co — E
™
k=1

where the coefficients gy (h) are given by

MOEESS ((f) By (b= 3) Yy (ﬁ)%) . (2,13

m=0
Here, S(j,m) denotes Stirling Numbers of the Second Kind defined by the generating functions:
(ea: _ 1)m > .Z‘k
k=m
and the By(t) denotes Bernoulli Polynomials defined by the generating function:

ze

tz & prg
o= > Ba()=p,  lel <2m (2.14)
n=0

e* —

Note that the Bernoulli numbers B,, (n € Ny) are defined by B,, := B,,(0) in (2.14).
In [21], the first few values of g (h) are given by

4h —3
gi1(h) = yy—
96h2 — 144k + 43
g?(h) - 1927 3
;12817 — 28852 + 172h — 21
gs(h) = 3847 ’
() = 307204 — 92160h3 + 82560h2 — 20160k — 619
ga\h) = 1228807 :
24576h5 — 92160h* + 110080h3 — 40320h2 — 2476h + 1425
gs(h) = 122880 '
iy

In fact, (2.12) also holds for h = 0. Nemes [21] showed that for 0 < h < 3/2,
gr(h) = (—l)kgk(% —h) for keN,

which implies
gok—1(3) =0 for keN.

Moreover, the case h = % is investigated in detail in Nemes’ paper [21].
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Let 0 < h < 2. Based on the above result of Nemes, Chen and Cheng [5] extended the
formulas (2.7) to (2.11) to the following full asymptotical expansion of the form:

1 1 " ai(h) 1
n= =1 )+ —=1In|1 S A — 2.1
G co+7rn(n+ )+7Tn +;(n+h)3 +O<(n+h)m+1> (2.15)

for n — co and m € N. Moreover, the authors gave a formula for successively determining the
coefficients a;(h) in (2.15).
The gamma function may be defined by

I(z) = / t*tetde, x> 0.
0
The logarithmic derivative of the gamma function:

P(x) = I;((j)) or InT(z)= /j P(t)dt

is known as the psi (or digamma) function.
There are bounds of other types involved. For example, Cvijovié and Klinowski [10, Theorem
1] gave some estimates in terms of the psi function ¢, namely

1 1
co+ —vY (n + 5) <G, <1.0725+ = (n + 5) , n € Ny, (2.16)
T 4 T 4
1 3 1 3
0.9883 + —v <n + > <G, <co+ =9 (n + ) , n € Ng. (2.17)
s 2 s 2

Alzer [1, Theorem 1] established sharp inequalities for G,, in terms of the psi function:

1 1
co+;¢(n+a)<Gn§co+;w(n+ﬁ), n € Ny (2.18)
with the best possible constants

a= Z and B=19 " (m(1—co)) =1.26621....

In fact, we have

1 5
Gn,=co+ —v¢ (n + 4) +0(n™?) (2.19)
T
(see, for example, [3, Theorem 4]). Recently, Chen [4] proved that for all integers n € Ny,
1 5 1 5 1
— - <Gy < — -t . 2.20
co+7r7,b(n+4) C°+ww<n+4+64(n+j)) (2.20)
Moreover, the author pointed out that
1 5 1
G, = — e e O(n™). 2.21
et (0§ gt ) 00 (221

Alzer [1, Remark 1] pointed out that the lower bound in (2.20) is better than one in (2.6). Chen
[4] showed that the upper bound in (2.20) is sharper than one in (2.6).

Very recently. Chen and Cheng [5] presented the following better approximations than that
in (2.21):

1 5 1 3 61 1
Gn=co+— 2 - o= 2.22
o+ ¥ (" T3 6 256m2 T 12288n3> * (n5) (222)
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and
1 5 6L4 1242788 5;95234710 1
Gn=co+ = (n++ - - )+O(> 2.23
0 Ww 4 n4+3 (n+3)3  (n+32) (n+3)8 (2.23)

and posed the following natural question:
Open problem 2.1. Find the constants 3;(h) (j € N) such that

G + 1y + + Z (2.24)

~ — — 00. .
n ™~ Co . ’I’L + h as n o0

In particular, please consider two special cases h = 0, and %.

Theorem 2.1 gives a solution to the open problem 2.1. The proof of Theorem 2.1 makes use
of the technology in [8].

Theorem 2.1. The Landau constants G,, have the following asymptotic expansion:

GnNCo%-%dJ ZQj(h)(n+h)7j+1 as n — oo, (2.25)
=0
where
=1 g =25 kargr i (h ji(*l)kB’“P- k (h (2.26)
a(h) =1, g )_EZ akqj—k( )+kz::1 — Li—k(=k) = mg;(h). -

Here B,, are Bernoulli numbers, gi(h) are given in (2.13), P;(r) can be calculated by (1.3), and
a; can be calculated by (1.2).

Proof. Let us denote ¢; instead of ¢;(h). We can let

(G — co) ~ nE gn ], n — 0o,

where ¢; (j € Ng) are real numbers to be determined. By using the following expansion (see [18,
p. 33])

= (-1)*B
Y(x) ~Inz — Z ()Tkm*k, T — 00, (2.27)
k=1
we obtain

S ) o () -5 (oS

=0 k=1

On the other hand, it follows from formula (2.12) that, as n — oo,
m(Gpep — co) ~Inn — ngj(h)n J

Hence, we have

In (2 qg'n_j) - i % (”f: ‘Jj”_j> B ~ = ]5—021 mg;(h)n~7. (2.28)

k=1 =0



6 CHAO-PING CHEN AND JUN-XIANG CHENG

Extracting the coefficients of the power nY, it follows from here that In gy = 0, and hence gy = 1.
Using (1.2) and (1.3), the left side of (2.28) can be written as

I I Y URED vl CED wi S ) P
k=1 k=1 j=1 k=1

(2.29)

The coeflicient g; which should be determined from here is hidden in the calculation of a;. Using
(1.2) we can write

14
a; =qj — i Z karq;—k- (2.30)
k=1

Linking together (2.28), (2.29) and (2.30) immediately follows (2.26), which proves Theorem
2.1. O

Remark 2.1. Here we give explicit numerical values of some first terms of qj(h) by using the
formula (2.26). This shows how easily we can determine the coefficients g;(h) in (2.25). Let
go =1 in (1.1). By using (1.2) and (1.3), we obtain that

ar=q, a2=4q2— %Q%
and

P(-1)=1, Pi(-1)=—q, P(-1)=—-g+qi,

Py(—2)=1, Pi(-2)=—2q,
respectively. From (2.26), we find that

qi(h) = —=B1Py(—1) —mgi(h) = 3 — =3 =5 _

g2(h) = %alCIl(h) —B1P(-1)+ %BQPO(_Z) —7mga(h) = éy

a3(h) = (a1g2(h) + 2a2q1(h)) — BiPo(—1) + 1 BoPy(—2) — mgs(h) = — 55 + g1
Likewise, we find from (2.26) that

ai(h) = 5 — Bch+ &1* and g5(h) = 5 + Sh+ S0 — S2hP
Remark 2.2. Observing (2.24) and (2.25), we let

Bi(h) = gj41(h), j €N,
g;j(h) can be calculated by (2.26). This solves the open problem 2.1. In particular, we have

1 3 61 33
p1(0) = 61’ B2(0) = ~ 556’ B3(0) = 12988 Ba(0) = 16334
and
. 1 47
3y _ & 3y _ 3y _ 3y _
ﬂ1(4) 64° ﬂ2(4) 07 53(4) 12288’ ﬂ4(4) 0
We then obtain the following explicit asymptotical expansions:
1 5 1 3 61 33
~ — — — - 2.31
Cn vt o9 <”+ T 6an 25602 T 122880% T 16384n? ) (2:31)
and
1 5 1 47
Gp~oeg+ =t (n+=+ — +o ). 2.32
n oot Y (” 4 64(n+32) 12283(n+ 3)3 ) (2:32)
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3. THE LEBESGUE CONSTANTS

The Lebesgue constants L,, have attracted the attention of several well-known mathematicians,
for example, Fejér [12], Gronwall [15], Hardy [16], Szego [24], and Watson [25], who established
remarkable properties of these numbers. For instance, they presented monotonicity theorems as
well as various series and integral representations for L,,. The following asymptotic formula is
due to Watson [25]:

4 1
L"/2:7721n(n+1)+01+0<n2> , n — oo, (3.1)
with
. Ink 4
== Z 71 T o2 (7+2In2) = 0.9804312738311460517416488 ... (3.2)

where v denotes the Euler-Mascheroni constant. Throughout this section, ¢; is referred to the
constant in (3.2). Using (3.1) and (3.2), Galkin [13] obtained the following inequalities for L, o:

4 4
Cl‘i’ﬁln(n‘i’l) < Ln/2 < 1+p1n(’ﬂ+1), n € Npy; (3.3)
4 4
0.7190 + = In(n +2) < Ly,s <c1 + = In(n + 2), n € Np. (3.4)
Zhao [27, Theorem 2] established the following two-sided inequalities:
4 do dy
—1 1 — L
= n(n + )+cl+(n+1)2 (n+1)4< /2
(3.5)
Sty YIS ST B I neN
72 T2 n+DF T (4 1)8° 0
where
12—
=g
g— T 2% 7w\ 5040 — 4207% — 77t
LT 12072 3 90) 1080072 ’
d 1 B ﬁ B E B LG 30240 252072 — 4271% — 76
27 16m2 3 45 945 151207
Recently, Chen and Choi [7] proved that for n € Ng and N € N,
4 2N+1 A

with

8 Boj J
Aj = ?27;(22;71 ( + Z ) ) (3.7)
k=1

where B,, (n € Ng) are the Bernoulli numbers. The inequality (3.6) implies the following asymp-
totic expansion:
Aj

4
Ln/2 ~ — ln(n + 1) +c1 + Z T n — oQ. (38)
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The first few values of A; are given by

12 — 2
A= 1872
5040 — 42072 — 774
)\2 = — )
1080072
. 937440 — 7812072 — 13027* — 317
5T 95256072 ’
N 153619200 — 1280160072 — 2133607* — 50807 — 12778
4 3628800072 ’
N 17483558400 — 145696320072 — 242827207* — 57816075 — 1445478 — 365710
> 56453760072 :
1849675317025536000 — 15413960975212800072 — 25689934958688007
\ — 611665118064007° — 15291627951607% — 3861522210071° — 977403607712
6 — — )

53549265369600007>
21422321496576000 — 17851934580480007% — 297532243008007*
— 7084101024007 — 177102525607° — 4472286007 1°
— 11319962712 — 286685714
39230231040007>

7=

Remark 3.1. Taking N =1 in (3.6), we obtain the following inequalities:

12 — 2 5040 — 42072 — 77
1872(n+1)2  1080072(n + 1)4

12 — 72 5040 — 42072 — 7t
1872(n+1)2  10800m2(n + 1)%
937440 — 7812072 — 13027* — 3176
95256072 (n + 1)6 ’

4
ﬁln(n+1)+cl + < Ln/2

4]
<? n(n—|—1)+cl—|—

n € Ny,

improving the upper bound and confirming the lower in (3.5). The asymptotic formula (3.8) can
be found in Wong [26, pp. 40-42]. In [7], the authors gave a different proof of (3.8) from that in
[26, pp. 40-42].

Let the sequence (b;);jen be defined by
bgj = )\j and bgjfl =0, jeN. (310)
Then, the formula (3.8) can be rewritten as

b,
(n+1)7

4 o0
L ~ —1 1 . . 3.11
w2~ I+ )+c1+; e (3.11)

By using the Bell polynomials, Chen and Choi [6, Theorem 3.2] extended Watson’s formula (3.1)
and obtained full asymptotical expansion:

n — oo, (3.12)

4 4 o
Ln/g—ﬁln(n—l—l)—clwﬁln 1+;m 5
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where the coefficients a; (j € N) are given by using the following recursive formula:

i j—Om?
ag =1, o = Z Tij,g Oy, n €N,

£=0
and b; (j € N) are given in (3.10).
For our later uses, we introduce the following set of partitions of an integer n € N:

Ap = {(k1, k2, ..., k) €NJ = ky +2ky + -+ +nk,, =n}. (3.13)

In number theory, the partition function p(n) represents the number of possible partitions of
n € N (e.g., the number of distinct ways of representing n as a sum of natural numbers irregardless
of order). By convention, p(0) = 1 and p(n) = 0 for n a negative integer. The first several values
of the partition function p(n) are (starting with p(0) = 1):

1,1,2,3,5, 7 11, 15, 22, 30, 42, .. ..
It is easy to see that the cardinality of the set A, is equal to the partition function p(n).

By mainly using the partition function, Chen and Choi [6, Theorem 3.3] provided an alternative
representation formula to calculate the coefficients «; (j € N) in (3.12) as follows:

(ﬁ)kl+k2+“'+k’j A

_ 4 k11 k j
aj = > Tl vt by (3.14)
(k’l,k,z,...,k,‘)E.Aj J

where A; (j € N) are given in (3.13) and b; (j € N) are given in (3.10).
Here, from (3.12), we obtain the explicit asymptotic formula

1 w2 37 w2 677t

4 = I =20 T
Lyjo~eci+—5In(n414 8 T2 _ 360 155 250000
™ n+1 (n+1)
2 4 6 (315)
10313 _ 3167x° _ 47217 _ _29719x
| 45360 _ 181440 _ 10886400 _ 2743372800 _
5
(n+1)

There are bounds of other types involved. For example, Alzer [1, Theorem 4] gave an estimate
in terms of the psi function ¢, namely,

4 4
Cl‘i’ﬁw(n‘i’el) SLn/Q <Cl+pw(n+92)ﬂ n€N0 (316)
with the best possible constants
01 =9 ' (7*(1 —c1)/4) =1.48891... and 6= ;

Zhao [27] pointed out that

4 3 1
Ln/2:C1+ﬁ¢ <n+2> +O<n2> ) n — o0. (3.17)
Recently, Chen and Choi [6] presented a faster approximation formula than that in (3.17):
L,s=c +i1/1 n+§+ﬁ +0 1 as m — oo (3.18)
n/2 T T e 2 n+1 (n+1)4 '

and posed the following natural question:
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Open problem 3.1. Find the constants r; (j € N) such that

3
Ly~c + n —|— + — |,
T de v
Theorem 3.1 gives a solution to the open problem 3.1.

Theorem 3.1. The Lebesgue constants Ly, /o have the following asymptotic expansion:

4 - ,
Lya ~co+ ﬁw z;)wj(n + 1)t as m — oo, (3.20)
=

where wg = 1, and for j € N,

25—-2 25— 1 kBk
Woj_1 = -1 Z kapwaoj__1 + Z ————Paj__1(—k),
(3.21)
25—1 27 kBk ’/T2
Z kakng K+ Z ng_k(fk) + X/\j

Here B,, are Bernoulli numbers, \; are given in (3.7), a; can be calculated by

=
a; zwj—EZkakwj_k, JjeN,

Pj(r) can be calculated by

—_

J
Py(r) =1, =Sk +7) - jlunPi_k(r),  jEN.
k=1

.

Proof. A similar argument as in the proof of Theorem 2.1 will establish the result in Theorem
3.1. For completeness, we repeat to prove Theorem 3.1. We can let

2
(L(n 1y/2 —C1) nijn i, n — 00,

where w; (j € Ng) are real numbers to be determined. By using the expansion (2.27), we obtain

nijn J Nlnn+ln<2wjn j)Zk nijn J
j=0 j=0 k=1 3=0
On the other hand, it follows from formula (3.8) that
2 o 2 >\
(L(n 1)/2—01)N1n”+z N n — 00,
j=1

with the coefficients \; (j € N) given in (3.7). Hence, we have

2

oo y oo (—l)kBk oo » —k 00 %)\]
In ijn - % nijn NZ TR (3.22)
§=0

k=1 =0 j=1
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Extracting the coefficients of the power n?, it follows from here that Inwy = 0, and hence wg = 1.
Using (1.2) and (1.3), the left side of (3.22) can be written as

k=1 k=1 j=1 =1

(3.23)

The coefficient w; which should be determined from here is hidden in the calculation of a;. By
(1.2), here we can write

j—1
14
a; = w; — 7 Z kagw;_g. (3.24)
k=1

Linking together (3.22), (3.23) and (3.24) immediately follows (3.21), which proves Theorem
3.1. O

Remark 3.2. Observing (3.19) and (3.20), we let
Tj = Wj+1, J € Na

w; can be calculated by (3.21). This solves the open problem 3.1. Here, we give the following
explicit asymptotic expansion:

4 3 1 2 35 _ 5972 67w
Lo o~ il O BT 72 _ 384 8640 _ 259200
n/2 61+7T21/) 7’L+2—|— ntl (n+1)3
9997 4864972  139x* 297196 (3.25)
4 46080 — 2003040 — 322560 _ 2743372800 _ 7 N — o0
(n+1)>5
Remark 3.3. From (3.15) and (3.25), we obtain the following approximation formulas
1 _ w2 37 _ =* _ 67t
~ +71 414 67 _ 360 — 135 — 259200
Lnppm e = n+1 (n+1)3
10313 316772 4721x*  29719x° (3'26)
4 45360 — 181440 — 10886400 _ 2743372800 v
(n+1)° "
and
3 1_ﬁ 35 5972 67xt
Lo o re 72 _ 384 _ 8640 _ 259200
n/2 Cl+ 1/} 7’L+2+ n+1 (n+1)3
9997 _ 4864972 _ 1397* _ _29719xC (3.27)
4 6080 — 2903040 322560 _ 2743372500 | _
respectively. Moreover, we find that
Lyjp=v,+00n"®%) and Ly = pn+0(n"%). (3.28)

The following numerical computations (see Table 1) would show that, for n € N, the formula
(3.27) is a little sharper than the formula (3.26).
Table 1. Comparison between approzimation formulas (3.26) and (3.27).
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o |vn = Lnpl  |pn = Lol
1 299%x107% 1.09x10°°
10 4.97x 10712 1.88 x 10712
100 9.99 x 10720 3.78 x 10=20
200 4.07 x 10722 1.53 x 10722
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