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FURTHER INEQUALITIES FOR POWER SERIES WITH
NONNEGATIVE COEFFICIENTS VIA A REVERSE OF JENSEN
INEQUALITY

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities for power series with nonnegative coefficients
via a new reverse of Jensen inequality are given. Applications for some funda-
mental functions defined by power series are also provided.

1. INTRODUCTION

In 1994, Dragomir & Ionescu obtained the following reverse of Jensen’s discrete
inequality:

Let @ : I — R be a differentiable convex function on the interior I of the interval
I.Ifz; €l and w; >0 (i =1,...,n) with W,, :== > | w; = 1, then one has the
inequality:

(1.1) 0< Zwl (x;) (Z wm)
i=1 i=1 i=1

In order to improve Griiss’ discrete inequality, Cerone & Dragomir established
in 2002 the following result [1]:

(1.2) b; szazzwz i
Sl A*G)iwi blfgn:wjbj
i1 j=1
. . 071/2
< % (A—a) Zwib? - (Z wibi> )
i—1 i=1

provided oo < a <a; < A<oo,andw; >0 (i =1,...,n) with W, :==>"  w;, =1.
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2 S.S. DRAGOMIRY2

In addition, if co < b < b; < B < o0, (i =1,...,n) then we have the string of
inequalities

(1.3) Zwla, i Zw alzwb

n

S %(A—Q)Z’LUZ bz —ijbj
j=1

i=1

97 1/2

IN

i(A—a)(B—b).

Utilising these results, we observe that if ® is differentiable convex on a finite
interval, say [m, M], then we have the inequalities:

(1.4) 0< Zwl (z4) <Zw xz>
%(M—m)Zwi O (2;) — Y w;d ()
i=1 j=1

IN

IN

97 1/2

I /\

o ()

for x; € (m, M) (i=1,...,n).
If the lateral derivatives ®’, (m) and ®’ (M) are finite, then we also have

n n
— Z wi<I>’ (.’El) Z W; T;
i=1 =1

(1.5) 0

IN
g

s
Il
-

IA
g

S
Il
—

< % [0 () = L ()] Y wi i = > wya
. . 07 1/2
< Lot ) - @ ()] |3 wa? - (Z w)
=1 i=1
< L OF —m) [ (0) - @' (m)]

forz; € Im,M] (i =1,...,n).
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The most important power series with nonnegative coefficients are:

1.6 =Y = C,——=5"2" 2eD(0,1),
16)  ew() =3 2Tt =3 2 e DO
1 ! iln € D(0,1), cosh i L_on cC
n = —Zz z z = Z ., 2 )
l—z “—n’ Y “— (2n)!
- 1
sinh z = ——_*l 2 eC.
7;)(Qn—i—l)!

Other important examples of functions as power series representations with non-
negative coefficients are:

oo

1 (142 1 ..
. - = " D (0,1
(1.7) 21n(1—z> ;2n_1z , 2€D(0,1),

1 T(nt3)
- (Z)_g\/?r@n—kl)n!

22t 2 e D(0,1),

n

—1 _ 1 2n—1
tanh (z)—;?ﬂilz , 2z€ D(0,1),
L+ T (+BT () ,
2F1(avﬁa’)/az) _nz:% TL'F(CM 1—\(6)1—\(”_’_7) z 7aaﬁa7>0
ze€ D(0,1),

where I' is Gamma function.
On utilizing the above reverses of Jensen inequality we obtained in [5]:

Theorem 1. Let f (z) = Z;’ozo anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 orR=00. Ifp>1,0<a <R
and x > 0 with ax?, axP~! < R, then

1s) o<l [f(ax)r . [f(axp) f (azr=1) f(ag;)] |

f (@) f(a) flay  fla) f(@)

Moreover, if 0 < x < 1, then

(1.9) 0< flaz?) [f(ax)r <p [f(amp) f (azP~1) f(ax)}

fl [ f@ fl@  fl) fla)
o\ 1/2
1 (f (az2(p*1)) f (caP™t) 1
=" T ‘l (@) =ar
and
flaa”) [fen)]” _ [flaa?) f(aa?™) f (o)
B s Sp[f(a) 7@ f(a)]

Floa?) [fea)]?) 1
p( 7 (@) [f(a)]) =aP
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Corollary 1. Let f(z) = Y .7 anz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. Ifp > 1,
%—i—%:l and u,v > 0 with vP < u? < R, then

F)]P ) 1 [fm)]?
— o] < Fom <3+ | 7im)
and
(112) 0 [FEAP @] f (w0) € g ().

For some similar exponential and logarithmic inequalities see [5].

For other recent results for power series with nonnegative coefficients, see [2], [7],
[11] and [12]. For more results on power series inequalities, see [2] and [7]-[10].

Motivated by the above results and utilizing a new reverse of Jensen inequal-
ity we provide in this paper other inequalities for power series with nonnegative
coefficients. Applications for some fundamental functions are given as well.

2. REVERSES OF JENSEN’S INEQUALITY
The following reverse of the Jensen’s inequality holds:
Theorem 2. Let f : I — R be a continuous conver function on the interval
of real numbers I and m,M € R, m < M with [m,M] C I, I is the interior

of I. If #; € Im,M] and w; > 0 (i=1,...,n) with W,, := > jw; = 1 and
Yo wim; € (m, M), then

(2.1) 0< Zwif (ws) = f <Z wzﬂﬁz)

(M Z 1wz$z) (Z?:l Wi T _m) \Ilf (iwlxzm M)

M—m —

M k2 = ka3

( Zz 1 Wi ) (Zz 1 w;T m) sup \I/f (t, m, M)
M —m te(m,M)
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We also have the inequality
(22)  0<Y wif(z:)—f (Z wixi>
i=1 i=1

(M =370 wizy) (35—, wiws —m) - ,
U —m Wy Z;wix,;,m,M

IN

IN

(M —m) Vg <Zwixi;m,M>

=1

IN
e N

(M —m) sup Wy (t;m, M) <
te(m,M)

(M —m) [fL (M) = fi (m)],

A~ =

provided that Y | w;z; € (m, M).

Proof. By the convexity of f we have that

(2.3) Zwif (z:) — f (Z w:c)

= m(M —x;)+ M (z; —m)

_f ;wz[ M—_m :|>
- M — x; m) + (x; —m M

Sy M e

m (M — 370 wizi) + M (30, wiw; —m)
- T )
_ (M= wiws) f(m) + (3D wiwy —m) f (M)

M—m
—f <m(M — i wzxﬁtf\rf(zzzl Wil — m)> — B
By denoting

we have

(t—m)f(M)+M—t)f(m) = (M—m)f()

(24) Af(tym,M)=

M—m
_=m)fM)+ M —t)f(m) - (M —t+t—m) [ ()
M—m
_E=m)[f (M) = f®)] = (M =t)[f () = f (m)]
M—-—m
—(M;;)_(Zm)‘l’f(t;m,M)

for any t € (m, M).
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Therefore we have the equality

M —S" o n L n
25 - M2 w’Mmz) (i wii = m) g, (Z wixi;m7M>
—m
i=1

provided that Y7 | w;z; € (m, M).
If >0 wiz; € (m, M), then

Uy (Zwm,;m,M)ﬁ sup Uy (t;m, M)

i1 te(m,M)
fM) - f @) @) f(m)}

= sup

te(m,M) L M —t t—m
o 'f(M)f(t)} “ {f(t)f(m)}
= te?m?M) L M —t * te?ml,)M) t—m

o (4], [

= fL(M) = f} (m),

which by (2.3) and (2.5) produces the desired result (2.1).
Since, obviously

(M =30 wimy) (5 wizi —m) _ 1
M—-m 4

then by (2.3) and (2.5) we deduce the second inequality (2.2).
The last part is clear. (Il

For similar integral versions see [4].

Remark 1. a) Forp > 1 and 0 < m < M < oo consider the function ¥, (;m, M) :
(m, M) — R defined by

MP — P P — P

M-t t-m

t(MP —mP) — 7 (M —m) —mM (MP~" —mP™1)
(M —1t)(t—m) '

U, (t;m, M)
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Ifz; € m, M) andw; >0 (i=1,...,n) withW,, :=>" jw; =1and >, wz; €
(m, M), then

M =" wiz; o wimg — =
< M =P wim) (T wii—m) (Zwm;m’ M)
i=1

M—-—m
M =50 wiz Wiz —
S ( Z'LZ] W; T ) (Zz:l w;T m) sup \Ilp (t, m, M)
M—-m te(m,M)

n n Mp—l _ 1
< (M - ZW) (Z wii = m) T
i=1 i=1

<-p(M-—m) (Mp*1 - mpfl)

and

n n p
27 0< Zwlmf - (Z wﬁh)
=1 =1
M =37 w; W — -
< M-FE wiw) (O, wiai—m) <Z wiwm’M)
i=1

M—m

1 n
< 1 (M —-m)Y, (;wlxl,m,M>

1 1 -1 -1
SZ(M—m) sup \I/p(t;m,M)SZp(M—m)(Mp —mPt).

te(m,M)

For0 <m < M < oo consider the function ¥_, (;m, M) : (m, M) — R defined
by

—InM+Int —Int+1Inm
M-t t-m
(M—=m)lnt— (M —t)lnm— (t —m)InM
= 0) (6 —m)

thm (Mft)l(tfm)
In (mM—tMt—m >

\I/,m (t;m,M) =
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b) If & € [m,M] and w; > 0 (i=1,...,n) with W, = > jw; = 1 and
St wizi € (m, M), then

(2.8) 0<In < wm) Zwl Inz;

“In Do wim
— M-Y1_ wiz; Y wimi—m
m

M—m M M—m

M— i) (i WiTi —
( Zz lw L )(Elflw z m) sup \Ij—ln (tv maM)

<
M—-m te(m,M)

(M —m)*

1 - ~ 1

IN

(2.9) 0<In <Z with',) — Zwi Inx;
i=1 i=1

<lIn M-, wig ZI L wizi—m
m.o e M=
1
- (M —
< (M =m)
1
n M-—m 3wy N wiz;—m
lu (%:izl W) ) (M= wim) (S, )
mM =220 wimi 307 wiTi—m
1(M —m)?
f(M m) sup V_,,(tm M) < ————.
— 4 tE(m,M) 4 Mm
3. POWER INEQUALITIES
Forp>1, f(¢t):=t’, m =0 and M =1 we have
-1 o, 1=t

If p € (1,2), the function I'(t) = tP~! is concave on (0,1) and then B, () is
decreasing on (0, 1) . Therefore

sup B, (t) = lim B, 1.

te(0,1) ( ) t—0+ ( )
If p=2, then B, (t) =1 for t € (0,1). If p € (2,00), the function I' (£) = t*~1 is
convex on (0,1) and then B, () is increasing on (0,1) . Therefore

sup B, (t) = lim B, (t)=p—1.
te(0,1) t—1—

In conclusion
lifpe (1,2,
M, := sup B,(t) =
t€(0,1) p—1lifpe(2,00).
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If z; € [0,1] and w; > 0 (i =1,...,n) with W, := > 1" jw; =1 and >, wiz €
(0,1), then from (2.1) and (2.2) we have the inequalities:

n n p n n
(3.1) 0< Zwizf - (Z wizi> <M, (1 — ZM%) Zwizi < iMp
i=1 i=1 i=1 i=1

and

32) 0<

n p n —1
11— (0 wiz)’ 1

Proposition 1. Ifz; >0, y; >0 forie {l,..,n}, p>1, % + % =1 and such that

T4 .
P <1 forief{l,..n},

7

(3.3) 0<

then we have

n P n NP
& o< g - (325F)
i die1 Y

Doy Tl Do Tili 1
S Mp (1 - Lnl q z’nl q S ZMP
i Y Zi:1 Yi

i=1Yi
and
55 o< Bpitl  (Shazmy
N Z?:1 Y Z?:1 y!

n —1
1— 2i—1 TiYi P
P

POHIRET

<

IN
|

M,,

e

where M), is defined above.
Proof. The inequalities (3.4) and (3.5) follow from (3.1) and (3.2) by choosing

q
— Li d _ Yi
zif—lan w; = )

y7(,17 ZJ:l yg.

The details are omitted. O

Remark 2. Let p > 1, % + % = 1. Assume that

; .
(3.6) 0< = <1, forie{l,..,n}.

Ifp; > 0 forie{l,..,n}, then for z; := p;/pai and y; := pj/qbi we have

1 1 1
Z; D; /pai pi/pai D; /pai Gy c [07 1]

F ()T A et
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If we write the inequalities (3.4) and (3.5) for these choices, we get the weighted
inequalities

(3.7) 0 < 2i=1Pi%i _ <ZZL_1 piaibi>”
- X pib] o pib!

iy Piaib; i1 Diaib; 1
SMp ]-_Elilpaq Zlilpaq SfMp
2iz1 pib; > iz Pib; 4

and

(3.8) 0< Z?:l piaf _ (Z?_1 Pz‘%‘@)p
B Z?:lpib? Z?:1pibg

R
> i1 pib]
< Z 1— >or  piaib; S ZMP.
iy pib]

Theorem 3. Let f (z) = ZZOZO anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 orR=o00. Ifp>1,0<a <R
and 0 < x <1, then

flazP) [ f(az)\” flax)\ flaz) 1
o o< fER - (H0) < (-0 T < o
and
Fax) )P
f (aaP) flax)\* 1 L- ( 7(@) ) 1
N Vo) SR T
Proof. Let m>1and 0 < a < R, 0 < = < 1. If we write the inequality (3.1) for
a;of ,
wj; = m and Zj = z’ S [071}, j S {0,...,m},

then we get
P

1 m o
3.11 ajolz? — | = a;a’ x’
(31 Zk oakak Z s 2 k=0 akak; ’

1 m 1 m
<My, |l - =——= ajalr) | = ajolz
=~ P m k J m k J
STy 2 ST 2

1
< ZMP'
Since all series whose partial sums involved in the inequality (3.11) are convergent,
then by letting m — oo in (3.11) we deduce (3.9).
The inequality (3.10) follows from (3.2) in a similar way and the details are
omitted. O

Remark 3. We observe that from (1.9) we have for p > 1

f(aa?) {f(a:v)r 1

(312) @ T =

4 )
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which is not as good as the inequality
Lifpe(1,2],
D p
o) (fan)' 1,
f(e) f (o) 4 p—1ifpe(2,00).
that has been obtained in (3.9).

(3.13) 0<

11

Corollary 2. Let f(z) = Y .7 anz" be a power series with nonnegative coeffi-

cients and convergent on the open disk D (0, R) with R > 0 or R = o0. If p >
%—i—%:l and u,v > 0 with vP < uf < R, then

F) [ f )\ Flw) flw) 1
(3.14) 0= ) (f(m)) SMF<1 f(uq))f(uq)S4M”
and
p—1
fen  (Fay 1 L-(fE)
(3.15) ogf(uq) <f(uq)> <7 1-?23’3 < 7M.

L,

Proof. Follows by taking into (3.9) and (3.10) @ = u? and z = . The details

are omitted.
Remark 4. From (3.14) we have

)\ o)
(3.16) (f(uq)> < Fur)

IN
/N
N
—~|
SR
Q| S
S— [ ——
N———

S
+
|
=

and

(3.17) 0 [/ @7 [ o))" — f () < 1

provided that p > 1, 1%—&— % =1 and u,v > 0 with v» < u? < R.

These inequalities are better that the corresponding ones from Corollary 1.
If we take p=q =2 in (3.16) and (3.17, then we get

(i) < o < (o)

My/? f (u?)

e~ =

and
(3.19) 0< [f ()] [f @)]"? = f(w) <
provided that u,v > 0 with v < u? < R.

Example 1. a) If we write the inequalities (3.9) and (3.10) for the function 1;
S 2™, 2 € D(0,1), then we have

11—« 1—a\” a(l-a)(l—2) 1
3.20 0< - <M,——————= <=M,
(3:20) 11— aar (1—ax> P l—ax)? 4T
and
l-«a 1—a)’
3.21 0< -
( ) ~1—-axP (1—04:10)

O
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for any a,x € (0,1) and p > 1.
b) If we write the inequalities (3.9) and (3.10) for the function expz = Y o 42",
z € C, then we have

(3.22) 0 < expla (2 — 1)] — exp [pa (z — 1)]
< My (1~ explo(z — D) expla(z — 1] < 1M,
and
(3.23) 0 < exp o (a” - 1)] — exp pa (@ — 1)
S el S i

foranya>0,p>1andz € (0,1).

4. LOGARITHMIC INEQUALITIES

If we consider the convex function f (¢f) =tInt, ¢t > 0, then

MInM —tlnt _ tlnt —mlnm
M —t t—m

(4.1) Vo (Bm, M) =

for 0 <m < M < 0.
If we take M =1 and m — 0+ in (4.1) then we have

—tInt  tlnt—mlnm

lim U0 (Em,1) = i -
7n1—>n;)1+ 1()( m ) m1—>H(}+ 1—t t—m

—tInt tlnt_ Int
1—t t t—1

for t € (0,1).
From (2.2) we have

42 05N wtnr - Y watn (Yue, | < RO
. < w;T; MT; — w;T; In W;T; S = 3
i=1 i=1 i=1 4 1-5n wizi

for any z; € (0,1), w; >0 (i =1,...,n) with W, :== > w; = 1.

Theorem 4. Let f (2) = > o, an2" be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) with R > 0 or R = o0. If 0 < a < R,
p>0andz e (0,1), then

(4.3) 0<

s, s (o) 10 (A5)

Floy M e PUF @) ) T Aot
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Proof. If 0 < v < R and m > 1, then by (4.2) for z; = (z7)? | we have
1

0< ——— a;od £P7 In P
= Tigarak &Y
k=0 Yk
1 - 1 -
J D] J »PJ
— a;o’ 2P In a;a’)x
m k Z J kZ J
Zk:o apa j=0 Zk apQ j=0
1 m A
.y pPI
i (Ez;o ara” 2j=0 45T )
= 7 1 m i pi
_ 1 o i
4 1 ST et D jeo @i

where p > 0 and z € (0,1).
This is equivalent to

In zP
(44)  0< S Oakak Zjajoﬂ (a?)

1 m
Za I n Za o (2P
Zk oakak i Zk oako‘k o ()

10 (st Sig ajod (o))

S —
4 1- S araF 1akak ZJ 0 ajod (a:P)J
Since all series whose partlal sums involved in the inequality (4.4) are convergent,
then by letting m — oo in (4.4) we deduce (4.3). O
Example -2 — ZZOZO 2",
z€ D(0,1), then we have for a,x € (0,1) and p > 0 that
P (1 — 1— 1—
(15) cportlo0)y,, L-o  (l-a
(1 — azp) (1 — azPp) 1— aqzp
1 (1 —azP)ln (117327’)
< =
4 a(l—zp)

b) If we write the inequality (4.3) for the function expz =Y.~ %z", z € C,
then we have
a(l—a?)

(46)  0<[paalnz —a(a? —1expla(a” —1)] < il—exp[(”—l)]

forz € (0,1) and a,p > 0.

5. EXPONENTIAL INEQUALITIES
If we consider the exponential function f : R — (0,00), f(t) = exp (f8t) with
£ > 0 then

exp (BM) — exp (5t) _exp (Bt) — exp (m)
M-t t—m '

\Ilexp( )(t m, M)
If we take M = 0 we have

Vexp(s-) (t;m,0) = 1 —exp(Bt) exp(Bt) —exp(m)

—t t—m
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and letting m — —oo, then we get

£ -1
lim Wpa (1:m,0) = PP =1

m— —0o0 t

=: Weps) (1)

with ¢ € (—00,0).
Since exp (8-) is convex on (—00,0) , then Wey,(g.y (+) is monotonic nondecreasing
on (—00,0) and then

From (2.1) we have

(5.1) O<Zwlexp Bx;) —exp( wal> < ﬁwal

=1
for any z; <0, w; >0 (i=1,...,n) with W,, := > w; = 1.

Theorem 5. Let f (z) = ZZOZO anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) with R >0 or R=o00. If 2 <0, 8 >0
with exp (Bz) < R and 0 < o < R, then

flaesp(Br) [afef (@)] __apef (o)
(5:2) 0= " Fa p{ (@) }S @

Proof. If 0 < aw < R and m > 1, then by (5.1) for z; = jx, we have

(5.3) 0< m; Z ajal [exp (Bz)) — exp mﬁix Z]a]

ijo ajod = ZJ 0@’ =0
aj
= Z] Oajaj ZJ j

for x € (—o00,0).
Since all series whose partial sums involved in the inequality (5.3) are convergent,
then by letting m — oo in (5.3) we deduce (5.2). O

Example 3. a) If we write the inequality (5.2) for the function liz =3 2",
z € D(0,1), then we have for x <0, >0 and 0 < o < 1, that

jR—e afz af
(54) Ogl—aexp(ﬁx)eXp(l—a>§1—oz'

b) If we write the inequality (5.2) for the function expz = Y.~ 42", z € C,
then we have

(5.5) 0 < exp(alexp (Bz) —1]) — exp (afz) < —afx

for any o >0 and z <0, 5> 0.
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