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SOME INEQUALITIES FOR POWER SERIES WITH
NONNEGATIVE COEFFICIENTS VIA A GLOBAL REVERSE OF
JENSEN INEQUALITY

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities for power series with nonnegative coefficients
via a new global reverse of Jensen inequality are given. Applications for some
fundamental functions defined by power series are also provided.

1. INTRODUCTION

On utilizing some reverses of Jensen discrete inequality for convex functions,
we obtained in [5] the following result for functions defined by power series with
nonnegative coeflicients:

Theorem 1. Let f (z) = Z:OZO anz™ be a power series with nonnegative coefficients

and convergent on the open disk D (0, R) with R >0 orR=00. Ifp>1,0<a <R
and x > 0 with ax?, axP~! < R, then

flaa?) [f(a)]” _ [flaar) [ (0z7) f (an)
N ORI [f(a) 7@ f<a>]'

Moreover, if 0 < x < 1, then

(12) 0< f(O[ZL‘p) _ |:f(a$):|p <p lf(axp) f (Oé.’]?p_l) f(ax)]

fl@ L f() fl@ — fla) [l
9\ 1/2
1 f (aac2(p_1)) f (amp_l) 1
=\ Fw ‘l 7@ =3
and
f(az?) [ f(az) P [ (azP) f (aaP™1) £ (ax)
RS v Spl f@ @ f(a)]

) o\ 1/2
<L () [f(a:v)] <L,
20\ fle) f(e) 4
Corollary 1. Let f(z) = Y .2 anz" be a power series with nonnegative coeffi-

cients and convergent on the open disk D (0, R) with R > 0 or R =o00. Ifp > 1,
%—i—%:l and u,v > 0 with vP < u? < R, then

f)]? _ fr) 1 f (uv)]”
- o = o <+ [
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and

(1.5) 0. [F N7 [F (O)]'/7 — f (wv) < 3op 7 ().
Utilising a different approach in [6] we obtained the following results as well:

Theorem 2. Let f (2) = > -, an2" be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 orR=o00. Ifp>1,0<a <R
and 0 < z <1, then

flaa?) [ f(az)\P ~ J(e2) flaz) 1
ao o< fER - (H0) < (-0 Hog < o
and

flaa?) ([ f(az) P 1 1_(ff((ac:c)))p71 1
D 0=0= 750 <f(a)> ST St
where

1ifpe(1,2],
M, =

Corollary 2. Let f(z) = Y.." janz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R = co. If p > 1,
%—!—%:1 and u,v > 0 with vP < u? < R, then

Fn) (F)) )\ fw) 1
a8 o (Fam) <2 (1 7o) o <%
and

F@) [ f ) 11_(%32?)17—1 .
a9 o< s (Fom) < - A

For some similar exponential and logarithmic inequalities see [5] and [6] where
further applications for some fundamental functions were provided .

For other recent results for power series with nonnegative coeflicients, see [2], [8],
[12] and [13]. For more results on power series inequalities, see [2] and [§]-[11].

The most important power series with nonnegative coefficients that can be used
to illustrate the above results are:

oo

1
(1.10) exp(z)zzﬁz",ze(c7—Zz,z€D01)
n=0
= 1
—Zfz,zeD (0,1), COShZZ;(Qn)!Z2n’Z€C’



SOME INEQUALITIES FOR POWER SERIES 3

Other important examples of functions as power series representations with non-
negative coefficients are:

1 1 =1
(1.11) 21n(1fz>:z2n_1z2"1, z€ D(0,1),
) 2n+1
Z 222 e D(0,1),
= Of 2n+1
tanh ™! 221 2 e D(0,1),
. n+a (n+8)T (v)
F n
2471 aﬂa’)/a Z )F(’I’L—F’Y) ,Ot,ﬂ,’)/>0

D).

where I' is Gamma function.

Motivated by the above results and utilizing a global reverse of Jensen’s inequal-
ity, we provide in this paper other inequalities for power series with nonnegative
coefficients. Applications for some fundamental functions are given as well.

2. A GLOBAL REVERSE OF JENSEN’S INEQUALITY
The following result holds:

Theorem 3. Let f : I — R be a continuous convex function on the interval of
real numbers I and m, M € R, m < M with [m, M] C I, I is the interior of I. If
z; € [m,M] and w; >0 (i=1,...,n) with W,, := Y w; = 1, then we have the
inequalities

(2.1) 0< Zw;f x;) (Z w1x1>
< 2max { M =300 wiri 3 wim; — m}

M—-m ’ M—m

)

Proof. First of all, we recall the following result obtained by the author in [?] that
provides a refinement and a reverse for the weighted Jensen’s discrete inequality:

(2.2) nie{r{ﬁgn} {pi} [i Z fxi)—f (i Zx)]
< i ipif (mz) —f <1 i%%)
I P, &
<n max {pi} l Zf ) (izxzﬂ

where f: C'— R is a convex function deﬁned on the convex subset C of the linear
space X, {2i};c(1,. qy C C are vectors and {p;},c(, _,, are nonnegative numbers
with P, := Z?:ﬂji > 0.
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For n = 2 we deduce from (2.2) that
(2.3) 9min {t,1— ¢} {f(x);f(y) —f (I;yﬂ
Stf@)+ A=) f(y) - flta+(1-1)y)

(1) [f(z);rf(y) _f<a:;y>}

for any z,y € C and t € [0, 1].
If we use the second inequality in (2.3) for the convex function f : I — R where
m, M € R, m < M with [m, M] C I, we have for ¢ = % that

(2.4) (M = Ty i) )+ (T iz = m) S )
_ (m(M - wixﬁt%(zzlzl Wiz — m))
< 2max { M _sz:;lwx 7 Z?:&wix;n_ m }

y [f(m);f(M) _f(mJ;M)].

By the convexity of f we have that

(2~5) sz‘f (371‘) —f (Z wﬁ?i)

:§Wﬂmm_@ff@_m}

(B )

SZwi(M—fUi)f(m)‘i'(mi—m)f(M)

P M—-—m
m (M — 370 wizi) + M (301, wiw; —m)
- o )
_ (M =370 wixs) f(m) + (2, wizs —m) f (M)
M—m
m (M =30 wiz) + M (O wiz; —m)
—f < 1 . 1 ) .

Utilizing the inequality (2.5) and (2.4) we deduce the desired inequality in (2.1). O

For some related integral versions, see [4].

Remark 1. Since, obviously,

M =37 Jwizg Yo wiz; —m <1
M—-—m ’ M —m -
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then we obtain from the first inequality in (2.1) the simpler, however coarser in-
equality, namely

(2.6) 0<§wif(xi)—f<iwixi> <2 {f(m);f(M) _f(mJ;Mﬂ,

provided that x; € [m, M) and w; >0 (i=1,...,n) with W,, := Z?Zl w; = 1.
This inequality was obtained in 2008 by S. Simi¢ in [14].

Example 1. a) If we write the inequality (2.1) for the convex function f : [m, M] C
[0,00) — [0,00), f(t) =tP, p > 1, then we have

M =S" wim S wir; —m ) [mP 4 MP m+ M\?

<9 i=1 WiTli 2 =1 WiTs _

- max{ M-m = M-m }[ 2 ( 2 >
P P P

SQ[m ;M (m;M)],

for any z; € Im, M| and w; >0 (i=1,...,n) with W, :==>"  w; =1.
b) If we apply the inequality (2.1) for the convex function f : [m, M] C [0, 00) —
[0,00), f(t) = —Int, then we have

n n
(2.8) 0<In (Z wia:,») — Zwi Inz;
i=1 i=1

n n m+M
S 9 max M — Zi:l wﬂ:i’ Zi:l wW;T; — M In %
M—-—m M—-—m vmM

m+M
<In 2

()

for any z; € Im, M| and w; >0 (i=1,...,n) with W, =3 " jw; =1.
This inequality is equivalent to

M-"_ wix; " wix,—m
2II13.X{ %;,1 2 7/:21711\/1 o }
m—+M —m —m
2

(2'9) 1§M§ (m

n

Wy
H T
=1

< (TrH—M)2
- 4mM

for any z; € [Im, M| and w; >0 (i=1,...,n) with W, :=> 1" w; = 1.
We can state the following result connected to Hélder’s inequality:

Proposition 1. Ifx; >0, y; >0 forie {1,...,n}, p>1, % + % =1 and such that

Z; .
T S K forie{l,..,n},

%

(2.10) 0<k<
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then we have

P
(2 11) 0< Z?:l xf _ (Z?_l xzyz)
- —_ n n
Zi:l y? Zi:l yf

K_ Shimu Siimw

n ™ _k P P P
Zi:l y? Zizlyf k +K k+K
<2 _
< zInmax K _ k ) K _ k |: B B

P P p
<9 kP + K?  (k+ K .
- 2 2

Proof. The inequalities (2.11) follow from (2.7) by choosing

q
— and w; = =p—,% € {1,...,n}.
y? Zj:l Y;

The details are omitted. O

Z; =

Remark 2. Letp > 1, % + % = 1. Assume that

bgﬁl <K, forie{l,..,n}.
i

(2.12) 0<k<

If p; > 0 forie {1,...,n}, then for x; := pi/pal- and y; = pi/qbi we have

Zg pg /pflz‘ pil /paz‘ Pz /pa‘i a;
a=1 = 1= @/t = a1 = o1 € kK]
Yi ( L/ qbi> p by p; b} b,

%

forie{l,..,n}.
If we write the inequality (2.11) for these choices, we get the weighted inequalities

v pial n b\ P
(213) 0 S Zi:lpza’b _ <Zz—1 plalbz>

Z;L:l pibg Z?:l pibg
Sor i piaiby 0T piagb;
K- i pPi’ﬂ Z”:l ppib? —k kP + KP E+ K\’
< QmaX i=1 i i=1 i .
- K-k ’ K-k 2 2
p P P
<9 kP +K?  (k+ K .
- 2 2
From this inequality we have:
n a:b: \? n AP
(214) <21;1 piaz(l;l) < Zz‘n:l pzaZ]
> i1 Pib] > i Dib}
" maaibi \P P P P
< (W) +2[k +K? <k+K> ]
21‘:1 pib; 2 2

Taking into the second inequality of (2.14) the power 1/p and utilizing the elemen-
tary inequality

(a+ﬂ)1/p§a1/p+ﬂl/p,a,ﬂzo and p > 1,



SOME INEQUALITIES FOR POWER SERIES 7

then we get the following additive reverse of Hdélder inequality
1/p n 1/q n
(2.15) (sz ) <Zpib‘3> <Y piaib;
i=1 i=1
K+ KP o (k4 K\"]YP
1/ _ 14
+2 P{ 5 < 5 )} Zplbi,
i=1

<K, forie{l,..,n}

provided

and p; >0 forie{l,..,n}.

3. POWER INEQUALITIES

We can state the following result for powers:

Theorem 4. Let f () = > 7, anz" be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 orR=o00. Ifp>1,0<a <R
and 0 < z <1, then

flow) (Flaa)\' 2 =1 f f(az) f(az)
B 0= (f(a))S 21 {1 f(a)’f(a)}
o=l 1
S

Proof. Let m > 1 and 0 < a < R, 0 < z < 1. If we write the inequality (2.7) for

CLjOéj 1 .
w; = = and z; := 27 €[0,1], j € {0,...,m},
j ZZL:O apak J 0,1], j €{ }
then we get
P
1 = 1 z"‘: -
(32) 0 =—— a;adgPl — | ———— a;o’ z?
ZZL akOék ]Zo J EZI:O akak = J
|
< ——max<{1-— a;alz? ajol
= 9p—1 Ek oakak Z J akak Z J
r—1 1
< ——.
S o
Since all series whose partial sums involved in the inequality (3.2) are convergent,
then by letting m — oo in (3.2) we deduce (2.15). O
We have:

Corollary 3. Let f(z) = ZZO:O anz™ be a power series with monnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R = co. If p > 1,
%—i—%:l and u,v > 0 with vP < u? < R, then

@3 o< (;Eug)gglm{l f (wv) f(uv)}
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and

p—1 _ 1\ /P
(3.4) 0 < [f W")VP [f ()] — f (uv) < (21) f ().

2r—1

Proof. The inequality (3.3) follows by taking into (3.1) o = u? and x = . The
details are omitted.
Taking the power 1/p and using the inequality (a + b)l/p <a'/P 4P p>1

we get from
P p -1 _
) _ (L)), 2o
fwr) =\ f (u9) vt
the desired inequality (3.4). O

Example 2. a) If we write the inequality (3.1) for the function = = Y7 2",
z€ D(0,1), then we have

(3.5) 0< =@ _<1—°‘>p§2”1—1max{a(1—x) 1—a}

—1—azxP 1—azx op—1 l—ax '1—azx

for any o,z € (0,1) and p > 1.
b) If we write the inequality (3.1)) for the function expz = > %z”, z€C,
then we have
(3.6) 0 < expla(zf —1)] —exp [pa(z — 1)]
or—1 _ 1
S o max {1 —exp[a(z — 1)],exp [a (x — 1)]}

for any a,p >0 and z € (0,1).

4. LOGARITHMIC INEQUALITIES

If we write the inequality (2.1) for the convex function f : [m, M] C (0,00) — R,
f(t) =tint, then we have

(4.1) 0< iwimi Inx; — <2": wixz) In (i wq;scl)
i=1 i=1

i=1
M =30 Jwimp S wimi —m
< i=1 e i=1 "
_Zmax{ U —m , -
><[mlnm+M1nM (erM)l <m+M)}
- n
2 2 2

for any z; € [m,M] and w; >0 (i =1,...,n) with W,, := >, w; = 1.
This is equivalent to
(4.2) 1< =
(S, wiay) 3=t )

maxd MoTioy wims Dy wizi—m
M—m ’ M—m

< m™ MM
(m+M)m+M
2

for any z; € [m, M| and w; >0 (i=1,...,n) with W, :=>"  w; = 1.
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If we take M =1 and let m — 0+ in the inequality (4.1), we have

(4.3) 0< iwixi Inz; — <i wixi> In (i wixl')
=1 i=1

=1

n n
< max {1 — Zwixi, szxz} In 2,
i=1 i=1

for any z; € (0,1] and w; >0 (i =1,...,n) with W, :== Y"1  w; = 1.
This is equivalent to

(44) 1< i=1 - — < Qmax{l—ELI Wi,y iy w¢w¢}7
(Z:'Lzl wimi)(zizl w;z;)

for any z; € (0,1] and w; >0 (i =1,...,n) with W, :== > w; = 1.

Theorem 5. Let f (z) = Z:;o anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) with R > 0 or R = o0. If 0 < a« < R,
p>0andz € (0,1), then

ot o), @), (Lloen))

(4.5) 0< o)

S O A )

o L L

Proof. It 0 < aw < R and m > 1, then by (4.3) for z; = (zP)’ , we have

1 i . . .
(4.6) 0< =——= Y a;a’ (zP)’ In(zP)’
2 ko AR Jz:;) ’
1 = ; 1 - ;
N = a;dd @) | In | =—— ) a;af (2P
2k Akt jz::() ! 2 k=0 aka® jz:;) ’
1 = ;
- J (P}
<max<{1-— Zm akak ZaJ , ZZL anah jZOaJoz (zP)? > In2,

for p>0and z € (0,1).
This is equivalent to:

In (z
wm<§2mewm3
k=0

p p
a (z In a (z
kzﬂ kZJ
§k0aka §k_aka

m

1 _ .
< 1— E e — E il (xP) 3 In2
< max S Oakak a;o ; ZZ;O arak 2 a;o (zP)’ 5 1n2,

forp>0and z € (0,1).
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Since all series whose partial sums involved in the inequality (4.7) are convergent,
then by letting m — oo in (4.7) we deduce (4.5). O

Example 3. a) If we write the inequality (4.5) for the function liz =3 2",
z€ D(0,1), then we have for a,x € (0,1) and p > 0 that

(1 — 1- 1-
(4.8) ngaaj (1=2) Inz — a 1n< a )

(1 — azr)? (1 — azP) 1 — axp

1 — P 1—
< max o :c)’ @ In2
1—axP "1—axP

b) If we write the inequality (4.5) for the function expz =Y.~ %z", z € C,
then we have
(4.9) 0 [paz?Inz — o (P — 1)]exp [a (2P — 1)]
max {1 — exp [a (P — 1)],exp [ (2P — 1)]} In2

forz € (0,1) and a,p > 0.

<
<

5. EXPONENTIAL INEQUALITIES

If we consider the exponential function f : R — (0,00), f(t) = exp (f8t) with
B > 0, then from (2.1) we have the inequalities

(5.1) 0< Z w; exp (Bx;) — exp (ﬁ Z wixi>
=1 i=1

[ (o))

if z; € [m,M]and w; >0 (i=1,...,n) with W, :=>"  w;, = 1.
If we take in (5.1) M =0 and let m — —oo, then we get

(5.2) 0< Zwi exp (Bx;) — exp (ﬁZwixl') <1

i=1 i=1
for z; <Oand w; >0 (i =1,...,n) with W,, :=>""" ,w; = 1.
Theorem 6. Let f (2) = > ", an2" be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 or R=o00. Ifx <0, 3> 0
with exp (Bx) < R and 0 < a < R, then

!/
oo (Ga) _ fodef' @)
f (@) f (@)

Proof. If 0 < aw < R and m > 1, then by (5.2) for z; = jx, we have

(5.3) 0<

(54) 0< —=—— Y ajd [exp(Bx)) —exp | =——— Y Jja;o? | <1
ijo a;od JE:;J ! ijo a;od Z !

for x € (—00,0).
Since all series whose partial sums involved in the inequality (5.4) are convergent,
then by letting m — oo in (5.4) we deduce (5.3). O



SOME INEQUALITIES FOR POWER SERIES 11

Example 4. a) If we write the inequality (5.3) for the function 1; =3 2",
2 € D(0,1), then we have for x <0, >0 and 0 < a < 1, that

1—«a afzx
0<—7—r—r—— — ) <1
~— 1—aexp () eXp(l—a> -

b) If we write the inequality (5.3) for the function expz = Y.~ 42", z € C,
then we have

(5.6) 0 <exp(alexp(Bz) —1]) —exp (afz) <1
for any o >0 and <0, 5> 0.

(5.5)

REFERENCES

[1] P. Cerone and S. S. Dragomir, A refinement of the Griiss inequality and applications, Tamkang
J. Math. 38(2007), No. 1, 37-49. Preprint RGMIA Res. Rep. Coll., 5(2) (2002), Art. 14.
[Online http://rgmia.org/papers/vbn2/RGIApp.pdf].

[2] P. Cerone and S. S. Dragomir, Some applications of de Bruijn’s inequality for power series.
Integral Transform. Spec. Funct. 18(6) (2007), 387-396.

[3] S.S. Dragomir, Discrete Inequalities of the Cauchy-Bunyakovsky-Schwarz Type, Nova Science
Publishers Inc., N.Y., 2004.

[4] S. S. Dragomir, Some reverses of the Jensen inequality with applications. Bull. Aust. Math.
Soc. 87 (2013), no. 2, 177-194.

[6] S. S. Dragomir, Inequalities for power series with nonnegative coeflicients via a re-
verse of Jensen inequality, Preprint RGMIA Res. Rep. Coll.,17 (2014), Art. 47. [Online
http://rgmia.org/papers/v17/v17a47.pdf].

[6] S.S. Dragomir, Further inequalities for power series with nonnegative coefficients via a reverse
of Jensen inequality, Preprint RGMIA Res. Rep. Coll., 17 (2014)

[7] S. S. Dragomir and N. M. Ionescu, Some converse of Jensen’s inequality and applications.
Rev. Anal. Numér. Théor. Approz. 23 (1994), no. 1, 71-78. MR1325895 (96¢:26012).

[8] A.Ibrahim and S. S. Dragomir, Power series inequalities via Buzano’s result and applications.
Integral Transform. Spec. Funct. 22(12) (2011), 867-878.

[9] A.Ibrahim and S. S. Dragomir, Power series inequalities via a refinement of Schwarz inequal-
ity. Integral Transform. Spec. Funct. 23(10) (2012), 769-78.

[10] A. Ibrahim and S. S. Dragomir, A survey on Cauchy-Bunyakovsky—Schwarz inequality for
power series, p. 247-p. 295, in G.V. Milovanovi¢ and M.Th. Rassias (eds.), Analytic Number
Theory, Approzimation Theory, and Special Functions, Springer, 2013. DOI 10.1007/978-1-
4939-0258-310,

[11] A.Ibrahim, S.S. Dragomir and M. Darus, Some inequalities for power series with applications.
Integral Transform. Spec. Funct. 24(5) (2013), 364-376.

[12] A. Ibrahim, S. S. Dragomir and M. Darus, Power series inequalities related to Young’s in-
equality and applications. Integral Transforms Spec. Funct. 24 (2013), no. 9, 700-714.

[13] A. Ibrahim, S. S. Dragomir and M. Darus, Power series inequalities via Young’s inequality
with applications. J. Inequal. Appl. 2013, 2013:314, 13 pp.

[14] S. Simié¢, On a global upper bound for Jensen’s inequality, J. Math. Anal. Appl. 343(2008),
414-419.

IMATHEMATICS, SCHOOL OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTYy, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2ScHoOL OF COMPUTATIONAL & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA



