Received 02/05/14

SUBDIVIDING OF HOLDER’S INEQUALITIES ON TIME
SCALES AND SOME INTEGRAL INEQUALITIES VIA THE
THEORY OF ISOTONIC LINEAR FUNCTIONALS

LOREDANA CIURDARIU

ABSTRACT. The aim of this paper is to establish some extensions of subdivid-
ing of Holder’s inequality, Minkowski’s inequality and Qi’s inequality to iso-
tonic linear functionals taking into account that the time scale Cauchy delta,
Cauchy nabla, a-diamond, multiple Riemann, and multiple Lebesque integrals
all are isotonic linear functionals.

1. Introduction

In this paper we adopt the notations from the monograph [3] of Bohner and
Peterson. For further information concerning time scales, see [3]. The following
results will be useful below in order to establish the main results of this paper,
and can be found in [3], in [12] and in [2]. The following two results present two
important properties of the time scale Cauchy delta integrals.

Lemma 1. ([6], Corollary 3.3) If f is A- integrable on [a,b) then for an arbitrary
positive number « the function |f|* is A-integrable on [a, D).

Lemma 2. ([6], Theorem 3.6) Let f and g be A-integrable functions on [a,b). then
their product fg is A-integrable on [a,b).

In the following we need to recall Holder’s inequality on time scales and two
refinements of them which will be used below.

Lemma 3. ([3],p. 259, Theorem 6.13) Let a,b € T. If f,g € Crq(T,R), then

/ " lo(a)9 A

1 1
P a

)

b b
1) / F(@)g(a)|Az < / (@) PAx

wherep>1cmd%—|—%:1.

Date: April 22, 2014.
2000 Mathematics Subject Classification. 26D15.
Key words and phrases. Holder’s inequality, calculus of time scales, Minkowski’s inequality.

1


sever
Typewriter
Received 02/05/14


2 LOREDANA CIURDARIU

Lemma 4. ([12], Theorem 5) Let f,g,h € Cr4([a,b],R) and z%+$ =1 withp > 1;

then
b b % b
( / |h<w>||f<x>|mx> ( / |h<x>|g<x>|mx> > [ In@llf @)

Lemma 5. ([12], Theorem 6) Let f,g,h € Cr4([a,b],R) and % + % =1withp<O0

or q < 0; then
) -
( / |h<m>|g<x>|qm> < [ Im@llf @)

b
( / Ih(:v)llf(w)l”Ax>

The following definition is given in [2], [5] and it is necessary to recall it here.

=

D=

Definition 1. Let E be a nonempty set and L be a class of real-valued functions
[+ E — R having the following properties:

(L1) If f,g € L and a,b € R, then (af + bg) € L.

(L2) If f(t) =1 for allt € E, then f € L.

An isotonic linear functional is a functional A : L — R having the following
properties:

(A1) If f,g € L and a,b € R, then A(af + bg) = aA(f) + bA(g).

(A2) If f € L and f(t) > 0 for allt € E, then A(f) >0

Now we will recall Holder’s inequality for isotonic linear functionals as it appears
in [8].

Theorem 1. ([2]) Let E, L, and A such that (L1), (L2), (A1) and (A2) are sat-
isfied. For p # 1, define ¢ = ;5. Assume [wl[f|P, |w||g|?, |wfg| € L. If p > 1,
then

(4) Aljwfgl) < Av (| 17) A7 (follg])-

Then inequality is reversed if 0 < p < 1 and A(|w||g|?) > 0, and it is also reversed
if p <0 and A(Jw||f|P) > 0.

2. Subdividing of Holder’s inequalities on time scales

The following result is a subdividing of Holder’s inequality given on time scales
as an analogue of Theorem 1.2 from [11].

Theorem 2. Let s,t € R, p = f:i, and q = j:i We consider a,b € T and
f:9,h € Cra(la, 0], R).
(i) Ifs<l<tors>1>t, then

/ |h(z)|| f(2)g(z)| Az < (/ \h(2)||f (= |5pr> </ Ih(o)l|g(x |thx> '
b b ﬁ
. </ |h()[|f ()| Az / |h($)||g(:c)|qufC>

m"“



(i) Ifs>t>1or<l<t;t>s>1ort<s<l, then

1
2

b s q
[ n@isaa Am></ (@) f(z A) (/ h(@)lg(z |%>
. ) .
: ( / (@)1 (@) Ac / |h<x>||g<x>|sqm>

Proof. (i) Taking into account that hypothesis s < 1 < t or s > 1 > t implies
p = ;:i ,q= ;:i and Lemma 1, by using Holder’s inequality on time scales

we have

b b 1—¢ s—=1
/ (@) || (@)g(@)| Az = / R@I(F) @I [1(F9) @)1

b b
< V Ih(@)][(f9)(x)]* Az V [R(@)I(f9)(2)[' Az

As in [11], using again Holder’s inequality from Lemma 4 for { i

1 we get,
b s—t Z%i
( / Ih(@)lg(x) Swm)

’ b s—t
/Ih(x)ll(fg)(x)%wg</ h(x)|f(x)|51tAx>
F b s—1
( [ in@llgte)

and
b b s—t i s—t st
[ @iz @rss < | [ palf@) = s ac)
Conclusion from (i) holds from last three inequalities.
(ii)Froms>t>10rs<t<1wehaves;<Oandt>s>1ort<s<1

=t <1

Ax <

1—t
s—t

o[~
11
e

-
|
-

n
|
|

involves 0

b
[ @ls@g@)ae =

b = b =]
> [( / |h<x>|f<x)|s?—?m> ( / Ih()]lg(z) Ax> ] ~
b - b §:} =t
[( / |h<x>||f<x>|fftm> ( [ n@llste Am) ] .

—
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3. Subdividing of Holder’s inequalities for isotonic linear functionals

Starting from results given in [4], in [11], in [10] and in [1] we can state the
following inequalities for isotonic linear functionals.

Theorem 3. Let s,t € R, p = f:i, and q = % Let L satisfying the condi-

tions L1, L2 and A satisfying the conditions A1, A2 on the set E. We assume

[wl[ 7, Twll£1°7, [wllgl*?, [wllg]*, lwfgl, [wfgl®, lwfg|" € L.
(1)) Ifs<1l<tors>1>t, then

Allwgl) < A% (|wl| £7) A (jw]|g]'7) - [A(jw]|£]™7) A(|w]|g]*®)] 7.
(i) Ifs>t>1ors<l<t;t>s>1ort<s<l, then
A(lwfgl) > A7 (|w]| ™) A (jw]|g]"?) - [A(jw]| F]"7) A(|w]|g]*®)] 7,

when A(|wl|fg]*) > 0, A(lw[[fg]*) >0, A(jw[[f["?) >0, A(jw[[f|*") >0, A(lw||g|"?) >
0, A(lwllg]**) > 0.

s—t

Proof. (i) By inequality (4) from Theorem 1, applied for p = {=; > 1, ¢ = 3= we
have

A fgl) = A (Il fgl"] 7= gl ) < AT (Jullfgl*) - AT (]l Fgl"):

Applying again Theorem 1 for =

> 1 we get

Allwl|fgl?) < AT (ol F59) AT (|wllgl* =)
and
A(lwl| fglt) < AT (|w]| f1557) AT (Jwl|g] F=T).
Taking into account these three inequalities we obtain the desired inequality.
For (ii) we use a similary motivation and the reverse inequality from Theorem

1.
|

Taking into account Remark 2.5 from [4], we can state the following improve-
ments of Minkowski’s inequality for isotonic linear functionals.

Theorem 4. (i) Let p > 0, s,t € R — {0}, and s # t. We consider p,s,t € R
different numbers, such that s, t > 1, ;:’; > 1, L satisfy conditions L1, L2 and A
satisfy A1, A2 on the set E . If w, f,g > 0 on E with w(f +g)?, w(f+g)%, w(f+

@)t wfs, wg®, wft, wgt € L then

s(p—t) t(s—p)

A(w(f +g)") < [AF (wf*) + A% (wg®)] #= - [A% (wf') + AT (wg")] =
(i) Let p > 0, s,t € R—{0}, and s # t.. If we consider now p, s,t € R different
numbers, such that s,t < 1, ;:t < 1, L satisfy conditions L1, L2 and A satisfy

t
conditions A1, A2 on the set E and if w, f,g > 0 on E with w(f + g)?, w(f +

g)s’ w(f—"_g)t’ wfs’ wgs7 wft7 wgt E L then
1 s 1 g1 S=1) 1 1 t(s—p)
A(w(f +9)7) > [A% (wf?) + A= (wg)] = - [AT (wf') + A (wg")] .
In this case we need the additional conditions A(w(f + ¢)%) > 0, A(w(f + g)") >
0, A(wf®) >0, A(wg®) >0, A(wft) >0, A(wg") > 0.
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Proof. (i) We will use first Holder’s inequality, Theorem 1, page 136 and then
Minkowski’s inequality, Theorem 2, on the same page, from [7]. For Holder’s in-

equality we use indices =t and <=t obtaining:
p—t s—p

Aw(f +g)") = A(w(f + 9)* =7 (f +9)'=F) < AT (w(f + 9)*) AT (w(f + 9)").

We use first time s > 1 for Minkowski’s inequality and the second time ¢ > 1,
obtaining:

s—

A (w(f + 9)*)ATE (w(f +g)") <

< [Af ) + At we)] T [At st + A wgh)] T

s—t

(ii) We will use the same reason like before.

We continue by giving a refinement of the subdividing of Holder’s inequality
from Theorm 3 for isotonic linear functionals, but first enunciate Theorem 2.2 fom
[1] in the case of these functionals.

Theorem 5. Let 1 < p < o0 and let ¢ = p’%l be its conjugate exponent, L satisfy
conditions L1, L2 and A satisfy A1, A2 on the set E. If|f|?, |g|, |fgl, |f|%]g]% €
L

and if 1 < p < 2, then

SFIPY AT (1019 !
Av([fP)Aq(|g]?) (1 pA

f1E gl T) N
(310~ 2am) S A=

<|ﬂ5 Bk )T)
AS(|flr) A% (g|)

while if 2 < p < oo, the terms % and % exchange their positions in the preceeding
inequalities.

. , 1
< Av([f[F)Au(|g|*) (1 -

Proof. We take in Lemma 2.1( [1]) u = —Y-— and v = —1%— and by replacing
AP (|fIP) Aa(|gl9)

in inequality %(u% —vi)2 < % + % —uw < %(u% —v7)? we obtain
P a 2
VT P N C—
g \Az(|flr)  Ax(lgle)) ~ pA(SIP) ~ qA(gl)  Av(|fp)Ad(|gla) ~

<1( FIEE f_
T \AN(fP) AR(lgl)

Using hypothesis and condition A2 we have:
P a 2
( flz gl2 ) < AUP) - Adgl) A(lf1g)
Az (|fl7)  Az(|g|?)

(Iﬂ5 Bk )T
AR(|flP) A3 (lg|)

1
q

= pA(fI?)  aA(lgl?)  AF(|fp) A7 (|gl) ~

1
p
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or by calculus,

Lal( 1715 lol? ﬂgl_ _AQfla)
q Az ([fIP)  Az(|g]9) Av ([f|P)Aq(|g])
<1y ( I7E_Jol? )]
p Az (|flP)  Az(|g]?)
which leads to our conclusion.

Theorem 6. Let s,t € R, p = i:i, and q = fj such that s <1<t ors>1>t,

and L satisfy conditions L1, L2 and A satisfy conditions A1, A2 on the set E. If

+t

FP0 f, g%, gt (fo)t, (f9)°, fFg% g%, (fg) €L and f,g are positive

functions then
sp sq 2 %
( f= g ) _
Az(fp)  Azx(g*)

11
-1 —min{-, -}A4
{ {q p}

A(fg) < AF (f7)AT (') [A(F7) A(g"0)] 7 ll - min{; %}A

[\v]
|
_ 1

Q

tp tq 27 % ¢ s 2
. 1—max{1,l}A 1f2 — 1g 1 — max{ ,E}A ng) — 1( 9)
ap Az (ftr)  Az(g") . A=((fg)")  A=2((f9)°) .
Proof. By inequality given in Theorem 5, applied for p = i:i >1, q= fj we

have

A(fg) = A(I(F9) 1= 1(£9)157) <

< A (f9)) - A ((g)) (1 ~min{7, A

s—1

Applying again Theorem 5 for {=; > 1 we get

t s—1

A((fg)*) < AEH (o AT (o5 (1 - min{é, %}A

(i i) )
Ax () Ax(g)) |

tp tq 27
1—t s—t s—1 s—t 11 fz gz
s—t tl—t As—t ts—l — mins —. — A — .
(f ) (g ) (1 {q7p} [(Aé(ftp) A%(gtq)> )

and

A((fg)) < A

Taking into account these three inequalities we obtain the desired inequality.
For second inequality we taking into account the first inequality from Theorem
5 and use the same reason like before. I
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Remark 1. (i) It is known that the time-scale integral is an isotonic linear func-
tional as is given in Definition 1. Multiple Riemann delta time-scale integral is also
an isotonic linear functional, see Theorem 3.6, [2].

(i) The multiple Lebesque delta time-scale integral is also an isotonic linear
functional, see Theorem 3.7, [2].

(i) The Cauchy nabla time-scales integral is an isotonic linear functional, see
Theorem 3.4, [2].

(iv) The Cauchy a-diamond time scale integral is an isotonic linear functional,
see Theorem 3.5, [2].

Therefore these inequalities from Theorem 3, Theorem 4, Theorem 5 and Theo-
rem can be rewritten for these kind of specific isotonic linear functionals.

We can give below an improvement of Holder’s inequality like in [1] for integral
n time scales and then a refinement of Theorem 3 , the subdividing of Holder’s
inequality for integrals on time scales.

Remark 2. (i) Let a,b e T. If f,g € Crq(T,R), are two psitive functions then

l/: f(z)PAx /abg(x)qAx

b 4 a
'[1_ 2 (1_ AL, )] .
minp. g} \* ([ fle)pAe [, g()ran)s ) |,

1 =

< /:f(x)g(z)m . [ /abf(xmxr [ /abgmx] "

. ll 2 (1 U @)Eg)iae )]
max{p, ¢} (fab f(x)PAz f: g(x)1Az)z
where p > 1 and%—k%:l.
(ii) Let s,t € R, p = %7 and q = s“:; We consider a,b € T and f,g €
Cra([a,b],R) two positive functions such that if s <1<t ors>1>t, then

1

1
P q

L
2

/a " f)g(@)dr < ( / b f(fv)s”Aw> " ( / bg(sc)tQAx) s

P ’ " 11 [P 1% ()97 () A )]

. flz)PAx - )% Ax 1—-2min{—,-}1- 4 - :
</ (@) / 9(z) ) [ {p q}< (2 for(x)Az [ gsa(x)Ax)?

| J2 5% ()9 () )] 5

1 —2min{—, — — - .
{p q} ( (f{f 7 (z) Az fjgt‘l(w)Am)i

b stt
: [1 ~omin{t, 1) <1 S— Ja (f(fﬂ)g(xb)) 5 Az 1)1 |
b (Jf; (F(@)g(x)*Az [, (f(2)g(x))*Ax)?

and
1
2

/ab f(z)g(x)Ax > </ab f(x)spAa:> ; . </abg(x)thx> "
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. s » 11 fb 7p(a:)g%z(x)Aa: >]’lj
YPAx - 1Az 1—2max{—,-}|1— 4 - .
</ fla / ) ) [ h {p q}< (2 for(x) Az [ gsa(x)Ax)?

1
- |1 = 2max{—,
p

: [1 — 2max{—, -} (1 - f as)g(a:b))%Ax 1)] |
b ([ (f(x)g(x))s Az [ (f(z)g(x))tAx)2 .

Remark 3. Using previous Remark 1, (iii) we can give the following subdividing
of Holder’s mequalztzes for the Cauchy nabla time-scales integral :

Let s,t € R, p = = t, and q¢ = ::i We consider a,b € T and f,g,h €
Cia([a, B], R).

(a) Ifs<1l<tors>1>t, then

b q
/Ih(rﬂ)\lf(w w<</ \h(z)||f(z IS”Vx> </ |h(2)||g(x |thx> :
b b p17q
(/ \h(af)l\f(x)lt”w-/ h(af)lg(w)ls"%> :

(b)[f3>t>10r<1<t;t>s>10rt<s<1 then

b q
[ i@z vx>(/ @) (@ |spw> (/ (@)l |tqvx> .
b b 7a
( [ m@isarea- [ h<m>|g<x>|sqw> .

(c) Ifs<1<tors>1>t, and f,g are two positive functions then

[ sontevas ( [ f(x)spw> - ( / bg(x)thx) "
. (/ab f(2)PVz - /ab g(x)sqvx> i [1 - Qmin{}?’ é} (1 B (fy f{:fsp a:fsqggq)vmvx) ﬂ | |

I 1% (2)g% (2)Va )]
(f: fr(x Vacf gtq )Va)
b
: l1 —2min{~, -} (1 S S, (f(x)g(x b)) ‘Vz 1)] |
b (Jo (f(2)g())*Va [, (f(2)g(x)) V)2

S

[SIE

.a

11
|1 —=2min{-, -} <1—

p g

=

and
R
2

. </abg(x)tqvgc> o

1
2

/ab f(z)g(x)Va > </ab f(x)spvx> '



1

, . va 11 f [Z(2)g7 (x)Vz ,
)PV - WV 1—2max{—,-}|1-— - .
(/ Ut / 7) ) [ : {p q}< (fa fee( x)V:z:f;gSq(x)Vxﬁ)]

+

1
- |1 = 2max{—,
p

. ll—QmaX{7} (1— v fx)g(wb))%th 1)] .
Py (J, (f(@)g(x))*Va [, (f(z)9(x))'Vz)z ) |

Remark 4. Using previous Remark 1, (iv) we can give the following subdividing
of Holder’s znequahtzes for the Cauchy a-diamond time-scales integral :

Let s,t € R, p= =L, and q = 2=. We consider a,b € T and f,g,h : [a,b] - R
be three o4 -integrable functions.

(i) Ifs<l<tors>1>t, then

b % 2
[ st < ( [ monsare )" ([ oo )
b b 71(1
( [ @@l eaz [ @lg) o x>

(z'z')Ifs>t>10r<1<t;t>s>10rt<s<1 then

/ablh(:v)Hf(x |0ax></ |h(2)||f(2)]* o :c) (/ |h(2)|]g()[* o x)
| (/abh(ai)lf(xﬂtp%x'/a h@llg@I x) q

(i) If s<1<tors>1>t, and f,g are two positive functions then

¥

L L
2 2

/f <>a$<</ F(2) on )P _(/abg(x)tqoax>q )
.(/abf(x)“’%f”'/f“*“”) m [1_2mm{;’; <1_<fa fsfp(f Wf:gsq) )jx))]

1

~l12min{1,1}<1 ff (z) % @ 1)]
P q fftp () 0q xf gl(x) 0q )2

1 2mingd Ly (1 f(f(z) " oar ik
P q (7 (f(2)g(x))* oa x))'Vz)z

()=
z [U(f
[ s w></f - )(/<>>

and

m"“
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N s N L 1 P rt@et@ean
(/a f(z) <><,a:~/ag(x) <>aa:> ll 2max{p7q} <1 (f;fsp(z)%xf:gsq(x)%I)g>]

11 [ £%@)g% @) oas )]
|1 —=2max{—,—-}|1— n :
[ {p q} ( (f: fir(z) oq mf;gtq(a;) Oq X)2

b s+t
: l1—2max{1,1} <1— - fa(f(ﬂf)g(x)b) 2 Oq T 1)1 |
P\ (U @e@) oo [{(F@)g(@) ean)t )]

Remark 5. We can also consider Example 3.3, from [2] when T =R, when T = Z,
and when T = hZ, h > 0 in Theorem 3.2, and to rewrite inequalities from Theorem
3 and 4.

o =

+

+

According to [2], when the time scale is the set of all real numbers the time-scale
integral is an ordinary integral, when the time-scale is the set of all integers the
time-scale integral is a sum, when the time scale is the set of all integer powers of
a fixed number the time-scale integral is a Jackson integral.

4. Several inequalities and Qji’s inequalities for isotonic linear
functionals

Next results reprezent variants of several results given in [9] in Lemma 2.5,
Lemma 2.6, Lemma 2.7, Theorem 3.1 and Theorem 3.3 in the case of isotonic
linear functionals.

Lemma 6. Let E, L and A be such that L1, L2, A1, A2 are satisfied. If f, g, £ e
g

QI

L are positive functions then

D P
A(fp) > Ag(f)’
g Ai(g)
where p > 1 0rp<0while%+%:1.

Proof. We apply Holder’ s inequality from Theorem 1 when p > 1 and f, g, fel
g q
are positive functions, obtaining:
f o1 1 [ fP 1
A(f)=4 (19‘7 <Ar | 5 ) A(g).
g1 g1
Then we take the p-th power on both sides of the inequalities and have:
PN 42
win<a( L) at).
g q
When p < 0 we take into account the inverse of Holder’s inequality, Theorem 1. |
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Lemma 7. Let E, L and A be such that L1, L2, A1, A2 are satisfied. If f, g, f%g% €
L are positive on E such that m < % < M on E, where m >0 and M < oo then
we have

1,1 _
where p > 1 and;—FE—l.
Proof. Using the hypothesis % < M, as in Lemma 2.6, [9], we find
1 1 _1 1 1 _1
fr(x)gi(z) =2 M7 fa(z)fr(x) = M f(x),
on E . Therefore by Definition 1, A2 and L1 we have
11 _1 1,,1 1 a1
(5)  A(Fgh) = MTEA() 20 or AF(figh) = M R AF(f) 2 0.
If we consider now % > m by the same reason we find that
1 1,,1 1 BRI
A(frg) > mrAlg) >0 or Ai(frge)>maiAi(g) > 0. (6)
)

From inequalities (5) and (6) we obtain

Aty = (1) ab(nat).

Theorem 7. Let E, L and A be such that L1, L2, A1, A2 are satisfied. If f, fP €
L, f is positive and A(f) > AP=1(1) then

A(fP) = AP7H(f).
Proof. By Lemma 6 and hypothesis we have,

A(fP) = A <fp> AP(f)  APTY(H)A(S) S A1),

19/ = As(r)  Ari(1)

Remark 6. Let E, L and A be such that LI, LQ A1, A2 are satisfied. If
fP, g, fq € L are positive on E such that m < ((m) < M on E, where m > 0
and M < oo then we have

Av (fP)Ai (¢7) < (%) " A(fg),

1,1 _
wherep>1and5—|—a—

Theorem 8. Let E, L and A be such that L1, L2, Al, A2 are satisfied. If

1 f%, fP € L are such that m < fP(x) < M on E, where m > 0 and M < oo then
we have ,
1 M\ »e el
b < (5)7 a7 @),

m

wherep>1and%+%:l.
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Proof. Taking g(z) =1 on F in Remark 6 we get

(6)  AF(mALQ) < (fj) A(f) or AF(pP) < (Z) ATH()A(S).
Now putting g(x) = 1 in Lemma 7 we will obtain
@ a0 <ato (3)7 A o g < atio) (37w

using the hypothesis that mr < flz) < Mv. By using inequalities (6) and (7) we
find
2
M e p
arn < (5) " R

m

Remark 7. The multiple Lebesque delta time-scale integral, the Cauchy nabla time-
scales integral and the Cauchy a-diamond time scale integral are also isotonic linear
functionals, therefore these inequalities from Lemma 6, Lemma 7, Theorem 7 and
Theorem 8 can be rewritten for these kind of special isotonic linear functionals.

Remark 8. (i) Let f,g € Ci4([a,b],R) be two positive functions. Then the following
inequality holds:

b rp b p
) gy U@V
a gi(x) [, 9(z)Va]s
where p > 1 orp <0 while%—k%:l.

(i) Let a,b € T and f,g : [a,b] = R be two oq-integrable functions. Then we
have

i

) @) eaal
a gg(:v) N [f;g(a:) g x]g

wherep>1orp<0while%+%:1.

9

The following two results will help us to present a refimement of inequality from
Theorem 7.

Ry
[N

Lemma 8. Let E, L and A be such that L1, L2, A1, A2 are satisfied. If f, g, %, /

gd

@
Sh

L are positive functions then

wherep>1orp<0while%+%:1.



Proof. We apply Holder’ s inequality from Theorem 5 when p > 1 and f, g, L , le g
gfl g q
L are positive functions, obtaining:
N
v 11 <> 3
A =4 Lgt) < b (L) 4t [1-ming ya || AL -2
g g pa A3 (P) A% (g)
ga
Then we take the p-th power on both sides of the inequalities and have
297 7P

AP(f) < A(Z) Al (g) 1—min{%7é}A o <> - A;ig)

Theorem 9. Let E, L and A be such that L1, L2, Al, A2 are satisfied. If
f. fP, f% e L, f is positive and A(f) > AP~1(1) then

(A%f(ip) - Aélu))

Proof. By Lemma 8 and hypothesis we have,

(Aéfifp) - Aé1(1)>2H N

_AG) [me{;’im (A%fifp) _A;(l))szZ

A ATUPAY)
a2

P

> APTH(f).

2

A(fP) |1 - min{]%7 é}A

A(f)

11
1 —min{-,-}4
b q

Next results present some improvements of some integral inequalities given by Qi
and Yin, [9], in the cases of delta time-scale integral, the Cauchy nabla time-scales
integrals and the Cauchy a-diamond time scale integrals.

Remark 9. (i) Let a,b € T. If f € C.q(T,R) is positive and

b
/ f(x)Az > (b— a)P~!

2 fb (=)
- max{p, ¢} <1 (b—a): ([’ f( mxéﬂ Vf

a

then

/a " (a)A

where p > 1.
(ii) In the case of the Cauchy nabla time-scales integrals and the Cauchy -
diamond time scale integrals similary inequalities can be stated as above.

Q
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