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Abstract

Here we present multivariate quantitative approximations of real and
complex valued continuous multivariate functions on a box or RY, N € N,
by the multivariate quasi-interpolation, Baskakov type and quadrature
type neural network operators. We treat also the case of approximation
by iterated operators of the last three types. These approximations are
derived by establishing multidimensional Jackson type inequalities involv-
ing the multivariate modulus of continuity of the engaged function or its
high order partial derivatives. Our multivariate operators are defined by
using a multidimensional density function induced by the Gaussian error
special function. The approximations are pointwise and uniform. The
related feed-forward neural network is with one hidden layer.

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30,
41A36.

Keywords and Phrases: error function, multivariate neural network ap-
proximation, quasi-interpolation operator, Baskakov type operator, quadrature
type operator, multivariate modulus of continuity, complex approximation, it-
erated approximation.

1 Introduction

The author in [2] and [3], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and ”Squashing” types,
by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
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"bell-shaped” and ”squashing” functions are assumed to be of compact sup-
port. Also in [3] he gives the Nth order asymptotic expansion for the error of
weak approximation of these two operators to a special natural class of smooth
functions, see chapters 4-5 there.

For this article the author is motivated by the article [12] of Z. Chen and F.
Cao, also by [4], [5], [6], [7], [8], [9], [10], [13], [14].

The author here performs multivariate error function based neural network
approximations to continuous functions over boxes or over the whole RN, N € N,
then he extends his results to complex valued multivariate functions. Also he
does iterated approximation. All convergences here are with rates expressed
via the multivariate modulus of continuity of the involved function or its high
order partial derivative and given by very tight multidimensional Jackson type
inequalities.

The author here comes up with the "right” precisely defined multivariate
quasi-interpolation neural network operators related to boxes or RY, as well as
Baskakov type and quadrature type related operators on RY. Our boxes are
not necessarily symmetric to the origin. In preparation to prove our results we
establish important properties of the basic multivariate density function induced
by error function and defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(x):chJ«aj'x}—i—bj), zeR’ seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network

models, the activation function is the error function. About neural networks
read [15], [16], [17].

2 Basics

We consider here the (Gauss) error special function ([1], [11])

erf (z) = %/o edt, zeR, (1)

which is a sigmoidal type function and is a strictly increasing function.
It has the basic properties

erf (0) =0, erf(—z)=—erf(z), erf(+o0)=1, erf(—o0)=-1.



We consider the activation function ([10])

X(z)zi(erf(m—l—l)—erf(x—l))>0, any z € R, (2)

which is an even function.

Next we follow [10] on x. We got there x (0) ~ 0.4215, and that x is strictly
decreasing on [0,00) and strictly increasing on (—oo,0], and the z-axis is the
horizontal asymptote on x, i.e. x is a bell symmetric function.

Theorem 1 (/10]) We have that

Z x(x—1i)=1, alzeR, (3)
Zx(nx—z')zl, allz €eR, neN, (4)

and -
| x@ar-1. 9

that is x (x) is a density function on R.
We need the important

Theorem 2 ([10]) Let 0 < a < 1, and n € N with n'=* > 3. It holds

1
Z X (nx —k) < o /m (= — 2) el 27 (6)

Denote by || the integral part of the number and by [-] the ceiling of the
number.

Theorem 3 ([10]) Let « € [a,b] C R and n € N so that [na] < [nb]. It holds

1 1
< ~4.019, Vx € [a,b]. (7)
Z,Einm] x(nz—k) x()

Also from [10] we get
]
lim Z X (nx —k) #1, (8)

n—oo

k=[na]

at least for some x € [a, b].



For large enough n we always obtain [na] < |nb|]. Also a < £ < b, iff

[na] < k < |nb]. In general it holds by (4) that N

[nb)
> xma—k) <1 9)
k=[na]
We introduce
N
Z(x1,..,xn) = Z (x) := Hx(xi), = (z1,...,on) ERY, NeN. (10)
i=1
It has the properties:
(i) Z(z) >0, Vz e RV,
(i)
o Z@-k)= > > .Y Zwi—ki...ay—ky) =1,
k=—o0 ki=—o00 ko=—c0 kny=—00
(11)
where k := (k1,....,k,) € ZN, ¥V x € RV,
hence
(i)
Z Z (nx — k) =
k=—oc0
Z Z Z Z (nxy — k1, ...,neny — kn) =1, (12)
klzfoo kngoo szfoo
VzeRN:neN,
and
(iv)
/ Z (@) dz = 1, (13)
RN
that is Z is a multivariate density function.
Here ||z, := max{|z1|,...,|zn|}, z € RY, also set co := (o0,...,00),
—00 := (—00, ..., —00) upon the multivariate context, and
[TLG,—I = ([nal] PRXES) (’n’aN—l) ) (14)

|nb] : = (|nbi],..., [nbn]),

where a := (ay, ...,an), b:= (b1,...,bn) .



We obviously see that

[nb] [nb] N
Z Z (nx — k) = Z (Hx (nz; — k1)> =
k=[na] k=[na] \i=1

SRS <me_z> 1

ki=[na1] kn=[nan] i=1 \k;=[na;]
For 0 < 8 <1andn €N, a fixed z € RV, we have that

[nb]

S (- k)=

k=[na]

% X (nz — k) + %
{ k = [na] { k=[n 1
1% ==l <75 1% =2l > 7=

> x(awi—k)

(15)

In the last two sums the counting is over disjoint vector sets of k’s, because the

condition H% — x”oo > 7%5 implies that there exists at least one |£ xT’ > 7715,
where r € {1,..., N}.
We treat
[nb] N [nb:]
S zweo-TI| % am-n)
{ k= [na] =t { ki = [na;]
1% ==l > 77 1% ==l > 77
N oo nb, |
< H ( Z X (nz; — k1)> . Z X (nz, — k) | = (17)
i) = f =Tl
[nb,] 0o
X (nx, — k) | < Z X (nx, — k)
k. = [na,] k, = —00
-] > o | >0




[e%S) 6) 1

= Z X (TLIET - kr) <
_ k, = —o0
Iz, — k| >nth
when nt=%8 > 3.
We have proved that

(v)
[nb]

2T (n1=8 — 2) e(n'=7=2)*"

Z Z (nx —k) < L
(T

—af| > 55
O<f<lneN;n'=# >3 ¢ (vaz1 [ai,bi]).

By Theorem 3 clearly we obtain
1 1

= 2y (0P — 2) e P2

0< =
[nb] nb;
Y a2 2 = k) TLLy (S X (ni — h)

1

< ——— ~(4.019)" .
()™
That is,
(vi) it holds
1 1
0 < =5 < v =~ (4.019)",
Zk:[mﬂ Z(nx—k) (x(1))
Vae (ng; [ai,bi}), neN.
It is also clear that
(vii)
= 1
Z Z(nx—k) <

{ k=-—00
15 =2l > 75
0<fB<l,neN:n'"#>3 e (Hil[ai,bi]).

Also we get that

Lnb]
lim Z Z (nx — k) # 1,
k=[na]

T 2y/m (nl8 —2)e(n'7=2)%"

(18)

(19)

(20)

(21)

(22)



for at least some x € (Hfil [a;, b2]> .

Let feC (sz\; [ai,bi]> and n € N such that [na;] < [nb;],i=1,...,N.
We introduce and define the multivariate positive linear neural network op-

erator (z := (x1,...,2N) € (HZV:1 [ahbi]))

Zlganna—\ (k) Z (?’LiL’ - k)

An (faxlv--'axN) = An (fvx) = n
S ) Z (na = k)

(24)

|nb1 |nb2 | [nbn | k k N
Zkl [nai] Zlm:z]'naﬂ ZkN N[naN] ( nl LA TN) (Hizl X (TLZL'Z - kl))
nb; ’
Hf\il ( ;EZ Hna 1X (na; — kz))

For large enough n we always obtain [na;] < |nb;],i=1,...,N. Also a; <
bi, iff fnaz] < kL < I_anJ, 1= 1, ...,N.
For convinience we call

s 3 1(5) 2 )

<

71
n

k=[na]
|nb1] [nb2 ] [nbn | k’l N N
= Z Z Z f< . )(Hx(nxiki)>7
ki=[nai] ka=[naz] kn=[nan i=1
Ve (HiN:l [as, bi]) .
That is 4 (f.2)
;T : : , 26
An () = s (26)
Ve (Hf\il [ai,bi]), n € N.
Hence
A, (fo2) = £ (@) (Sf ) Z (02 = 1)
A (f) = f () = o] : (27)
Do ra] Z (nx — k)
Consequently we derive
[nb]
|40 (f,2) = f (@) < (4019)™ | 4], (f2) = f (@) Y Z(nz—k)|, (28)
k=[na]

v e (I laibi)
We will estimate the right hand side of (28).



For the last we need, for f € C (Hz 1 lai, bi ]) the first multivariate modulus

of continuity

wi (f,h) = sup |f () = f(y), h>0. (29)
,y € [IL, ai, by]
lz -yl <h
It holds that
}nglwl (f,h) =0. (30)

Similarly it is defined for f € Cp (RN ) (continuous and bounded functions
on RY) the w; (f,h), and it has the property (30), given that f € Cy (RN)
(uniformly continuous functions on RY).

When f € Cp (RN) we define,

B, (f,z) := Bp (f,z1,...,xN) == Z f (i) Z (nx—k):= (31)

k=—o0

DD DI DI C RN (f[lxm—ki)),

klzfoo k2—700 kN_foo
neN,VzeRYN, N €N, the multivariate quasi-interpolation neural network
operator.
Also for f € Cp (IR{N ) we define the multivariate Kantorovich type neural
network operator

Cp (fyx) :=Cyh(f,21,..,zn) := Z (nN /CT f(t)dt) Z (nx —k) =

k=—oc0 n
(32)
%) (%) o k1+1 kot1 [
2 22 < / [c /k f(tl,-..,tN)dtl...dtN>
2 N
ki=—oc0 ko=—00 kn=—00 L} L3N

- (Hx(mci _ki)> :
=1
neN, VaeRN,

Again for f € Cp (]RN ), N € N, we define the multivariate neural net-
work operator of quadrature type D, (f,z), n € N, as follows. Let 6 =

01,....05) € NV r = (rq,..,7n) € Zf, Wy = Wy, ry,..ry > 0, such that
01 23 ON

0
Zw,,. = Z Z Z Wry rg,.ry = 13 K € Z" and
r=0

7‘1:0 T2:0 TN:O

Onk () = Onker koo b Zwrf< )



T1,72,...TN n 7’1,91’ N n627"'7 N ’I’L@N ’

r1=0172=0 rn=0

where  := (%, g—z, e %) .
We put
Dn (fax) = Dn (f71'1, ,:L'N) = Z 5nk (f) zZ (nx - k) = (34)
k=—o0
'S [e's) ') N
Z Z Z Oy ko, kene () (HX(”% - kz)) ;
k1=—00 ka=—00 kny=—00 i=1
VzeRY,
Let fixed j € N, 0 < 3 < 1, and A, B > 0. For large enough n € N: n'=8 >
A B

3, in the linear combination | —57 + , the dominant rate of

(nl,ﬁime(nlfﬂ_z)?
convergence, as n — 00, is n~ 7. The closer 3 is to 1 we get faster and better
rate of convergence to zero.

Let feC™ (Hfil [a;, bi]), m, N € N. Here f, denotes a partial derivative
of f, @ = (a1,..,an), @ € Z;, i =1,..,N, and |a| := Zf\;l a; = [, where
1=0,1,...,m. We write also f, 1= % and we say it is of order [.

We denote

Wit (farh) = max wp (fash). (35)
Call also
| fallom = Ig‘lgﬁ{llfalloo}y (36)

|-l is the supremum norm.

In this article we study the basic approximation properties of A,,, B,,, Cy,, Dy,
neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator I.
We study also the complex functions related approximation.

3 Multidimensional Real Neural Network Ap-
proximations

Here we present a series of neural network approximations to a function given
with rates.
We give



Theorem 4 Let f € C (Hiil [ai,bi]> ,0<B<l, z¢e (Hf;l [ai,bi]) , N,n €
N with nt=? > 3. Then

1)
N 1 /1o ,
|An (f,2) — f (z)] < (4.019) {wl <f, n5> + Jr (P —2) e(nl—ﬂ—Q)Z] =: A1,
(37)
and
2)
145 (f) = fllos < At (38)

We notice that lim A, (f) = f, pointwise and uniformly.
n—oo

Proof. We observe that

[nb]
Aw) =A% (f2) = f(2) Y Z(nz—k)=

k=[na]

[nb] [nb]

z:f<z)ZMxm > f@Zmna—k) =

k=[na] k=[na]

5 (7(%)-1@) 20, 9)

k=na]
Thus
Lnb] .
a@is 3 Jr(5)-rw|z0me-n-
k=na]
[nd] L
> (5)-r@|zee-n+
k= [na)
{ 15 ==l <5m
nb
> 1(5)-r@|zme-n" <"
k= [na]
{ 15—l > 7
[nd] q
alfm) vl X Zee-i<
k= [na]
{ 15—l > 7

10



1 1/ 1loo
“ (f’ nﬂ> TR —2) e

So that
11l oo

1
Al < — .
Al < wn <f’ n5> + VT (nl=P —2) e(nt=#-2)2
Now using (28) we finish proof. m
We continue with

Theorem 5 Let f € Cp (RN),O<ﬂ <1, zeRN, N.neN withn'=? > 3.
Then

1)

|Bn (f’ 1') - f (.’t)| <wi (fa 73-/3) + \/E(nl_ﬁ |_f!§O€(n1B_2)2 = )‘27 (41)

2)

1B (f) = flloo < Az (42)
Given that f € (Cy (RY) N Cp (RY)), we obtain lim B, (f) = f, uniformly.

Proof. We have that

oo

By (f.2) 2y (5)zte-0-1@ Y 20— = @

k=—o0 k=—o0

k_ioo (f (i) - f(z)) Z(ne — k).
) -1

Hence

)| Z (nx —k) =

1Ba (. |<Z]f(

k=—o0

h<kﬁfmnﬁ



1 £
. (f’ n5> TR i — ) el ()
proving the claim. m
We give

Theorem 6 Let f € Cp (RN),0<5 <1,z €RY, N,n €N withn'=% > 3.
Then

1)
11 11l ,
|Cn (fv x) - f(x)| <wi (f’ n + nﬂ) + \/77—(71175 _ 2) o(nt—F-2) =: A3, (45)
2)
1Cn () = flloo < As. (46)

Given that f € (CU (RN) NCg (RN)) , we obtain lim C, (f) = f, uniformly.

Proof. We notice that

k+1 kny+1

/n t)dt = / / /n F ot toy s t) dtrdts..dty =
k1 ko En

1

k k w k
/ / / (t1—|— t2+2,...,tN+N) dtl...dth/ f(t+> dt.
n n 0 n

(47)

Thus it holds

Cyp (f,2) = i (nN/Oif<t+:z> dt)Z(n:pk). (48)

We observe that

i (nN/O"f(tJrfl)dt)Z(n:ck) i f(x)Z (nx —k)

kioo((nN/oif(Hz) dt> —f(z))Z(m;—k:) =
k;m <nN/O" (f <t+i)—f(x)) dt)Z(m:—k) < (49)
k_z_oo (mv/o f(t+:) — f(x) dt)Z(n:c—k):

12



> Gﬁéif0+z)—ﬂm

{ k=—c0
15 =2l <75
1

_Z (nN /0
(0

{ k=—00
15 =2l < 7

dt) Z (nz — k) +

n

e+ 5)-r@

dt) Z (nx —k) <

k
w1@WHM+H—w

n

Oo) dt) Z (nx — k) +

oo

2] flloo > Z(nz —k|) | <
k=—00
1% =2l > 75
11 11l
“ <f’ nt nﬁ) T B —g)em o2 (50)

proving the claim. m
We also present

Theorem 7 Let f € Cp (RY),0< B8 <1,z € RN, Nyn € N with n'=? > 3.
Then

y

o 151
D)= @ S (54 15 )+ e g = Mo 61)
g

D0 (1)~ fll < X5 (52

Given that f € (Cu (RY)NCp (RY)), we obtain lim D, (f) = f, uni-
formly.

Proof. We have that

|Dn (f,z) — f(2)| = Z Ok (f) Z (nx — k) — Z f(x)Z(nx—k)| =

k=—o0 k=—o0

(53)

13



(oo}

S @ () = £ @) Z (n — k)

k=—o0

i@@ (Zw (f (Sﬂ;) —f<x>)> Z (nz— k)
> (iw (5 5)-1@

k=—oco \r=0

——z
{Ilfi—wllm <
217l > Z (nx—k) | <
{ k=—o0
12 =l > 7

1

1 151l oo
. (f’ " nﬁ) TR — 2)

(54)

proving the claim. m
In the next we discuss high order of approximation by using the smoothness

of f.
We give

Theorem 8 Let f € C™ (Hfil [ai,bi]), 0<B<1, nmNEN,n=F >3

x € (vazl [ai,bi]). Then
J)

Ay, (f,2) — f (2) —Z (Z (1_{;(33) '> A, (H(_xl)a7x>)
=1 \|a|=j i=1 % i=1

14




Nm max
(4.019)" - {]»mﬁ <fou>

16— alle | falloe, N™ 1
m! VT (n1=B = 2) e =?=2)" [

i)
A (f,2) = f (2)] < (4.019)" - (56)
m L (z 1 N .
; |az—j (M) [nﬁj * (H (bi — as) ) :
! N max 1
2\/7 (nl—ﬁ —2) e(nt=8—2) :|> + B Wim (fa, ﬁ)
L (1= alse Mallgm N™ )
m)! ﬁ (nl—ﬁ _ 2) e(nl—[-}_2)2 y
i)
A (f) = fllo < (4.019)Y - 57)
m L (z 1 N .
; Iaz—j (M) [nﬁﬂ + (H (b — ai) ) :

1 + N™ wmax (1 1
2/ (n1=8 — 2) e(n' 7 -2)* minmB Y]

N 16— alle | fallos, N™ 1 K
m) V7 (n1=F —2) e(nt=F-2)? B

iv) Assume fo (xg) =0, forall a: |a| =1,....,m; zg € (Hi\;l [ai,bi]), Then

A (Fo0) = 5 o) < (4019 { e (1 L)+ 69

Ib = all% Il fallzm N 1
mt Y (n1=F = 2) == [

notice in the last the extremely high rate of convergence at n~Pm+1),

Proof. Consider g, (t) := f (xo +t (2 — 20)), t > 0; 29,2 € Hfil (@i, b;] .
Then

J
9]
g9 (t (Z — To;) ) fl (@o1 +t(z1 — zo1) ;.. on + t(2n — 2on))

(59)

15



for all j =0,1,...,m.
We have the multivariate Taylor’s formula

f(z10m2n)=9.(1) =

m - (4) 1
2 S G, a0 (0 @) @

Notice g, (0) = f (zg). Also for j =0,1,...,m, we have

. N
9 (0) = > <1—[Nj'|> <H (Zi—m)a’) fa (x0). (61)

! -
a:=(a,...,an), a; €L, =1 =1
Z’=1,...,J\/7 |O¢‘::E£V=1 az:J

Furthermore
g™ (0) =
Z vy H(Zi_xoz‘) " fa o+ 0 (2 —20)),
ov=(a1,...,on), a; ELT, Hi:l Qi i=1

i=1,..,N, |a|:="N  a;=m
(62)

0<0<1.
So we treat f € C™ (H

R=m [ (-0 )3 (ryv_lla'> (H G _x)>

a:=(ai,...,an), a; €L,
i=1,...,N, |a|:=1, a;=m

. {fa <x+9 (i _ x)) s (z)] do.
We see that

B <m / a=-0"" > (HNla,> (_H

lae|=m

16



dd<m | 1-6m". (65)

(" ( ! )(ﬁ ki mai>w (f 9”’“ v >)d9<(*)
o — = 1| Jas - <
|a]=m Hiil ai! i=1 n oo
Notice here that
k 1 k; 1
E—ZU <n7<=> E ZT; Sniﬂ, ’Lzl, .,N. (66)

We further see that

o <maty (o) [L0-0m (8 (HN:OH> (f_V[ (;)ai>)d6:

la]=m
T (f ) ml_ | _ (i (e ar) |
() () - ()

Conclusion: When H% - a:HOO < we proved that

= 7B

|R| < (%) Tom (fa,>. (68)

In general we notice that

1 N
|R|§m/0 =" > (H " )(Hb—az >2||fa||oo d =

la]=m

2 3 ot (160 e

la|= i=1

2o —al|2; IIfaIImaX> m! 2lb — all 1 falloem N
> = . (69)

| N | |
" jaj=m [z ! m

We proved in general that

2116 — all™ | ful ™
< e N -
m:

Next we see that
|nb]

Z Z(nx—k)R =

k=[na]

17



[nb] Lnb]
Z Z(nx—k)R+ Z Z (nz — k) R.

{'H k = [na] { Hkk:fncﬂ

1

nolle <5m w2l > s
Consequently
[nbd]
N™ 1
Ul < > zwen) | et (o
{ k= [na]
HIw -2l < 5
1
+p2\/E (nl—ﬁ —2) en'=?-2)?

< ™ mmx f - 1
=l B ) P (P 2) e B
We have established that

N™ max 1
|Un| lem <fomn5>+

b—a . max 1
o= el 1555, o
m! VT (n1=8 — 2) e ~F-2)

We observe that

(71)

Lnb] Lnb)
Z f( ) (nx —k)— f(x) Z Z (nx —k) =
k=[na] k=[na]
m [nb] N k; ai>
Z (nx — — =T
J; (WZJ (Ht 1 O” ) (k %a] <i_1 <n > ))
[nb]
+ Z Z (nx — k) R. (73)
k=[na]

The last says

Lnb)
A5 (f,2) — f () ( > Z(nx—k)) -

k=[na]

> (Z (H(x),> Aj, (H (- —z)™ m)) =U,. (74)
=1 \|al=j i=1 Yi i—1



Clearly A} is a positive linear operator.
Thus (here o; € Z" : |a| = Zil a; =j)

N
‘ﬁ<HC—%W7>
=1

N
<A* (H _Z'iai71'>:

i=1
[nb] N L a;
Z (Hz—a:i )Z(nx—k):
k=[na] \i=1 n
Z (H ifxi )Z(n:ck)+
k= (na] 1=1
5 —ell <35
[nb] N k a;
Z <Hl—xi )Z(nm—k)<
n
k= |’na-\ i=1
| 5=l >
1 N [nb]
5T H (bi —a;)™ Z Z (nx — k)
i=1 k=[na]
|| & || >
N
1 . 1
5 bi —a;)™
nﬂj+<’n( CL) >2\/7T'(’]’L1 6_2)6(,”1[3 2)

So we have proved that

(75)

i=1

forall j=1,...m
At last we observe

An(f2) =1 (@) = (Z (HfN(”z,) 4, (H(-—m%x

J=1 \lal=j

(4.019)Y - |45 (f.2) = f(z) Y. Z(nw—k)—

S (1‘) )A* (N (,_x,)ai JJ)) .
]; <§j <H¢_1 a;! i=1

19

N o 1 N o
A’Tl (H ( —331‘) ! 73:)‘ < W + (H (bl - a’i) 1) 2\/771'(7’11_6 _ 2) e(nl—ﬁ—2)27

(76)



Putting all of the above together we prove theorem. m
We make

Definition 9 Let f € Cp (RN), N € N. We define the general neural network
operator

k=—o0
B, (fiz), iflax (f) = f (%)k’ﬂ
Co(f2), if b (f) =0 [ f () dt, (78)
=4

n

nk (f)-

Clearly 1 (f) is a positive linear functional such that |l ()| < [|f]l -

Hence F, (f) is a positive linear operator with || F,, (f)|l, < ||fll, & con-
tinuous bounded linear operator.

We need

Theorem 10 Let f € Cp (RN), N > 1. Then F, (f) € Cp (RN) .

Proof. Clearly F), (f) is a bounded function.

Next we prove the continuity of F, (f). Notice for N =1, Z = x by (10).

We will use the Weierstrass M test: If a sequence of positive constants
My, Ms, M3, ..., can be found such that in some interval

(a) lup ()] < M,, n=1,2,3,...

(b) > M, converges,

then > u, (z) is uniformly and absolutely convergent in the interval.

Also we will use:

If {un ()}, n=1,2,3,... are continuous in [a,b] and if Y u, () converges
uniformly to the sum S (z) in [a,b], then S (z) is continuous in [a,b]. Le. a
uniformly convergent series of continuous functions is a continuous function.
First we prove claim for NV = 1.

We will prove that Y p- Ik (f) x (nz — k) is continuous in z € R.

There always exists A € N such that nz € [-A, \].

Since nx < A, then —nx > —Xand k —nx > k— X > 0, when & > \.
Therefore

o0

S x(na—k) =3 x (k- na) <
k=X

k=X

]2

X(k=X) =Y x(*)<1 (19
k’=0

k=X

So for k > \ we get

[k (NI x (= k) < [ fll oo x (k= A),
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and

1l Do x (k=) < £l

k=X

Hence by Weierstrass M test we obtain that Y ;-\ lux (f) x (nz — k) is uni-

formly and absolutely convergent on [—%, %] .
Since Iy (f) x (nx — k) is continuous in z, then > o\ Ik (f) x (nz — k) is
continuous on [—%, %] .

Because nz > —\, then —nz < A\, and k —nx < k+ X <0, when £ < —A\.
Therefore

Y - - 0
doxtmz—k)= > x(k-nz)< > x(k+N= > x(F) <L
k=—o0 k=—o00 k=—oc0 k/'=—o00

So for k < —)\ we get

Lk (F) x (nz — k) < || flloo x (K +A), (80)
and
Y
Iflee D xk+X) < £l
k=—o0

Hence by Weierstrass M test we obtain that Z,;\foo Ik (f) x (nz — k) is uni-
formly and absolutely convergent on [—2, 2] .
Since lnk (f) x (n@z — k) is continuous in z, then Z;i_oo Lok (f) x (nz — k) is

continuous on [—%, %] .

So we proved that Y7 Ik (f) X (nz — k) and 21:;\700 lnk (f) x (nx — k)
are continuous on R. Since Zk “ag1 Ink (f) x (nz — k) is a finite sum of con-
tinuous functions on R, it is also a continuous function on R.

Writing

oo —A
S b (Nxma—k) = S L (f)x (o — )+

k=—o0 k=—oc0
A-1
Z Lk (f) x (nz — k +Zl”k X (nz — k) (81)
k=—A+1

we have it as a continuous function on R. Therefore F,, (f), when N =1, is a
continuous function on R.

When N = 2 we have

(oo} o0

f,$1,I2 Z Z nk nIl*kl)X(nIQ*kQ):

klzfoo k‘g:*OO
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Z X(nxl_k1)< Z Lok (f)X(nxz—k2)>

’{71:700 kngoo

(there always exist A1, A2 € N such that nx; € [—A1, A\1] and nza € [—A2, A2])

[e'e) —A2
= Z X(n:cllﬁ)[ Z lnk (f) x (nw2 — k2) +

klzfoo k)2:700

A2—1

Yo b (N x(nwa—ka)+ D luk (f) x (nw2 — k2)] =
ko=—X2+1 ka=MX2
') — A2
= > > Lk (N x(nwr — k) x (nas — ko) +
k1——00 kz——OO
o0 )\271

S0 b () x(nar — k) x (nas — ka) +

k1=—00 ka=—X2+1

Yo D k() x(nar — ki) x (nas — ko) =: (%)

k1:—oo k2:>\2

(For convenience call

F (k1 ko, 1, 02) = Lok (f) x (n@y — k1) x (n2e — k2) . )

Thus
-1 —A2 A1—1 —A2
)= > Y Fleikyaaz)+ Y Y F(k kg, )+
ki=—00 ko=—c0 ki=—X1+1 ka=—00
(oo} 7)\2 7)\1 )\271
Z Z F(kl,k2,$1,$2) + Z Z F(/ﬁ,kg,ml,xg)‘F
ki1=MA1 ko=—0o0 ki=—o00 ko=—Xo+1
)\171 /\271 o0 /\271
Z Z F(kl,k2,$1,$2) + Z Z F(kl,k2,$1,$2)+
ki=—X1+1ka=—X2+1 ki=MA1 ko=—X2+1
7/\1 o0 )\171 o0
Z Z F(kl,kQ,xl,l‘g) + Z Z F(k1,k2,$1,1‘2)+ (82)
k1=—00 ka=MA> ki=—X1+1 ka=MXo
Z Z F(k15k27x17x2) .
k1=X1 koa=Xo

Notice that the finite sum of continuous functions F (k1, k2,21, x2),

A1—1 Ao—1 . . . .
an:f)\lﬁ»l ZkZ:ﬂ\zH F (ky, ko, 21,22) is a continuous function.
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The rest of the summands of F,, (f,z1,x2) are treated all the same way and
similarly to the case of N = 1. The method is demonstrated as follows.

We will prove that >~ _, 21:2)\:2700 lnk (f) x (nz1 — k1) x (nxo — k) is con-
tinuous in (z1,z2) € R2.

The continuous function

Lk (F) x (nz1 — k1) x (nw2 — ko) < [[flloo x (k1 — A1) x (k2 + A2),

and
—As

1 lloo Z Z X (k1 — A1) x (k2 + X2) =

klz)\l k’Q:—OO

o] —A2
1/ lloo < > X(k1—>\1)> ( > X(k2+>\2)> <

klz)\l kg:—oo
[e'S) 0
Il | D2 x (kD) > xRy | < Iflle-
k=0 ky=—o0

So by the Weierstrass M test we get that

—A . B
D ey Db — oo bk (f) x (ny — k1) x (n@z — kg) is uniformly and
absolutely convergent. Therefore it is continuous on R2.
Next we prove continuity on R? of

ST a1 T o bk (F) X (n1 = ka) X (nava — ko).
Notice here that

[l (F)I x (nz1 — k1) x (nw2 — ko) < || flloo X (n@1 — K1) x (k2 + A2)

< N Flloo x (0) X (k2 + A2) = 0.4215 - || f[l o X (k2 + A2),

and o \
0.4215 - || fll o ( Z 1) ( Z X (k2 +Az)> =
ki=—X1+1 ko=—00
0
0.4215 - ||f||OO 2\ — 1) Z X (kzé) <0.4215- (20 — 1) ||fHoo . (83)
kh=—o0

So the double series under consideration is uniformly convergent and continuous.
Clearly F), (f,x1,®2) is proved to be continuous on R2.

Similarly reasoning one can prove easily now, but with more tedious work,
that F, (f,x1,...,on) is continuous on RY, for any N > 1. We choose to omit
this similar extra work. m
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Remark 11 By (24) it is obvious that || A, (f)| < [|flle < 00, and A, (f) €
N

N
C (H [ai,bi]>, given that f € C <H [a,i,bi]>

=1
Call L,, any of the operators A,, By, Cyp, Dy,.

Clearly then

127 (Dl oo = 120 (L (Nl < 1 (Dl < 1l » (84)

etc.
Therefore we get

1Ls (Dl < 1flees Y EEN, (85)
the contraction property.
Also we see that
1L (Do < NET Dlog € - S L (Do < 1 lloo - (86)

Also L, (1) =1, Lk (1) =1,V ke N.

Here LY are positive linear operators.

Notation 12 Here N € N, 0 < 8 < 1. Denote by

N -
_ o)™, L, =4, (s7)
1y Zan = Bnacnana
¢ (n) = {

2
[
N
O C (Zl:[ a;, b ) , if L, = Ay, (89)
CB ( ); Zf Ln = ancn;Dru

sz = A, By,
nB; ZfL —Cnana

and
N

y oo L leabi]. i L= 4n, (90)

i=1
RN, Zan = BnaCnaDrw
We give the condensed

Theorem 13 Let f€Q,0< <1,z €Y;n, NeN withn'~? >3. Then
(i)

1/ 1
V7 (18— 2) (n 72

L (f;2) = f(2)] < en jwi (fr0(n)) + =7, (91)
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(i)
[Ln (f) = flloo < 7 (92)

For f uniformly continuous and in £ we obtain

lim L, (f) = f,

n—00

pointwise and uniformly.

Proof. By Theorems 4-7. m
Next we do iterated neural network approximation (see also [9]).
We make

Remark 14 Letr € N and L,, as above. We observe that
Lof—=f=Lnf =Lyt )+ (Lt = L2 f) +

Ly 2f =Ly f) 4 o4+ (L f = Luf) + (Lnf — ).

Then

1L f = flloo S | Lnf — Ly M fll o + 1 L0 F = L2 f ||+

|Ln2f = L2 fl o+ e+ L2 = L f ||+ 1 f = flloe =
NLn ™t (Lnf = O o+ L0 2 L = D o+ |1 L0 Lnf = £ o,

oo+ 1 Ln (Lo f = llo F I Lnf = flloo ST lILnf — fllo - (93)

That is
1Ly f = fllo STl Lnf = flloo - (94)
We give

Theorem 15 All here as in Theorem 13 and r € N, 7 as in (91). Then

Iy f = flloe < 77 (95)

So that the speed of convergence to the unit operator of L, is not worse than of
Ly,

Proof. By (94) and (92). m
We make

Remark 16 Let my,....m, E N:m; <mo < ...<m,,0< g8 <1, feQ.
Then ¢ (m1) > ¢ (m2) > ... > w(my,), ¢ as in (88).
Therefore

wi (f; ¢ (m1)) = wi (fr(m2)) = .. = wi (f,9(mr)) - (96)
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Assume further that m%fﬁ >3,i=1,...,r. Then

1 1
2 Z — 2
(mi? = 2) el "2 7 (=7 —2) elma"2)

> .. > (m}f" - 2) yrs (97)

Let L,,, as above, i =1,...;r, all of the same kind.
We write

Lin, (Linp—y (- Ling (L, f))) = f =
Lun, (L oLy Ly £))) = L (Lony s (oo Lon f)) +
Ly, (L, (-Liny £)) = L, (L, (o.Ling f)) +
Lin, (Lin,_y (-Ling £)) = Lin, (Lin,_y (-Liny ) + oot (98)
L, (L, o f) = Lo, f + Lo f — f =
Lo, (L, (-Liny)) (Lo f = £) 4 Liny, (Linyy (-Liny)) (Lino f — f) +
Lo, (L, —y (o-Liny)) (L f = f) 4 oo+ Lo, (Liny o f = f) + Lon, f — [

Hence by the triangle inequality property of |||, we get
| Zm, (L, (--Ling (Liny £))) = | <
HLmr (Lmr_1 (~'~LWL2)) (Lm1f - f)”oo"'HLmr (Lmr—l (“'Lms)) (Lmzf - f)”oo +
|Zm, (L, (--Lny)) (Lng f = £)|| o+ -
HL'mT (L'rrw—lf - f)Hoo + HLmrf - f”oo
(repeatedly applying (84))

< ||Lm1f - f”oo + HLmzf - fHoo + ”ngf - f”oo + ot

Ly f = £l o+ W f = Flloe =D M Lmef = fllog - (99)
=1
That is, we proved
[ Zon, (L, s (oo Loy (i ) = £y €30 M f = fll - (100)
=1
We give
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Theorem 17 Let f € Q; N, my,mo,....m, E N:m; <mg < ... <m,, 0 <
8 < 1; m}_ﬁ >3, i=1,..,r,z €Y, and let (L, ..., Lm,.) as (Apmyy ey Am,.)
or (Bmys ey Bm,) or (Cryy ey Crn.) 07 (Dpnyy ooy D) . Then

’Lmr (Lmra (~~-Lm2 (Lmlf))) (x) - f(@‘ <

| L, (Liny—y (o-Limy (L, £))) = |, <

S f = flloo <
=1

| 11 <
CN ; w1 (f, ¢ (mi)) + Jr (mil_’g B 2) e(m%—[3_2)2 hS
[/ lloe

rey |wi (f, o (my)) + (101)

V7 (mi = = 2) el )

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated operator is not worse than the speed of Ly, .

Proof. Using (100), (96), (97) and (91), (92). =m
We continue with

Theorem 18 Let all as in Theorem 8, and r € N. Here K,, is as in (57). Then
[ALS = Flloo S 7l ARS = flloe < 7K. (102)

Proof. By (94) and (57). m

4 Complex Multivariate Neural Network Ap-
proximations

We make

Remark 19 Let Y =[], [a;,b;] or RN, and f : Y — C with real and imagi-
nary parts fi, fo: f = fi +ifs, i = V/—1. Clearly f is continuous iff f1 and fo
are continuous.

Given that f1, fo € C™ (YY), m € N, it holds

fo (@) = f10 (2) +if20 (2), (103)

where a indicates a partial derivative of any order and arrangement.
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We denote by Cp (RN,(C) the space of continuous and bounded functions
f:RN — C. Clearly f is bounded, iff both f1, fo are bounded from RN into R,
where f = f1 +ifo.

Here L,, is any of Ay, B,,Cyn, Dy, n € N.

We define

L, (f,x):= Ly (f1,2) +iL, (f2,2), Vz €Y. (104)
We observe that
Ly (f,2) = [ (2)| < |Ln (f1,2) = f1 (@) + |Ln (f2,2) — f2 (2)], (105)

and

1 (f) = flloe < I1En (f2) = fillso + 1 En (f2) = folloo - (106)

‘We present

Theorem 20 Let f € C(Y,C) which is bounded, f = f1 +if2, 0 < 8 < 1,
nNeN:n'""P>3, zcY. Then

i
L (f,2) — f (@)] < ex-
Ufilloe + 12l ] _.
1 (osp () 01 (fovip () + — U= | =iey (07
i)

[Ln (f) = flloo <& (108)

Proof. Use of (91). m

In the next we discuss high order of complex approximation by using the
smoothness of f.

We give

Theorem 21 Let [ : [[;_, [a;,b;] — C, such that f = fi1+ifo. Assume f1, fo €
C™ ([T, [ai,bi]), 0 < B <1, n,m N €N, nt=f >3 ze (IT, [ai, bi]). Then
i)

m N
A, (f, Zl(lz (H 1%)14”(1‘[1 — @)™, )) < (109)

N™ max 1 max 1
(4019)N{'mﬁ < <flonn/3 wlm (f20u>>+

b =allZ (1l + ol ) N
m| \/> TLl B72) ( 17ﬁ72)2 bl
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@)~ f(2)] < (4.019)" (110)
. fla f2,o¢ X 1
J; Iaz—a | (l_iiv——: |04z'! : )|> [nﬁjJr

N
R e e I
i=1 Qﬁ(nl—ﬁ _ 2) e(nt=8-2)

NTVL 1
m'nmﬁ ( max <f1 @ ﬁ) + wIIldX (f2 s )) +

5= all (Il + L faa ) N 1
m! ﬁ(nl_ﬂ — 2) 6(71,1*[3_2)2 5
iii)
145 (f) = fllo < (4019)7 - (a11)
. 1fre @) + e @I\ T 1
2|z Nl T
J=1 \lal=j [Tz ! n
x 1
b —a;)" | -
(}:[1( a ) ) Qﬁ(nl_ﬁ _ 2) o(n1—7—2)? ) +
NT” max max 1
’rn"nmﬁ( " (flo“)—’—wl?n (fQ,aanﬁ>)+
16— all2 (L frall 2 + ol ) N 1
m! ﬁ(nl_B _ 2) e(nlfﬁ_2)2 ’

i) Assume fo (xg) =0, foral a:|a|=1,...,m; zg € (Hf\il [a,-,bi]). Then

|An (f,0) = f (x0)| < (4.019)" - (112)
Nm max 1 max ]'
{m'n"’B( <f10475>+w1m (f?,a7n,5>>+
15 =l (I fralles, + 1 foal 2, ) N |
mi VA (017 = 2) (7P =2)% [0

notice in the last the extremely high rate of convergence at n~Pm+1),

Proof. By Theorem 8 and Remark 19. m
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