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SOME INEQUALITIES FOR POWER SERIES WITH
NONNEGATIVE COEFFICIENTS VIA A DIVIDED DIFFERENCE
REVERSE OF JENSEN INEQUALITY

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities for power series with nonnegative coefficients
via a divided difference reverse of Jensen inequality are given. Applications
for some fundamental functions defined by power series are also provided.

1. INTRODUCTION

On utilizing some reverses of Jensen discrete inequality for convex functions,
we obtained in [5] the following result for functions defined by power series with
nonnegative coeflicients:

Theorem 1. Let f (2) = > 7, an2" be a power series with nonnegative coefficients

and convergent on the open disk D (0, R) with R >0 orR=00. Ifp>1,0<a <R
and x > 0 with ax?, axP~! < R, then

f (azP) B f(az)]® f (azP) B f(oza:p’l) f (ax)
N ORI l f@  T@ f<a>]'

Moreover, if 0 < x < 1, then

(12) 0< f(O[ZL‘p) _ |:f(a$):|p <p lf(axp) f (Oé.’]?p_l) f(ax)]

fl@ L f() fl@ — fla) [l
9\ 1/2
1 f (aac2(p_1)) f (axp_l) 1
=\ Fw ‘l 7@ =3
and
f(az?) [ f(az) P [ (azP) f (aaP™1) £ (ax)
RS v Spl f@ @ f(a)]

) o\ 1/2
<L () [f(a:v)] <L,
27\ f(a) f(e) 4
Corollary 1. Let f(z) = Y .2 anz" be a power series with nonnegative coeffi-

cients and convergent on the open disk D (0, R) with R > 0 or R =o00. Ifp > 1,
%—i—%:l and u,v > 0 with vP < u? < R, then

(1.4) [f(“”)]p < I 1
f) ] = fut) — 4
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and

(1.5) 0. [F N7 [F (O)]'/7 — f (wv) < 3op 7 ().
Utilising a different approach in [6] we obtained the following results as well:

Theorem 2. Let f (2) = > -, an2" be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 orR=o00. Ifp>1,0<a <R
and 0 < z <1, then

flaa?) [ f(az)\P ~ J(e2) flaz) 1
ao o< fER - (H0) < (-0 Hog < o
and

flaa?) [ f(ax) P 1 1_(ff((og)) " 1
0D 0= <f<a>> S St
where
1ifpe(1,2],
M, =

Corollary 2. Let f(z) = Y.." janz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R = co. If p > 1,
%—!—%:1 and u,v > 0 with vP < u? < R, then

Fn) (F)) )\ fw) 1
a8 o (Fam) <2 (1 7o) o <%
and

F@) [ f ) 11_(%32?)17—1 .
a9 o< s (Fom) < - A

For some similar exponential and logarithmic inequalities see [5] and [6] where
further applications for some fundamental functions were provided .

For other recent results for power series with nonnegative coeflicients, see [2], [9],
[13] and [14]. For more results on power series inequalities, see [2] and [9]-[12].

The most important power series with nonnegative coefficients that can be used
to illustrate the above results are:

oo

1
(1.10) exp(z)zzﬁz",ze(c7—Zz,z€D01)
n=0
= 1
—Zfz,zeD (0,1), COShZZ;(Qn)!Z2n’Z€C’
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Other important examples of functions as power series representations with non-
negative coefficients are:

1 1 =1
(1.11) 21n(1tz> :Z%_lz%*l, ze D(0,1),
n=1

o~ [(n+3)
sin~! (2) = E — 2Lt e D (0,1),
= VT (2n+1)n!

— 1
tanh™! (2) = Z 22t 2 e D(0,1),

7127171
N L+ T(n+HT ()
2F1(a577z) _nz:% ( )F( )F(TL-’-’Y) aﬁa7>0
D(0,1),

where ' is Gamma function.

Motivated by the above results and utilizing a divided difference reverse of
Jensen’s inequality, we provide in this paper other inequalities for power series with
nonnegative coefficients. Applications for some fundamental functions are given as
well.

2. A REFINEMENT AND A NEW REVERSE

For a real function g : [m, M] — R and two distinct points a, 8 € [m, M] we
recall that the divided difference of g in these points is defined by
1 _9B)—g(a)
[057619] T B —« .
The following result holds:
Theorem 3. Let f : I — R be a continuous convex func{ioQ on the interval of
real numbers I and m,M € R, m < M with [m,M] C I, I the interior of I.
Let a = (a1,...,an), D = (P1,...,0n) be n-tuples of real numbers with p; > 0

(Ge{l,....,n})and Y pi=1.Ifm<a; <M, ic{l,...,n}, with > . pja; #
m, M, then

n n
(2.1) Zpi 7, ijaj sgn | a; — ijaj
i=1 =1

.

1 n n ] n n
<3 < ZpianM;f - mvzpiai;f ) > pijai =Y pja
Lim1 L= 1/ = =1

H'M:

IN

;( > piai, M; f| — vaPi“iQf) > pial = [ D pia;
Li=1 i L 1=1 i =1
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If the lateral derivatives f' (m) and f’ (M) are finite, then we also have the in-
equalities

(2.2) 0< sz’f (a;) = f (Z pﬂ%‘)

<3 ([Sorarss] - [ Somass] ) S o= S
=1 i=1 i=1 Jj=1
< % [FL (M) = £ (m)] Y pi|ai = Y pja;
i=1 J=1

97 1/2

S0 = m)] | Sopa? — | Y pia;
i=1 j=1

IN

Proof. We recall that if f : I — R is a continuous convex function on the interval
of real numbers I and « € I, then the divided difference function f, : I'\{a} — R,

f(@) = f(e)
o () i=|a,t; ] =
o lt) = ot )= TS
is monotonic nondecreasing on I\ {a}.
For a, := Z?zl pja; € (m, M), we consider now the sequence
) fla;)) = fla
f&p(z) = ( ) 7( P).
a; — ap
We will show that fa, (i) and h; := a; — a,, i € {1,...,n} are synchronous.
Let i,j € {1,...,n} with a;,a; # a,. Assume that a;, > a;, then by the
monotonicity of f, we have

flai)) = f (&p)

(2:) foy (= HEL=L

> f(a;):g(ap) = fa, (])
and
(2.4) hi > h;

which shows that

(2.5) [fa, (0) = fa, (5)] (hi = hj) > 0.

If a; < aj, then the inequalities (2.3) and (2.4) reverse but the inequality (2.5) still
holds true.
Utilising the continuity property of the modulus we have

[ fa, @] = |fa, D] (hi = hj)| < [[fa, 0) = fa, ()] (hi = hy)]
= [fa, (i) = fa, (j)] (hi — hy)
for any 4,5 € {1,...,n}.
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Multiplying with p;, p; > 0 and summing over ¢ and j from 1 to n we have

n n

(26) Zzplp] ’fap }fap H h _hj)

=1 j=1

<N pip; [fa, (0) = fa, (5)] (hi = hy).

i=1 j=1

A simple calculation shows that

(27) *Zzpng |fap ‘fap H h _h‘j)

=1 j=1

ZZPi’fap (i)’hi—ZPi’fap (i)’ZPihi
=1 i=1 =1

_ En:pi f(ai) —f(dp)

(ai —ap)

n

,Zp I (ai) :a (ap) Zp‘ a; — )
1=1 P =1

= Zpi ! (a;) : gp(ap) (a; —ap)
i=1 v

= sz |f (ai) — £ (ap)| sgn (a; — ap)
i=1

and

(2.8) 5 S s [fa 0) — fa, ()] (B — )
Pifa, (1) hi — Zpifa,, (@) Zpihi
_ 3o (L1 ¢, g

Zp<f(_);p —a)
- l(fw»__fw)(a o

On making use of the identities (2.7) and (2.8) we obtain from (2.6) the first in-
equality in (2.1).
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Now, since a, := Z?:l pja; € (m, M), then we have. by the monotonicity of
fap (Z) s that

(29) mayif) = LT < g
FOD-Fa)
ST%*M@M’H

for any i € {1,...,n}.
Applying now the Griiss’ type inequality obtained by Cerone & Dragomir in [1]

sz ZiYi — Zwlzlzwlyl % -~ Zwl Ti — ijll‘]

provided

(2.10) —o<i<y; <A<oo

fori=1,...,n, we have that
St 1 (S

<

([ap, M; f]1 = [m, ap; f sz a; — ija, ,

DN | =

which proves the second inequality in (2.1).

The last bound in (2.1) is obvious by Cauchy-Bunyakovsky-Schwarz discrete
inequality.

If the lateral derivatives f’ (m) and f’ (M) are finite, then by the convexity of
f we have the gradient inequalities

0010 s o
and

where @, € (m, M) . These imply that

[ap, M; f] = [m,ap; f] < f2 (M) = fi (m)

and the proof of the third inequality in (2.2) is concluded.
The rest is obvious. O

For an integral version see [7].

Remark 1. Define the weighted arithmetic mean of the positive n-tuple © =
(1, ..., xy) with the nonnegative weights w = (w1, ..., wy) by

1 n
An(w,l‘) = WZU)JZ
" oi=1
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where Wy, := Y1, w; > 0 and the weighted geometric mean of the same n-tuple,

by
n 1/Wn
Gp (w,z) = (H xi‘“) .
i=1

It is well know that the following arithmetic mean-geometric mean inequality holds
A, (’LU, -7:) > Gy (’LU, -r) .

Applying the inequality (2.2) for the convex function f(t) = —Int,t > 0 we have
the following reverse of the arithmetic mean-geometric mean inequality

A, (w,x)
(2.11) 1< 7Gn (w0, 2)

(An(w7:v) ) Ay (w,z)—m 3
m
<

(s

[IM—m
<exp |

A (w,|2— Ay (w,2)])

)M—An(w,x)

2 mM
provided that 0 <m < z; < M < oo fori € {l,..,n}.

Ay w, o — A, <w,x>>} ,

3. APPLICATIONS FOR THE HOLDER INEQUALITY

If x;,y; > 0 for i € {1,...,n}, then the Hélder inequality holds true

n n 1/p n 1/q
Sane (3o) (L)
i=1 i=1 i=1
Wherep>1,%+%:1.
Assume that p > 1. If z; € R for i € {1, ...,n}, satisfies the bounds
0<m<z<M<ooforie{l,..n}

and w; >0 (i=1,...,n) with W,, := Z?:l w; > 0, then from Theorem 3 we have
amongst other the following inequality

n

1 rowiz ' o wiz
(3.1) W ; 2P — (Zz;ﬁlf:) Z) ’wisgn [zi — 421;471” z }

< Dioy Wiz _ > wizi )"

- W, W,
1 -Zﬁz W;Zg | [ Zn= W;Z; l ~

§2<ﬂﬁyM%V—7mm5KV)DMﬂ
1Y wiz 1 [ > wiz 1\ =

< = =1l 0 AT (. p| _ Lai=1 TV \P Dw

2(_ Wn ) 7()_ _ma Wn 7()_) ,Q(Z)
1 -Zn—l w; Z; | I Zn_ Wiz ] )

< - = 7M7 G - m, =1 ; P M_m7

(B sy - [m Zm22 o] or - m)

where Z%ﬁ% € (m, M) and
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while

Siwiz (Ehwe)C|”
W, W,

Dw,Q (Z) = [

The following result related to the Holder inequality holds:

Proposition 1. If x; > 0, y; > 0 fori € {1,....,n}, p > 1,% +% =1 and there
exists the constants v,T' > 0 such that

n},

i

then we have

p
(3.2) Z": af (XY Jrsgn | & XY
Sl \ Xiay ) 7T [ Xmy
< Z? 1$p (Z?_l miyi>p
= n
Zz 1 ’L Zi:l y?
([ ver] - [ 2] o (L)
AN DY ET R N DD NE7 R VRN T
< 1 (271 TilYi T (.)P— _ _”y Z?ﬂ Lili (.)p_> D QQ( z )
e\l T o ) e e
1 ('Z’,’ Ty 1 [ Xz,
< - o ’F; ()p - 7’#7(')1) (F_V)a
4 L Z? lyz i L Z? 1yz d
where
n
~ x > i1 Y
and

1
27 2
o) [ (S
ye,2 — = n 2 n .
ya—t > e 1y?i Tyl Zg 1]

Proof. The inequalities (3.3) follow from (3.1) by choosing

z; = qil and w; =y, i€ {1,...,n}.
Yi

The details are omitted. O
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Remark 2. We observe that for p = q = 2 we have from the first inequality in
(3.2) the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

2
— y? Z?:1 yjz ’ Yi Z?:1 9]2

=1
2
<Z;L:1 %_(Z?—1$1y7>
72?:1%2 2713/12
1 Zi 125Y5
<5;@T-7) vi ’7
2 71 12; Z] 13/7
1 PN ik
;Y
<= (T —~7) a? — #
2 z 1Y Lz; < Zg lyj
1 2
< (T-
<7 @T=)7,

provided that there exists the constants v,I' > 0 such that

vgﬁgfforie{l,...,n}.

3

4. POWER INEQUALITIES

Utilising the inequality (2.1) for the convex function f : [m, M] C [0,00] — R,

p>1, f(t) =tP we have
(zpzal)

(4.1) Z
1 M (Zt 1pzal)p . (Z?:1 piai)p — mp)
2

\ /\

IN

n n
=1Dia; 2 i1 Piai —m
97 1/2

ij a; )

form < a; <M, and p; > 0,i € {1,...,n} with >0, p; = 1 and Y | pa; #
m, M.
If we write the inequality (4.1) for m = 0 and M = 1 we get

, . p
(4.2) 0< zn:piaf - (i:pial)
=1 1=1

9 1/2

1- (Z?ﬂ piai)p_l Xn: 2 S
: ~7 bia; — ijaj )
i=1 j=1

1
2 1- Zi:l pit;

for 0 <a; <1l,and p; >0,i€{1,...,n} with >, p; =1 and >, pa; # 0, 1.
We can state the following result for powers:
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Theorem 4. Let f (2) = > 7, an2" be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 orR=o00. Ifp>1,0<a <R
and 0 < x <1, then

wy  ocllm (soay

- flw f(a)
p—1 1
- (5) f(aﬂ?Q)_<f(ax))2 2
2 - f(a) f(a)

Proof. Let m > 1 and 0 < a < R, 0 < & < 1. If we write the inequality (4.1) for

o
ajo

STk 2 =2 €01], €40},

wj:

then we get

p
1 m
(4.4) g ajolzPl — | ——— g ajol z’
: j m J
Zk o‘lkalC 2o @ROF =0
1 m o aigd )
<1 - <Zz.”:o arat 2j=0 4T )
= 5 1 m i
— =" aaixd
2 1 ST ot dimoajalT
07 1/2

1 m
25 J d
X a0’z a;o’ x
kz J m kz J
> 0 QRO > o Ak =

Since all series whose partial sums involved in the inequality (4.4) are convergent,
then by letting m — oo in (4.4) we deduce (4.3). O

Corollary 3. Let f(z) = Y .~ anz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R >0 or R =o00. Ifp > 1,
%—i—%:l and u,v > 0 with vP < uf < R, then

f(wP) ( (uv))
4.5 0< -
) 7~ \ )
( fa) \P! -1 1/2
[ o) M EA G 8 oy
-2 _ fluv) q q
1— ) f(u9) f(u?)
Proof. Follows by taking into (4.3) o = u? and x = . The details are omitted.

O

Example 1. a) If we write the inequalities (4.3) for the function 1; =3 7"
2 € D(0,1), then we have

(4.6) P _(1_0‘>p
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for any o,z € (0,1) and p > 1.

b) If we write the inequalities (4.3) for the function expz =Y " %z”, z€C,
then we have

(4.7) 0 <expla(z? —1)] —exp [pa (z — 1)]
1 1l—expla(p—1)(z—1

S T I—expla(z -1

I fexp o (a2~ 1)] — exp 20 (@~ 1]}

foranya>0,p>1andx € (0,1).

5. LOGARITHMIC INEQUALITIES

If we consider the convex function f (¢f) = tlnt, ¢t > 0, then from (2.1) we have

(5.1) 0< Zpia,- Ina; — (Z piai> In <Zpiai>
i=1 i=1

1
{MlDM — (i piar) In (307 piai)
M =370 piai
(s piai) In (301 pia;) —mln m}
>ii piai —m
071/2

n n
2
X E pia; — § pja;
i=1 =1

for0<m<a; <M,and p; >0,i€{1,...,n} with >, p; =1 and Y|, pia; #
m, M.

If we take in (5.1) M =1 and let m — 0+ we get

(5.2) 0< ipiai Ina; — (ipial) In (ipiaZ)
i=1 i=1

=1
97 1/2
1 n n
< piai — pja;
(1 =320 piai) 3oy pia Z o 32:21 Y

i=1
n - Z?:l pPia;
X In (Zpiai>
i=1

for 0 <a; <1l,and p; >0,i€ {1,...,n} with >.;"  p; =1and Y, pia; # 0, 1.

Theorem 5. Let f (2) = > o~ ,an2" be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) with R > 0 or R = o0. If 0 < < R,
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p>0andx € (0,1), then

o) o), e, (1

(5:3) ST ™M T

Proof. If 0 < o < R and m > 1, then by (5.2) for z; = (z7)? | we have

1 m
< =— E a;o’ xP In P’
2 ko Ok
1 m m
= g ajal Pl In ST ok g ajal Pl
D b Ak = D heo kO
< 1
(11— S ajad (a2) ) et " ajad (z)!
n akak j=0"J S arak 7j=0%7
97 1/2
1 m ) 0 1 m
E “ajol (zP)% — 3 (pP)I
xm ajo’ (z7) S aakE%O‘(x)
k=0 “ET 50 k=0 TR 52
" e Do s @
x In E aj xp
i
Dk oakak
where p > 0 and z € (0,1).
This is equivalent to
In z? -
5.4 0< a; o) xp
m k .7
1 % 1 G
j J j J
TS ool E a;o’ (zF)’ In STk E a;o’ (aP)
k=0 %k =0 k=0 %k =0
< 1
B -1 m J 1 m ; j
— J(2P) ) et ol (zP
(1 ST, arar 2= 4507 (aF) ) ST anaF 20 4507 (2P)
97 1/2
1 m ) iy 1 ) .
J J
X |l =% E ajo (2P) — | =——; E aja’ (aP)
k=0 @k 0 > ko Ak o
m TSy et 20 e @)’
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Since all series whose partial sums involved in the inequality (5.4) are convergent,
then by letting m — oo in (5.4) we deduce (5.3). O

Example 2. a) If we write the inequality (5.3) for the function 1; =3 2",
z € D(0,1), then we have for a,x € (0,1) and p > 0 that

P(1— 1- 1-
(5.5) gcpartlza)y , 1-o “
(1 — azP) 1— ax? 1— az?
1/2
_ 1 l-a [ 1-a )’
(1_ ) 1—a |1—qz?P 1— azP
1— ouP 1—axP

[( 1—« >_11a‘;p‘|
X 1n .
1— axP

b) If we write the inequality (5.3) for the function expz = Y.~ 42", z € C,
then we have
(5.6) 0 < [pazPInz — a(x? — 1)]exp[a (2P — 1)]
< 1
= T=owla@ - D) expla (@ — 1)
x [exp [a (z* — 1)] — exp [2a (2P — 1)]] Yz

X [or (aP — 1)]*exp[a(w”*1)]

for z € (0,1) and a,p > 0.

6. EXPONENTIAL INEQUALITIES

If we consider the exponential function f : R — (0,00), f(t) = exp (f8t) with
B > 0 then from (2.1) we have

M:

(6.1) 0

p; exp (Ba;) — exp (B szal>

<1[ p (BM) — exp (BX21_, pias)
T2 M =370 pias
P (B Yoy piai) — exp(ﬁm)}
2limy pigi —m
51 1/2

n n
. 2 . .
bia; — pja;
i=1 J=1

for any a; € [m, M), p; >0 (i=1,...,n) with Y., p; = 1.
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If we take in (6.1) M =0 and let m — —oo, then we get

(6.2) osimwmm»meX)M>

i=1 i=1
01 1/2

1 1—exp(BYi, pia;)
< _ . 1=1 p a _ p Qi
=9 — Z?:l D Zz; (2 Z 7

for any a; <0,p; >0 (i =1,...,n) with P, := """ p; = 1.

Theorem 6. Let f (z) = Zf:o anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0, R) with R >0 or R=o00. Ifx <0, >0
with exp (Bx) < R and 0 < o < R, then

floexp (8)) __[abrf! (o)
63 0= =) p[ f(a)]
)
i

af’(a) 1/2
1 lmew (5ofs) [a[f’ () +af" ()] <af’ (a)ﬂ
-2 af’(a)
I (@ (@)
Proof. If 0 < a < R and m > 1, then by (6.2) for z; = jxz, we have
(6.4) 0< # iajaj [exp (Bz)]) — exp ﬂix ijajaj
Ty j=0 20 4507 §=0
_1 oo (e Simodase’)
T2 Ty e Dimoiud
97 1/2
x? - x " ,
X |\ = j2a;0) — | = ja;o’
Z] 0@’ Jz;) ! Zj:[) a;ol ; !
1 e (it B dae)
2 srmme Liodaed
97 1/2
1 - .
X jlajed — | =—— jajo’
Z] Oa]aJ 720 ! Ej:Oa’jaJ ;0 !

for x € (—00,0).
If we denote g (u) := Y.~ j apu™, then for |u| < R, its radius of convergence, we
have

oo
Z na,u™ = ug' (u)
n=0

and

Zn anu” =u(ug' (w)".
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However
i
u(ug' (u)) = ug' (u) +u’g” (u)

and then
o0
Z n*apu™ = ug' (u) +u’g” (u).
n=0

Since all series whose partial sums involved in the inequality (6.4) are convergent,
then by letting m — oo in (6.4) we deduce (6.3). O

Example 3. If we write the inequality (6.3) for the function X = Yo7 2",
z € D(0,1), then we have for x <0, >0 and 0 < a < 1, that

1 —exp (282
1-« afix 1 p (1—a)
6.5 0< —m — < - ¥
(6:5) ~ 1—aexp(fz) eXp(l—a)_2 al/?

The interested reader may obtain other inequalities like (6.5) by taking various

examples of power series with nonnegative coefficients as mentioned above. The
details are omitted.
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